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Abstract: A key purpose of studying the problem of equivalence between two control systems is to
transform a complex nonlinear system to a simple system whose controller is easy to realize real-time
response in cyber-physical systems. Using the theories of singular distributions, necessary and sufficient
conditions under which single-input non-autonomous systems are feedback equivalent to non-
autonomous low-triangular systems. Moreover, we presented a necessary and sufficient condition under
which single-input non-autonomous systems are feedback equivalent to non-autonomous p-normal forms,
which are special cases of low-triangular systems. Two examples are given to illustrate how to realize
those equivalent transformations via state feedback and coordinate transformation.
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1. INTRODUCTION

Cyber-physical systems (CPS) are integrations of
computation and physical processes [1, 2]. Distributed
sensors, embedded computers and actuators in the CPS
networks monitor and control the physical processes [3]. So
there is a need for methods to reduce the computation loads
of controllers working real-time in the embedded computers
[4]. By using the equivalence between two control systems it
is possible to transform a complex nonlinear system into a
simple system whose controller is easy to realize real-time
response. Differential geometry has universally regarded as a
successful approach to study the equivalence problem [5].
Low-triangular forms are nonlinear systems attracting great
attention. Backstepping, a technique for designing a
controller for a nonlinear system, was advanced in the 1990s
and now it is applied to low-triangular forms in general. If a
nonlinear system is equivalent to a low-triangular form by
state feedbacks and coordinate transformations, it is possible
to design a controller by the backstepping technique.

For the single-input case, Celikovsky and Nijmeijer provided
necessary and sufficient conditions for the equivalence of
nonlinear systems to low-triangular forms in [6]. The p-
normal forms are special nonlinear systems. Cheng and Lin
provided necessary and sufficient conditions for nonlinear
systems to be equivalent to non-autonomous p-normal forms
by using coordinate transformations and state feedback of the
type u =a(&)+v in [7]. Subsequently Respondek dealt with

this problem using coordinate transformations and state
feedback of the type u =a(&)+ B(E)v in [8]. On the other

hand, a series of exciting results on the issue of designing
controller for the p-normal forms, not only the autonomous
case but also the non-autonomous case, have been obtained
[9, 10].

In this paper, first we provide the necessary and sufficient
conditions for nonlinear systems to be equivalent to the non-
autonomous low-triangular forms via state feedback and
coordinate transformation. Second, we provide the necessary
and sufficient conditions for nonlinear systems to be
equivalent to the non-autonomous p-normal forms via state
feedback and coordinate transformation. Those necessary and
sufficient conditions are more convenient to be check than
the conditions given in [6, 8], see Remark 1 and 2.

The rest of the paper is organized as follows. Section 2
illuminates the system equivalence problems discussed in this
paper. The main results are formulated in Section 3 and
Section 4. We conclude the paper in Section 5.

2. PROBLEM FORMULATION

Consider the non-autonomous nonlinear system

& =HE)+G(1,5)u

.é.z.ze(taé)"'Gz(taé)u (1)
& =F,(6,£)+G,(t,E)u
where & =(&,&,,-,&)", ueR is input, F, and F, are all

smooth functions. The first question we pose in this note is
whether the nonlinear systems is equivalent to the non-
autonomous low-triangular form via state feedback and
coordinate transformations. The state feedback considered
here is

u=a(t,8)+ P8y, ()
where o :RxR" - R and B:RxR" > R(, j=12,---,m)
are both smooth functions, and v are the new input under


mailto:(dzhang@zjut.edu.cn)

6 CONTROL ENGINEERING AND APPLIED INFORMATICS
feedbacks. The smooth coordinate transformations are 0 b b b
expressed as A P E PP AL LI P
at ayl 6322 ayn—l (8)
T
x=T()=(T,(.6) T, (.8)) . B g-2
oy

The non-autonomous low-triangular form is expressed as
.7.Cl = ﬁ(taxzaxl)

