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Abstract: This paper addresses the problem of forbidden states in both safe and non-safe Petri net (PN)
models. An efficient control synthesis method is presented. Logical control conditions or predicates are
associated to controllable transitions with intent to prevent the model from reaching any forbidden states.
A simplification technique using over-states is then employed to minimize the final controls. Finally, the
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Keywords: Discrete Event Systems, Petri Nets, Supervisory Control, Controller Synthesis, Forbidden

States

1. INTRODUCTION

The ever-increasing complexity of real-life discrete event
systems (DES) brings into focus the need for efficient and
realistic control systems in this field. However, although
important steps have been made towards the development of
such a controller, the problem of complexity still remains a
challenging one, especially since it affects the real-time
computation time.

The controller task consists of ensuring the fact that the
closed loop behaviour of the plant model agrees with the
desired specification. Ramadge and Wonham [Ramadge et al.
1987 a, b] have set the ground research in DES control
synthesis by proving the existence and portraying the
behaviour of a maximally permissive control. Unfortunately,
the finite state machine and formal language modelling
framework at the basis of this approach makes it very
susceptible to the problem of combinatory state explosion,
thus rendering it unsuitable for real-life-sized systems.

Petri net (PN) models are to be preferred when dealing with
large-scale systems. Apart from a net increase in scalability,
this more general DES modelling framework also offers
richer modelling structures and implementation alternatives.
For this reasons, various attempts have been made to solve
the DES control synthesis problem using PN modelling. The
algorithm presented in [Li et al. 1994] computes the optimal
solution for nets observing the condition of loop-freedom on
their uncontrollable sub-net. Uzam and Wonham have
developed a hybrid method of DES control synthesis, by
coupling automaton supervisors to processes modelled by
PNs [Uzam et al. 2006]. This approach has the advantage of
being applicable to any type of PN model, although the
models’ size is considerably increased.

The theory of regions may also be used to create a maximally
permissive controller [Ghaffari et al. 2003 a, b]. In this case,
however, the controller complexity is increased, as the
number of control places is equal to the number of forbidden

states.

Yamalidou et al. [Yamalidou et al. 1996] have developed a
computationally efficient control synthesis method based on
place invariants. The clarity of this method has rendered it
very popular. Unfortunately, the resulting controller can no
longer ensure the observance of the constraints when the
model-controller synchronization is made via uncontrollable
transitions. Some simplification techniques based on this
method are presented in [Dideban et al. 2005, 2008].

The feedback control synthesis method presented in
[Holloway et al. 1990, 1996] has the great advantage of
having a large applicability range. Firstly developed for the
special case of cyclic controlled marked graphs (CMGs), the
method prevents the access to the forbidden states by
building conditions that regulate the firing of controllable
transitions. However, the control conditions computed this
way are often complex. Thus, simplification techniques must
be applied, as shown in [Kumar et al, 1996].

A different approach to feedback control is presented in
[Dideban et al. 2006]. Contrary to Holloway’s approach, this
method is based on the analysis of the network reachability
graph. This paper gives a detailed presentation of this
technique and of its application. The research led by A.
Dideban on safe PN models, and presented in detail in
[Dideban et al. 2005, 2006, 2008], is complemented by a
study of the method’s viability in the case of non-safe
models. The importance of this study is self-evident, as most
real-life systems are characterized by non-safe models.
Formal proof for the results stated here for the case of non-
safe models may be found in [Vasiliu 2008].

Section 2 of this paper gives the theoretical background
behind this approach, starting with a brief presentation of the
Holloway & Krogh method, and continuing with a slightly
more detailed display of the research led for the case of safe
PNs. The particularities of the control synthesis and
simplification methods used in the case of non-safe PNs are
illustrated in detail in Section 3, while Section 4 demonstrates
the method’s applicability via a simple example. The
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conclusions are given in Section 5.
2. THEORETICAL BACKGROUND

The method developed in [Holloway et al. 1990] ensures the
synthesis of maximally permissive closed-loop controllers for
systems modelled as cyclic CMGs. By restricting the
execution of certain controllable events to a number of
allowed situations, the system is prevented from ever
reaching the forbidden states. The authors make use of the
CMG model structure in order to create the controller without
generating or analysing the system state-space. Particular
attention is given to the effect the control has over the state-
place markings of places belonging to influence paths (paths
beginning with places that are outputs of controlled
transitions). The method firstly identifies the sets of places
influenced by each control, and then synthesises control
conditions capable of forbidding any place belonging to its
influence path. Three categories of forbidding conditions are
defined, as per their applicability range: place-, set- and
class- conditions. Out of these, the latter is also the most
general, since any forbidding condition may be written as a
class condition.

