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Abstract: This paper develops the analysis of a special type of asymptotic stability, called
componentwise asymptotic stability (CWAS), for discrete-time Bidirectional Associative Memory
(BAM) neural networks with interval type parameters. Unlike the standard notion of asymptotic
stability, that gives global information on the state-space vector, expressed in terms of arbitrary
norms, CWAS allows an individual monitoring of each state-space variable approaching the
equilibrium point. At conceptual level, CWAS brings a refinement in the stability theory by
revealing the existence of positive invariant time-dependent rectangular sets with respect to the
state space trajectories. Our results provide sufficient conditions for testing the CWAS of BAMs
with interval type parameters relying on the Schur stability of a matrix which is adequately built
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from the intervals expressing the parameter uncertainties.
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1. INTRODUCTION

Consider the discrete-time  bidirectional
associative memory (BAM) neural network
described by

X (t+1) = A'X )+ Wrf? (x2 (:)) w1
x2(z+1):Azxz(t)+W1f1(x1(t))+12, (1)
teZ,; xl(to)zx(l), xz(to)zxg, tveZ,,
where:

1 1 .1 117F 2 2 2 27
X =[x1,x2,...,xm} , X =[x1 ,xz,...,xn}

are the state-vectors (7 denoting the vector
transposition),

T T
=[0Gy, | P =[50
are the input vectors and matrices

Al =diag{a11,a£,...,ain} , Wl Z[W}-i],

discrete-time systems, nonlinear systems

A? =diag{a12,a12,.. az}, w? =[w?}

Uy ij

have appropriate sizes.

All the components of the activation functions
LR S R™,

LA DA D )|
f2 . R}’l N Rn

PO REDL D, 16D ]

T
>

are globally Lipschitz continuous, i.e. for all
i=1,_m, j=1,_n, there exist L%,L% >0 so that

0<

JAGEVA(S EVASIAN
0<| &~ 17| 1E-¢),
forall £, eR.

2)

In terms of neural networks, according to our
hypotheses, the activation functions are assumed
to be neither differentiable nor bounded. If f'is
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the generic notation for an activation function,
our approach covers the following classes of
functions: bipolar sigmoid

f(s)=[1-exp(-As)]/[1+exp(-15)], 1>0,
piecewise saturation
f(&)=[lAs+1]-]As-1[]/2, >0,

linear f(s)=As, A >0, piecewise linear, etc.

Recent papers, such as [2], [9], [12] and [17],
provide sufficient conditions, formulated in
algebraic terms, for the global (exponential)
asymptotic stability of continuous-time BAMs.
Work [12] also refers to the discrete-time case.

Taking into consideration the nature of the
mathematical problems discussed in this paper,
the following notations are used in the
remainder of our paper. O and 0 stand for the
null square matrix and the null vector
respectively, each of appropriate dimensions.
For two matrices having the same sizes
®=[4,], ©®=[6,]eR"", matrix inequality
O©>0 (®>0) is understood componentwise,
ire. 4,26, (4,>0.) for all r=Lu and

s=1,v. Given a matrix ® = [4,,]€ R, denote

by |®| the matrix whose entries are |d,|.

These conventions apply in the case of vectors
or vector functions too.

For many problems encountered in practice it is
important to consider that the entries of the

matrices A , Wk, k:1,_2, defining the
dynamics of BAM (1), are uncertain, in the
sense of the matrix componentwise inequalities:

A' = diag{ a},a},...a), | <4' <

<4' =ding| @@,y |,

m
(3.0)
A = ding{ af,a3,...a; | <A <
SZ2=dlag{c712,522, ,Enz},
1 1 1 771 —1
4 =[_ﬂ]]=jsw <Ww =[Wﬁ],=1:n»
i=l,m i=1
’ ™ (3.i)
2 2 2 172 —2
W2 = wj | <> <= W |-
j=ln Jj=Ln

Consequently, let us introduce the following
classes of matrices:

A lz{AleRmxm AISAISZI},
A= er™| £ A <A,

B “4)
W= e R W <! <,
sz{erR’”X” gﬂswzsn—/z}.