' 4)
Kt = S (6,000 %)

.X.:n = f;;(taxlaxza"'axn)+gn(tax1ax2a”'axn)v

where x,,---,x, are state variables, v is scalar input,
f:RxR™ - R(i=1-,n—1) are all smooth functions

satisfying of; /ox,,, 22'0(1’ =1,---,n—1) in a neighbourhood of
the original point, the symbol a.e. means almost everywhere,
that is, df;/0x,,, does not equal 0 almost everywhere or it
equals 0 only in a null set, which is a set of measure zero.

i+l

The second question we pose in this note is whether the
nonlinear system is equivalent to, via state feedback (3) and

coordinate transformations (4), the following non-
autonomous p-normal form
pl . .
y=y"+ ZQD{ (&, )y,
i=0
)

Ppa -l

yn—l = y”p’H + Z qDll;—l (t’ yl’.”’yn—l)yni

i=0
J./I'I = v
where qo’/ are all smooth functions, and p,p,,"--,p,, are

positive integer. Supposing that for a given non-autonomous
p-normal form, p, =p, =---=p,_, =1 is hold, it is easy to

verify that the system can be exactly linearized by state
feedback and coordinate changes.

According to the symbols used in differential geometry, the
time-variant vector fields corresponding to System (1) are

0 0 0
+

=6—+F{£+... F"7£’
t n
5 ' 5 (6)
G=G—++G,—;
aél aén

The vector fields corresponding to the non-autonomous low-
triangular form are

0 0 0 0
=t - f—— g + f —,
4 ot S ox, /> ox, Sy Ox,
5 (7
g =gn§

n

And the vector fields corresponding to the non-autonomous
p-normal form are

il )
where f, =y.," + > @6,y )y (J=12,n=1).
i=0

Let X=) X'0/ox, and Y =) Y'9/dx, be two vector
P i1

fields, the Lie bracket of X and Y is a third vector field
defined by

vl R oY) _L.0X7 ) 0

ade—ade—[X,Y]—;;[X a_xl._Y a_xlja_x/ ©)
Let ad}Y =Y and ad,Y =ad}Y . Then ad’ Y =ad, (ad’,'Y)
holds for any i=1,2,---. A distribution generated by the
vector fields X|,---, X, is written as span{X,,---,X,} . Let
D' and D* be two smooth distributions. Then D'® D?
expresses the distribution generated by all the vector fields
belonging to D' or D*. A distribution is called nonsingular
in U, which is an open subset of R", if the dimension of
distribution dim(D) is fixed in U ; otherwise, it is called
singular. The nonsingular distribution span{X,,---, X,} is

involutive if and only if ad, X, belongs to this distribution

for any i, j=1,---,h. Let D be a singular distribution. A

nonsingular distribution is written as D if D=D is

satisfied. For vector field X as defined above, the coordinate
transformations induces a map

o | & or, 0
T.(X) = X | |= 10
X)), ZZax | o (10)

where 7, is called push forward map [11].

3. TRANSFORMING A NONLINEAR SYSTEM TO A
NON-AUTONOMOUS LOW-TRIANGULAR FORM

In this section, we will provide the necessary and sufficient
conditions for nonlinear systems to be equivalent to the non-
autonomous low-triangular forms. In order to formulate the
conditions we will need the following lemmas [11].

Lemma 1. Let (z,x)=(z,,2z,,"",2,,%,%,,~**,X,) be the

coordinates in space R™ xR" . If vector field

(11)

0 0 Fl
X = al(z,x)a—)q+a2(z,x)a—xz+...+an(z’x)a_xn’

is identically one dimensional, then there exist partial
coordinate transformations (z,y = y(z,x)) such that
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-2 (12)
W,
Lemma 2. Let
i i a i i a
X' =a/(z,x)—+a,(z,x) —+---+a,(z,x)—,
Ox, X, ox, (13)
i=12,--,n
be vector fields. Suppose that the distributions
D' =span{X", X*-- X'}, i=12,n (14)
are identically i dimensional, then there exist partial

coordinate transformations (z,y = y(z,x)) such that

D’—span{ii y 0 }, i=12,---,n.
ayn—iﬂ

ayn ay n-1
Theorem 1. System (1) can be converted into the non-
autonomous low-triangular form via feedback (2) and
coordinate changes (3) if and only if it satisfies the following
two conditions.