The same research group later extended this method, so that
its applicability range is expanded to a very large class of
PNs, including non-safe PNs. The results were published in
[Holloway et al. 1996].

The main disadvantage of the Holloway & Krogh method of
feedback control for PN models is the growing complexity of
the logical expressions associated with control transitions.
This in turn leads to the growth of the computation time for
the real-time controller. A solution to this problem is given in
[Dideban et al. 2006]. A streamlined control condition is
obtained by applying a series of simplification techniques to
the system state-space.

2.1 Controller synthesis

The first step is to build the reachability graph (off-line) and
to identify the controllable transitions, as well as the border-
forbidden states and the authorized states. Each controllable
transition is then analyzed and its state-space is processed to
obtain a control condition that will prevent the system from
attaining any forbidden state. The resulting controller is then
simplified using properties of the over-state concept.

We shall illustrate the functionality of the synthesis algorithm
over the following example:

Example 1: Let us consider a manufacturing system
comprising two machines and one robot. The processing
capacity of each machine is of one part at a time. Once a
machine has finished processing its part (uncontrollable event
f), the robot unloads it. Once the unloading is completed
(uncontrollable event d;), the robot transfers the processed
part into a buffer and then returns to its initial (waiting) state.
(The end of the transfer is signalled by the apparition of the
uncontrollable event r.)) Only the beginning of each
processing task is controllable (event c;).

The system schema, the PN model of its desired closed loop

performance and the corresponding reachability graph are
given in Figures 1, 2 and 3.

The corresponding sets of authorized- and border-forbidden-
states can easily be identified on the reachability graph:

- Ma = {P,P4P7, P,P4P7, P3Py, P1P4Pg, P\PsP, PiPg}

- Mg = {P,P4Ps, PoPsPs, PsPs, P1PsPs, PoPsPs, PoP}

- R
-_D Buffer
23 Unprocessed parts
O [J: Processed parts

Fig. 3. Reachability graph.

Each controllable transition 7 is associated with two sets of
states: a set of critical states (M) and a set of safe states
(M7®). Let T; be a controllable transition, and let M; be a state
from which 7; may fire. M; is called a critical state of T; if the
firing of T; from M; leads to a border-forbidden state.
Otherwise, M; is called a safe state of T;. The sets of safe- and
critical- states are the basis on which the control condition is
to be calculated.

In the case illustrated by FExample 1, we have two
controllable transitions: T; and Ty4. Their corresponding sets
of critical- and safe- states are as follows:

- Mq,© = {P\P4Py, P\PsP7, PP}

- MTIS = {P\PsP7}
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- MT4C = {P1P4P8, P,P4P-, P3P4}
- MT4s = {P\P4P7}

The control condition can be defined on one hand as a
forbidding condition; it forbids the firing of its associated
transition in any critical state. On the other hand, as a firing
condition, it allows the firing of its associated transition only
from a safe state. Considering the safe PN hypothesis, the
forbidding condition for a given critical state is calculated as
the logical complement of the intersection of all the place-
markings of the state in question.

Let M; = P;P;..P, be a critical state of controllable
transition 7}, and let m;, be the marking of place P;. of M,
Then the forbidding condition for M; is given as follows:

Card[Support(Mj )}

N My @™

r=1

Uy, (M;)=

where the support function Support(M;) is defined as the set
of marked places of the marking which characterises state M;.

For example, the forbidding condition for state M = P,P,Py is:

Card[Support(M ):|

UTl(M): m, :(mz‘m4'ms)'

r=1

The forbidding condition associated to a controllable
transition 7; can then be defined as the union of all the
forbidding conditions associated to the critical states of 7;.

Ca"d[Mg } Card[Support(Mj ):’

U (m5)= U n m

j=1 r=1 (2)

where m, € Support(Mj) and M ; e MTCi .
The condition associated to T; can therefore be given as:
card[MYCJ Card[Support(Mj )]

Uy (m5)= U N

Jj=1 r=1

m, :((ml'm4'm8)+

(m1 - M ~m7)+(m1 -mﬁ))'

The forbidding condition calculated in this form can still be
complex, especially if 7; has a great number of critical states.
In answer to this problem, a dual simplification technique is
proposed. This technique follows the same basic principles as
the simplification of logical expressions, with the added
advantages of using the over-state concept.

2.2 Simplification of the control conditions

Let M; = P;Pj...P;, be a reachable state. A state M; =
P Py... P, s called over-state of M; if M; < M;, or, in terms of
support functions: Support(M;) — Support(M;). The control
condition associated with an over-state M; has the remarkable
property of simultaneously controlling the access towards all

the states covered by M;. The forbidding condition pertaining
to a given collection of over-states, C; = {M;, M,, ..., M,,}, is
defined as follows:

card|Cj] Card[Support(Mj )] | (3)

Uy, (MTC ) - N m,

j=1 r=1
where m, € Support(M;) and M; € C..