The family of BAMs generated by (1) for all

A eA K owFew k) k=12, is called
Interval  Bidirectional Associative Memory
neural network, abbreviated as

IBAMA 'A 2w ' W %)

This paper proves that the stability of a single
test matrix guarantees a stronger stability
property of IBAM(A 'A 2,W 'w 2), called
componentwise stability. Unlike the standard
concepts of stability, that give global
information on the state-space vector, expressed
in terms of arbitrary norms, the componentwise
stability allows an individual monitoring of each
state-space variable. This type of stability was
first studied by Voicu in [16] who applied the
theory of flow-invariant time-dependent
rectangular sets to define and characterize the
componentwise asymptotic stability (CWAS)
and the componentwise exponential asymptotic
stability (CWEAS) for continuous-time linear
systems. Further works extended the analysis of
componentwise stability to continuous-time
delay linear systems [6], 1-D and 2-D discrete-
time linear systems [7], interval matrix systems
[13] and a class of Persidskii systems with
uncertainties [14]. Despite the existence of these
results, the componentwise stability of recurrent
neural networks remained almost unexplored,
except for a reduced number of recent papers
[3]-[5] and [10].

Our paper develops a CWAS/CWEAS analysis
of BAM (1) under the hypothesis of parameter
modeled by A eA k|
Wwkew ¥, k=12. The concepts employed by
our work are rigorously defined in Section 2.
Section 3 provides the main results, consisting
in sufficient criteria for the CWAS/CWEAS of
BAMs with uncertainties. Section 4 creates a
deeper insight into the particular case of BAMs
with fixed parameters. A numerical example is
considered in Section 5 to illustrate the validity
of the theoretical results. A few final remarks
are formulated in Section 6.

uncertainties
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2. PREREQUISITES ON CWAS / CWEAS
Assume that BAM (1) has a finite number of
equilibrium points and let x, =[xif ng}f be
one of these, i.e. xé = Alxl‘ + sz2 (x§)+ I
and xe2 =A2xe2 +W1f1(xé)+l2.

Definition 1. (a) Let p1 and p2 be two vector

functions p':Z, »R™, p*:Z, »>R", with

positive  components  pl(£)>0, i=Lm,
P_%(t)>0, j=Ln, teZ, ,meeting
lim p* (=0, k=12. (5)
t—o0

If for any f,e€Z, and any initial condition
[ e 207l w2 o
Xo=|Xxy) X5 |, xpeR", x5 €eR", satistying

k

‘xo —xf <pt (t)), k =1,2, the corresponding

T
s

solution to (1), x(t)=[x1(l‘)r xz(f)r}

x* (t)= x" (t:;t9,x9), k=12, meets the

inequality ‘xk (t)- xf < pk ), VteZ,, t=t,,

k=1,2, then we say that the equilibrium point

X of BAM (1) is componentwise

e
asymptotically stable with respect to p1 and
p?, abbreviated as CWAS( p', p?).

(b) The equilibrium point x, of BAM (1) is
globally CWAS( p', p?), or CWAS( p', p?) in
the large, abbreviated as GCWAS( pl, p2 ), if
x, is CWAS( cp1 ,cpz) for any scalar ¢>0.

(¢) BAM (1) is said to be CWAS( p', p?) if it
has an

GCWAS( p', p?).

x, that s

equilibrium  point
(d) IBAMA LA 2W LW ?) is said to be
CWAS( p', p?) if BAM (1) is CWAS( p', p?)
for all A¥ eA k, wkew k, k=1,_2.

Remark 1. 1t can be proved that (a) if an
equilibrium point x, =[ng xjf}r of BAM (1)

is CWAS(p', p?), then it is also uniformly

asymptotically stable in the sense of the standard
definition, e.g. [11], pp. 107; (b) if an

equilibrium point x, = [xy xezr]r of BAM (1)

is GCWAS(pl,p2 ), then it is also umiformly

asymptotically stable in the large in the sense of
the standard definition, e.g. [11], pp. 108).

Until this point of our presentation the time-
dependence of the vector functions pk ),

k =1,_2, was considered arbitrary. If the CWAS
property exists for the particular form of the
vector functions

pl(t)zatal,pz(t)zataz, tel,, ©)

ce0,),a eR", o' >0,a’ cR", a’ >0,

then we refer to a special type of stability
property called componentwise exponential
asymptotic stability, abbreviated as CWEAS,
and Definition 1 yields the following:

Definition 2. If the hypotheses of Definition 1(a-
d) are fulfilled with p*(¢), k =1,2, given by (6),
then we say that: (a) the equilibrium point x, is
CWEAS(o,a',a?); (b) the equilibrium point
x, is globally CWEAS( a,al,az ), abbreviated
as GCWEAS(c,a',a’); (¢) BAM (1) is
CWEAS( a,al,az); (d) the interval neural
network IBAM(A TA 2wlw? ) is
CWEAS(o,a!,a?).