(15)

(1) the distributions
D'=span{G},
D*=D' ®span{ad,G'|G' € D'},
o (16)
D' =D""' ®span{ad GG e D"},
i=12,---,n

satisfy dim(D") Zi ;

(i1) the nonsingular distributions p'(i =1,-++,n) satisfy

(17)

Proof: (Necessity) Suppose System (1) can be converted into
the non-autonomous low-triangular form via feedbacks (2)
and coordinate changes (3). Then System (1) can be
converted into the latter only via coordinate changes
x=T(t,&). Hence we must verify that conditions (i, ii) hold

for System (4).

1—)173”.31—)1'

According to Eq. (16), the following equality holds.

= 0
D' = = — .
span{g} = span {ax,, }

(18)

The low-triangular form of System (4) implies that for every
g' € D' we have

ad lespami 9
8 ox, " ox

(19)

n n-1

}:52, ad,g'¢D'.

The general step follows an inductive argument j . Assuming

that ¢! e D",
AR )
ax 4, ox, ,

n—i+l

ad . g'" espan{— 0
! ox, (20)

adfgH él_)i’l,i=2,3,---,n
Thus, we have shown that the conditions (i, ii) hold for
System (4).

(Sufficiency) It follows from condition (ii) that there exist n

nonsingular vector fields X', X*,---, X" such that

D'=span{X,, X, -, X, ..}, i=12,.n (1)

Under proper coordinate changes, the equality

D' =span{— 0 ¢ -, 9 (22)
ax ax -1 axn—iH

holds in a neighbourhood of the original point. According to
condition (i), we obtain

G'= d,i (, x)i, (23)
a n
and
1 2 (3
ad,G =d,_ l(t x) +d; (¢, x)a—, (24)

n—l n

under the coordinates (¢,x) . From Eq. (24), it is clear that

OF,

a—i=0, V(t,x)e N, Vie{l,2,---,n—2}. (25)
Furthermore, in general, condition (i) implies that
= d}r; (t, x) . +d’7/+;+l (,x) —
a n—j n—j+l1 (26)
+dM (¢, x)—,
a(6X) o
and
d/HG/ 1 d/+2 d/+2 a
- n/(t x) O n— /+l(t’x) v +-
a n—j n—j+l1 (27)
+d* (8, x) —,
. (6x) o
for j=2,---,n. It means that
oF
a—’=0 V(t,x)eN,, Vj—i>1. (28)
X

J
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Together with Egs. (27) and (28), System (1) is in the form of
System (4) under proper coordinates.

Remark 1. For the autonomous case, Ref. [6] provided
necessary and sufficient conditions for nonlinear systems to
be equivalent to the low-triangular forms. For checking those
conditions, we have to select the following vector fields as

G'=G,G* =ad,G',---,G"" =ad,G"*. So condition (i) in
Theorem 1 provides a possibility to simplify the

computational processes of Lie brackets by choosing especial
vector fields.

The proof of Theorem 1 is constructive. The following
example is given to illustrate how to realize the equivalent
transformations mentioned in Theorem 1 by the method
implied in the proof.

Example 1. Consider the following 3 dimensional nonlinear
system.