Remark 2. 1t can be proved that (a) if an
equilibrium point x, = [xif foT of BAM (1)

is CWEAS(O',al,az), then it 1is also
exponentially asymptotically stable in the
classical sense (e.g. [11], pp. 107); (b) if an
equilibrium point x, =[ng xjf}f of BAM (1)

is GCWEAS(o,a',a?), then it is also globally

exponentially asymptotically stable in the
classical sense (e.g. [11], pp. 108).
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3. CWAS/CWEAS RESULTS FOR
INTERVAL BAMS

3.1. CWAS of an IBAM
IBAM(A 'A 2w !lw?2) is
CWAS(p', p*) if the following inequalities
hold
P+ A'p' )+ WL p* (1),
P+ A p O+ W' Lp (),

Theorem 1.

Z.,(7)

where matrices Ak, Wk, Lk, k=12, are

defined by

A dlag{al,a2, ,&1},

I
|

il

1
|

i -}

®)

W2 :|:ﬁ/l§:|€RmXﬂ’

2
Wi

L1=diag{L%,L12, " m} R™",

}e RN

—2
= max {| w |,/ 7 I},

= diag{L}, 3..... L

Proof: Given arbitrary A eA K whew £,
k=12, the dynamical behavior of the state-
space trajectories of BAM (1) in a vicinity of the
equilibrium point x, —[x” x27] may be
analyzed by means of the deviations

v @)= x"1)—x', k=1,2, that satisfy

yiern=Ay'o+we (y'0),
IRGS) =A2y2(z)+W1g1(yl(r>), ©
1) =x0~Xe, ¥7(t9) = x5 ~ 2,

where
g H =o'+ - Flx),

2 2 2 2 2 2 2 (10)
gO)=r"+x)-f(x).

- is CWAS( p', p*) for (1) if and
only if y,=0 is CWAS(p',p*) for (9). The

Obviously, x

components gl-l, i=1,_m, and gjz-, j=1,_n, of

the activation functions g1 and, respectively,

gz, are Lipschitz continuous and satisfy the

following conditions derived from (2):
0<lgl@[<Li) 0<lg@[< 1€l
forall £eR.

Assuming that for an arbitrary c¢>0, the
solution to  (9) initiated so  that

‘yk (1 )‘ < cpk () » k= 1,_2 , satisfies

‘yk(t)‘ Scpk(t), k =l,_2, for a certain ¢ >¢;, and

taking (11) into account, we get
‘yf(tﬂ)‘ ‘ Hyl (t)‘ Z‘ Hg, y,(t) ‘S

<max/{l all| @]}

Vi (f)‘ +

n
2 —2 21.2
+ Y max{|w? || [} 223 0)| <
j=

<{a pl(t)+ZwU iD (t)}

Jj=1

m
) 2|2 Lot (!
‘yj(l‘+1)‘S‘aijj(t)‘+Z‘Wjngi(yi(t))‘ﬁ
P
< L@y
<max|ajl,|a’l|yi @)+

+Zmax{| Wi 7 1} L

j=1

(12)

IO

<c a/pj(l)+2wﬂ D (t)} =1,n

If (7)) s
[y | < et ),
mathematical fulfillment of
‘ yk (t)‘Scpk ), k=1,_2, is ensured for all

satlsﬁed, it  follows that
k=1,2; through

induction the

t > t,, meaning that y, =0 is CWAS( cpl,cpz)
for (9). Since this happens for all ¢>0, the
equilibrium point x, of BAM (1) is

GCWAS( p', p?), showing that BAM (1) is
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CWAS( pl, p2 ). This conclusion can be drawn
for all BAMs described by (1) with 4% eA *,
wkaw k , k= 1,_2, which completes the proof.

Remark 3. Let us introduce the augmented
vector function

piZ >R po=[p0" o] (3)

and the matrix ® e RU"*("*) defined by

A ol |lo wLl o
®= 2 [T 2 |~

0O 4 w° 0 |0 L

(14)
A Wi
Bt

where matrices A , Wk, I , k :1,_2, given by
(8). The sufficient condition (7) stated by
Theorem 1 can be equivalently written as

pt+1)=0p(t), VteZ,, (15)

Remark 3 suggests us to explore the role of
matrix @ (14) in ensuring the CWAS( pl, pz)

of IBAM(A "A 2W LW ?). Let us first
notice the special structure of the test matrix @,
which is nonnegative (all its elements are
nonnegative). This remark motivates us to
present some preparatory results.

Lemmal. —Let ©=[0,]eRT™ be a
nonnegative square matrix and let us denote by
4.0), r =E , its eigenvalues. Then, ® has a
real eigenvalue (simple or multiple), denoted by
Amax (@), which fulfils the dominance condition

|4, (®)| < A (@) for all r=1,g. Moreover,
O, < Apax (@), r=1,q.

Proof: Tt results from ([13], Lemma 2.1) and
from ([8], Corollary 8.1.20).

Lemma 2: 1If ©,¥eR?? are nonnegative
matrices satisfying O<VY, then
Amax (@) < A (F) .

Proof: 1t results from ([8], Theorem 8.1.18).

Lemma 3: If ®=[6,,]eR?*? is a nonnegative
matrix, then, for any oeR,, with

Anax (@) <o, there exists a positive vector

yeR?, y>0,suchthat @y <oy .

7
Proof: Since © is nonnegative, for any
ceR,, A4,,(@®) <o, there exists an
e=¢&(0)>0 such that A4, (®+¢E)<o,

where E =[e, | R”Y, with e, =1, r,s=1,q.

Thus, for the Perron eigenvector y e R?, y >0,
of the positive matrix ®+ ¢E >0 we can write
Oy<@O+cE)y=2,,@+cE)y<oy. Note
that when @ is irreducible, the existence of the
Perron-Frobenius eigenvector y e R, >0,
ensures the equality @y =4, (@)y .

We are now able to establish the following
result.

Theorem 2. 1f matrix @ defined by (14) is
Schur stable, then there exist two vector
P, k=12,
conditions from Definition 1 so that
IBAMA 'A 2 W LW 2)is CWAS(p', p?).

functions satisfying  the

Proof. Indeed, if ® is Schur stable, then the
vector function

t-1
pO=0'p(0)+ Y O w(t-1-¢) (16)
£=0

(defined with p(0)>0 and adequate v({)>0,
t
(eZ,, such that lim Y @°w(t-¢)=0),
t—0 £=0

satisfies the algebraic inequality (15) and
pt)>0, VteZ,, lim p(t)=0. The functions
t—w

ensuring CWAS( p1 , p2 ) result from the
appropriate partitioning of p, according to (13).

3.2. CWEAS of an IBAM

Theorem 3. IBAMA 'A 2W!lw?) is
CWEAS(o,a!,a?) if the following algebraic
inequalities hold
oa' > Aol + W2L2a2,
O'dz > /]2612 + WlLlal.

(17)

Proof: 1t is a direct consequence of Theorem 1
when the time-dependence of vector-functions

ph(0), k=1,2, is given by (6).

Remark 4. The same as in Remark 3, let us
notice that by introducing the augmented vector
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a z[alr a* ]T e R™™", inequalities (17) may

be written in the equivalent matrix-form
oax>0a, (18)
where @ is given by (14).

Similarly to Theorem 2, the following result is
available for CWEAS.

Theorem 4. If matrix @ defined by (14) is
Schur stable, then there exist two positive
vectors @' eR™, @' >0, @’ eR",a* >0, and
a scalar oe(0,1), SO that
IBAMA 'A 2w ! w ?) is
CWEAS(o,a',a?).

Proof: If matrix @ is Schur stable, then Lemma
3 ensures the existence of oceR_,
Amax (@) <0 <1 and acR"" a>0,
satisfying inequality (18). The two positive
vectors ensuring CWEAS( o, a',a?) result from
the appropriate partitioning of & . ]

4. CWAS / CWEAS RESULTS FOR BAMS
WITH FIXED PARAMETERS

The generality of our results on CWAS/CWEAS
of IBAMs includes the particular case of a BAM

with  fixed  parameters (i.e.  without
uncertainties), obtained for Ak =AF = A",
wk=w*=w*, k=12, in (3). The
CWAS/CWEAS approach relies on the
replacement of the test matrix

® e Rt pyilt according to (14), by

the test matrix Q € R+ defined as:

1A' o o WL o
Q= 2 T 1 2|7
o |A*|]| ||W'| o0 ||o L
|14 e
w147 |

with matrices I* , k= 1,_2 , given by (8).

(19)

Theorem 5. If matrix Q defined by (19) is
Schur stable, then

(a) BAM (1) is CWAS(p',p?) if the
augmented vector function p(¢) given by (13)
fulfills the difference inequality

pt+)=2Qp@), VieZ, ; (20)
(b) BAM (1) is CWEAS(o,a',a?) if the scalar
o and the vector a= [alT a*r T e R™"

fulfill the algebraic inequality
oa>Qa. (21)

Remark 5. The conditions |al1 <1, i =l,_m,
|a12~ <1, jzl,_n, are necessary for matrix Q

defined by (19) to be Schur stable. It is worth
noticing that such conditions are formulated as
working hypotheses in most papers dealing with
discrete-time BAMs.