E =&+ &I +E}+E, cost+4E cost+& + (&, —EDu

& =& +E +E cost+28 8 +26,(6, & u (29)
£ =& +(E -
Let
F =%+(§34 +E +E +&, cost+4E, cost+§l)i
s s : (30)
(B8 Ly oost+268) S
and
G=(52—5_3)6%+253(52—55)8%2+(52—5§)a—‘; G1)

The distribution generated by singular vector field G equals
another distribution generated by the following nonsingular
vector field almost everywhere.

0 +2€3i+i

G'=—
2 08, 0&,

(32)

Since computing ad .G is easier than ad,G we compute it.

0

0
ad,G' = (4&] +2E])—+(4E] +2&: ) 33
#G = (48 53)651 (485 53)652 (33)
The distribution generated by singular vector field

ad . G' equals another distribution generated by the following
nonsingular vector field almost everywhere.

, O 0

=a—€l+a—€2 (34)

Due to span{ad,G',G'} =span{G°,G'}, we compute ad, G’
instead of ad,. (adFG‘) :

ad,G* = (cost +3&} -6E7E, + 3522)i+ cosz‘i (35)

95, 0%,

Note that ad,G” —cos(t)-G* = (3, - 6£&, +3§22t)£, it is
1
feasible to choose

0

G =—.
08,

(36)

It is clear that span{ad,G*,G*,G'} =span{G’,G*,G'} holds.
By direct span{G*,G'}

span{G’,G*,G'} is a nested sequence of nonsingular

calculation span{G,} |,

involutive distributions. It follows from Theorem 1 that
System (29) can be converted into the non-autonomous low-
triangular form. Suppose the coordinate changes to realize the

conversion are x = (x,,x,,x;) =(T,(t,),T,(1,€), T, (1,§)) , we

can choose 7,(t,§), T,(¢t,£) and T,(t,§) by the following
equations

<dT,G’' >=0, i< j, j=23

A (37)
<dT,G’' >#0, i=j,j=123.
A solution of Egs. (37) is
(0= -&0) - &0 +E (1)
% (1) =8,()-& 1) (38)

X3(1) = & ().

Rewrite the system equations in terms of the new
coordinates.

. 3
X, = x, +4x, cost

X, = x} +xI +x, cost (39)

X; =X + X,u.
Now the system is in the form of System (4).

4. TRANSFORMING A NONLINEAR SYSTEM TO A
NON-AUTONOMOUS P-NORMAL FORM

In this section, we will provide the necessary and sufficient
conditions for nonlinear systems to be equivalent to the non-
autonomous p-normal forms. The following lemma is
important in singularity theory [12].

Lemma 3. Let 7 =m(z,w) be a C” function from R xR to
k

R. Suppose, for a positive integer &, Z—Z(O, 0) # 0 holds,
Z

but ‘2-7(0,0):0 for all integers 1<i<k—1. Then there
Z

exists a coordinate change Z = p(z,w) such that

w(zw) =7 (p™ (2 w)w) =52 + 2al. (w)# (40)
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where a,(w) are smooth functions satisfying a,(0)=0 for
0<i<k-1,and

1 k=2i+1,i=0,1,-
- (41)

+1 k=2i,i=1,2,

Theorem 3. System (1) can be converted into the non-
autonomous p-normal form via feedback (2) and coordinate
changes (3) if and only if it satisfies the following two
conditions.

(1) System (1) can be converted into non-autonomous low-
triangular form;

(i1)) The low-triangular system converted from System (1)
satisfies f;(0,0)=0(1<i<n-1) and

o f (1,
min{M ¢0}=pi, 1<i<n-l.
x=0

/ axi’il

Proof: (Necessity) Since the non-autonomous p-normal forms
are special low-triangular form and System (5) satisfies
condition (ii) obviously, it suffices to prove that if a non-
autonomous low-triangular form can be converted into a non-
autonomous p-normal form then it satisfies condition (ii). We
first show that it is only the low-triangular coordinate
transformations to help us to convert a low-triangular form to
another low-triangular system, then, by calculating selected
partial derivatives we check the condition (ii).