Remark 6. If BAM (1) is CWEAS(o,a',a?),
then, for its wunique equilibrium point

T
X, = [xéf xezq we can write

Ve>0, Vigel,, Vxy e R™™",

||x0 —xe”;: <& =>

(22)
= ||x(t;t0 ,X0) — xe”i <go'™,
VtelZl,, t=t,,

where the vector norm || ||2 is defined by

[l =[ax

. Vxe R™" | with

A:diag{l/a},...,1/a,1n,1/a12,...,1/a,3}. (23)

This shows that for each concrete neural
network the definition of exponential stability of
x,, e.g. [11], pp.107, with respect to the norm
| |2 is fulfilled in the particular case 6(s)=¢,
Ve&>0. Similarly, the definition of global
exponential stability of x,, e.g. [11], pp.108, is
satisfied for the particular case M =1,

Vi, €Z,,Vxy e R,
||x(t;t0,x0) - xe”i <Mg'™ ||x0 - xe”i , (24

Vi,

Remark 7. In terms of the matrix norms induced
by the vector norms, the sufficient condition for

BAM (1) to be CWEAS(o,a',a?) can be
formulated as

[ =|a0a™| <o<1, @3
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where matrix A is given by (23). This is a
direct consequence of Theorem 5(b).

5. ILLUSTRATIVE EXAMPLE

To offer the intuitive support of “visualizing”
the CWEAS property, let us consider the BAM
with m=2 and n=1 described by

3 (6+1) = =015 (1) = 0.5 /(7 (1)),
X3 (1 +1)=02x3(0) +0.4 £ (7 (1)),

2 2 1 1 (26)
X2 (t+1)=0.15x2(6) + 0.2, (xl (t)) -

~03£3(x%0), ez,

The activation functions fll, le , flz :R—>R are
considered of bipolar sigmoid type with A =1,

satisfying inequalities (2) with L} =) =2 =1.
The equilibrium point of (26) is x, =[0 0 0]" .
By using the notations
1 [-0.1 0 » [-05
A { 0 0.2}’ d _[0.4}
A% =[0.15], w'=[02 -03], (27)
1|10 2
L {0 1}, L =[1],

the concrete form of matrix Q (19) is

01 0 0.5

Q:li |4 IWzle} 0 02 0.4 |.(28)
1 1 2 : : :
(WL A7 0.2 0.3 0.15

Matrix Q is Schur stable since its dominant
eigenvalue (its spectral radius) is
Amax () =0.6239 . Inequality (21) is satisfied,

O = Amax (€2)  and
a=[0.9543 0.9436 1], the

positive eigenvector with | e||,=1. Theorem
5(b) shows that BAM (26) is
CWEAS(G,al,aZ) with @' and a? resulting
from the appropriate partitioning of vector «a,
namely o' =[0.9543 0.9436]" and a”=[1].

as an equality, for

corresponding

The exponential type functions p1 (t)=a’a1,

p2 = oa’, teZ +» ensure the fulfillment of

the CWAS( pl, p2 ) condition or, equivalently,

of the CWEAS(o,a',a’) condition. This
property is graphically illustrated by the
evolution of the discrete-time state trajectory
plotted in Fig. 1, considered as a generic
representation showing that the trajectories do
not leave the time-dependent set defined by

I =[-pi (@), pL (D1 [~ 3 (2), P> (£)] % 29
<[-pl (1), pf (D], teZ,,

once initialized inside Z(0).

%581 < phit) 2l < p2i)

I ) < p) 1)

Fig. 1. Plots of a generic state trajectory of BAM
(26) illustrating the intuitive meaning of the
CWEAS property.

In this example we deal with a BAM having
fixed parameters in order to construct the
intuitive image for the state-space trajectories
meeting the CWEAS condition. When an IBAM
is considered, such intuitive elements
characterize each system belonging to the whole
family and, therefore, the overall analysis
requires a unique instrument. An instrument of
this type is given by the main results of our
paper referring to the stability test of the matrix
0 (14).

6. CONCLUSIONS

This paper provides easy-to-apply algebraic
criteria for exploring the componentwise
(exponential) asymptotic stability of discrete-
time BAM neural networks with interval type
parameters. These criteria are formulated in
terms of Schur stability of a test matrix
adequately built from the nonlinear system.
Theorems 2 and 4 are the key elements of our
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approach that gives a qualitative characterization
of the dynamics at the level of the state vector
components. This novel point of view refines
the classical results in stability theory based on
global information about the state vector,
expressed in terms of arbitrary norms.
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