(42)

For converting System (4) to into System (5), we need a
“low-triangular” coordinate transformation

»=T (ta xl)

| (43)
ynfl = n—1 (t’ xl’ xn—l)

yn=7:7(t’xl’ ’xn)

The inverse transformation is also a “low-triangular”
coordinate transformation

X =S1 (tayl)

' (44)
xnfl =Sn—l (t’yl’.”’yn—l)

x, =S, (t,yl,---,y”).

From System (43) and System (44), it is clear that the
following equalities

%:0 (j<i),%=0 (J <D).

i i

(45)

must be hold. For System (4), we compute

o O o O
ox,, Ot ox, =0y, ox,

Z o o, _ o o,

aV ax aViH axiH
Ox, ~= Ox. oy,

— a Ly ., . X LAl

( (at ;ayf f,,,,,J/ ay’*‘J ox,,,

(46)
ax,’ aViH
(ataywl (/ lay f;]’jJ/ayHlJ axiH
2’ R ay_
= ay ayln " ay aym Xiv1

=%, afp,i ,aym

ayi ayz#l asz
and

akxi B akai at . ak+1xi ayj B
ayz’kaxm ayl.kat ox,,, j=1 ayzkay; ox,,,
ak+l ) ak+l ) i+l ak+l ) )

fp,z _ kfp,z ot i . pr ay./ (47)
ay1+laxi+l ayz#lat axiH J=1 aVHIan axiH
— ak“fp,i aym .
8.Vik:ll axiH

From Egs. (46) and (47), we see that 8" £, /ox’, is the sum of

the following items

| [afp’f j {@‘m j ..... Ot |

ayi ayz#l ayz#l ik+l

. ayz#l " ay1+l ..... ajyiH 5
X,y X,y axiil ’

k=1, j>1,n 21, nf 21.

(48)

It implies that for every integer satisfying 1<k < p,
o' f,/oxt,| =0 and 8" f;/ox!|  #0.

i+l o

(Sufficiency) We try to prove the only if part of the theorem
by a constructive approach. From condition (i), System (1)
are in the low-triangular form

xl =ﬁ(taxlax2)

(49)
X, = [ 6x,%,,000,x,)

').Cn :-f;7(t’xl’x2’”.’xn)+gl7(t’xl’x2’”.’xn)u'



10

CONTROL ENGINEERING AND APPLIED INFORMATICS

And It is guaranteed by condition (ii) that

! =0 0<i<p -1
2%.0.0) o
0x, #0 i=p,.

(50)

By using Lemma (3) there exist partial coordinate changes

X,;=x; 1<j<n and j#2

(D)
X2 =P (taxlaxz)a
where p, is invertible respect to x, , such that
p-l . .
ﬁ(t’xl’x2)=5l'i’-l[j]2 +Z§Dll(tax1,1)xll,2a (52)
i=0

where 8, = +1, ¢/(0,0) =0 . The System can be express as

p-l . .
xl,l = 51x1[,7]2 + ZQD{ (, xl,l)xll,Z
i=0
xl,2 = fl,z (ta XX 25 xl,S)
: (53)
').Cl,n—l = ﬁ,;7—l (ta XioX1257 xl,n)

').Cl,n = ﬁ,)7 (t’ xl’xZ’.”’xn) + gl,n (t’ xl’xZ’.”’xn)u'
According to condition (i),

a”ﬁ,z 0.0) =0 OS‘isz—l
0x; 5 #0 i=p,.

(54

holds. There exist partial coordinate changes

X,;=x; 1<j<n and j#3

) (55)
X3 = P> (ta X X20%3 )a

where p, is invertible respect to x, ,, such that

Pyl

f2,2 (, X105 xz,z) = 52x2}g + Z @; (s, X015 xz,z)x;,s >
i=0

(56)

where 8, =+1, ¢}(0,0)=0. The System can be rewritten as

p-l

xz,l = 51x£]2 + ZQDII (t’xZ,l )xé,z

i=0
Pyl

. _ y23 i i
X2 = 52,2x2,3 + Z o, (1, X015 xz,z)xz,s
i=0

xz,s = f2,3 (ta Xo15X225%235 x2,4)

(57)

').(’-2,17—1 = fz,wl (ta Xo15X205"" " x2,n)

'X.:Z,n = fz,n (¢, Xo19X205"" s x2,n) +8, (¢ XypsXa s s Xy, Ju.

Repeat the previous steps, and then System (1) is converted
into the form of

p-l
v — P i i
xn—l,l - 51xn—l,2 + Z qDl (t’ xn—l,l )xn—l,Z
i=0

58
Pyl . . ( )
X = P ! oo !
xn—l,n—l - 517—lxn—l],n + Z anfl (t’ xnfl,l H H xnfl,nfl )xnfl,n
i=0
xn—l,n = -}(;7—1,17 (t’ xn—l,l PR xn—l,n) + gn—l,n (t’ xn—l,l PR xn—l,n )u'
Let yn = xn—l,n and yn—l = 517—lxn—l,n—l > we Obtaln
Pl il
. _ 517—2 Pna + Z an—Z (t’ xl ’ ’ xn—Z) i
xn—l,n—Z - 51;”72 yn—l 5[ yn—l
n-1 i=0 n-1 (59)
Py 71 . .
D — P i . !
yn—l - yn s 517—1 Z an—l (t’ xn—l,l ’ ’ xn—l,n—l ’ yn—l )yn °
i=0
— Pn-2 1 1
Let y, , = (5”72 /80 )xMWl . Hence the two equations in

Eq. (59) are both in the form of System (5). Repeat the
previous steps and choose proper feedback, then System (1)
is converted into System (5).

Remark 2. For the autonomous case, [8] provided necessary
and sufficient conditions for nonlinear systems to be
equivalent to the p-normal forms. For checking those
conditions, we have to compute Lie bracket
p,+p, +--+p,, times. So the conditions given in Theorem

2 are easy to check.

Example 2. Consider the following non-autonomous system
slightly different from System (29).

E =&+ &I +EX+E, cost+4E cost+ & +u
52 = 5%4 +522 +§2 COSt+2§1§3 +2§3u

& =& +u.

(60)

Followed Example 1 we can convert System (60) into a non-
autonomous low-triangular form

X, = f,(t,x,,x,) = x, +4x, cost
(61)

. 4 2
x, = f,(t,%x,,%,,,%) =x; +x; +x, cost

X = f06%,%,,,%) + g5 (t, X%, X,,, X U = X, + U
System (61) satisfies of;/ox,

Offex| =1, of/fex,

Theorem 2 System (60) can be further convert into a non-
autonomous p-normal form. The first equation of System (61)
is in the form of p-normal form. So we choose the partial
coordinate changes as y, =x,, », =x,. Using the approach

, =0, &ffag) =0,

x= x=0

=0, @f/ag] =1. By

X=

X=

provided in [12] we know that the second equation of System
(5) is in the form of p-normal form by setting the new state

variable y, =(x{ +x7)"* . Choosing a proper feedback

System (60) can be express as the following equations in
terms of the new coordinates.
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¥, =y, +4y, cost

yz =.V32+y2 cos? (62)

V3=

6. CONCLUSIONS

One purpose of studying the problem of equivalence between
two control systems is to transform a complex nonlinear
system to a simple system whose controller is easy to realize
real-time response in cyber-physical systems. It is of
immediate significance to the design and analysis of a class
of nonlinear systems. By using differential geometric control
theory we provide the necessary and sufficient conditions
under which non-autonomous systems are feedback
equivalent to non-autonomous low-triangular systems and
non-autonomous p-normal systems respectively. We also
discuss how to realize the conversions and how to simplify
the computation procedure of checking those conditions.
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