The sets of over-states for the T; critical- and T; safe- state
collections of Example 1,1 € {1, 4}, are as follows:

-C," = {P,, P, P, PP, PPg P,Ps, PP, Ps, P;, PP,
P,P;, PsP;, P,PsP;, Pg, P1P¢}

- S,"' = {Py, Py, Py, P\Py, P,Py, P,P;, P\P,P;}

-C™ = {Py, Py, Py, P\Py, PP, PsPg, PPPg, Py, Py, PoPy,
P,P,, P,P;, P,P,P;, P5, PsP,}

- 81" = {P,, Py, Py, P\Py, PP, P,P;, P\P,P;}

An over-state may cover both critical and safe states. In order
to ensure control optimality, a simplified control condition
may only be used if it does not hinder the reachability of any
safe states. Let T; be a controllable transition, and let C; T and
S, be the collections of over-states corresponding,
respectively, to its sets of critical- and safe- states. The
simplified forbidding condition for T; relates to the collection
of over-states defined by:

CZTi (MJ)ZCITi\Slri )

The ensuing collection of over-states must then be filtered of
redundancies.

Below are given the sets of control over-states corresponding
to the two controllable transitions in Example I:

-Gy = C'N\Sy = {Py, PyPy, PyPs, PP,Pg, Ps, PiPs, PP,
PyPsP, Ps, P1Ps}

- C2T4 = C1T4\SlT4 = {Psa P\Pg, P4Ps, P\P4Pg, Py, PoP4, PoP5,
P2P4P7, P3, P3P4}

Some over-states in C,", i € {1, 4}, are covered by other.
The final sets of control over-states are obtained after
filtering out these redundancies:

- C5"' = {Pg, Ps, Py}
- C3T4 = {Psg, Py, P}

In order to select the simplest control condition possible, the
final set of control over-states must be minimized. The final
choice algorithm used is similar to the Clusky method. As a
first step, the collection of covered critical states is written for
each over-state in C,”. Then the set of over-states
corresponding to each critical state is examined, and the over-
states that cover in exclusivity one or more critical states are
chosen. In the case of the critical states covered by more than
one over-state, the over-state covering the maximum of
critical states must be chosen.

An intuitive application of the final choice algorithm on the
results obtained for Example [ is illustrated in the following
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tables:

Table 1. Final choice for T| — forbidding condition

o Critical state PPy | P,PsP, PP, ?240%?)6
Py v v
Ps v v
P v v
v v v

Table 2. Final choice for T, — forbidding condition

o Critical state PPy | P,P.P, PP, ((Ig:)%g)e
Py v v
P, v v
P, v v
v v v

The forbidding conditions can now be calculated:

- Un(Mn©) = (mg + ms + mg)’
- UnsMps©) = (s + my + ms)’

So far, only the synthesis of the forbidding condition has
been discussed. Assuming M; were a safe state, the firing
control condition could be calculated and simplified in a
similar manner, as shown in [Dideban et al. 2006].

The firing condition for Example I is determined below:
Firstly, the sets of firing control over-states are determined:

- Sle = SlTl\ClT1 = {P4P7, P1P4P7}
-S,"=8,"\¢,"* = {P,P;, P,P,P;}

Then the redundancies are filtered out:
- 83" = {P4P7}
-Ss™ = {PP;}

In this case the final collection of control over-states is
already minimal. There is therefore no need to apply the final
choice algorithm. The firing conditions for the two
controllable transitions are given below:

- UT](MTIC) = mynmy
- UT4(MT4C) =mymy

At this point, the problem of controller optimality must be
formally addressed. A maximally permissive controller must
simultaneously fulfil these two basic conditions: (1)
effectively prevent its associated transition from firing
towards any forbidden state, and (2) allow the
aforementioned transition to fire towards any authorized
state. This happens if and only if the set of reachable states of
the controlled model is equal to the set of authorized states of
the initial model: M); = M. This fact can be proven using the
coverage relations governing the associations between the
collections of states and over-states pertaining to a certain
controllable transition T;, Rp(M;, c) and CVr(M;, C;). The

formal proof for this statement is given in [Dideban et al.
2006].

Tables 3 and 4 give the proof of maximal permissiveness for
the forbidding controls calculated for Example 1. In the case
of the firing conditions, a simple visual evaluation of the
results is enough to prove maximal permissiveness.

Table 3. Proof of maximal permissiveness for Ur,(Mr,©)

M; P,P.P; P,PsP; PP,
Ck
P; 1 0 0
P; 0 1 0
Py 0 0 1
CVn(M;, C;™) 1 1 1

Table 4. Proof of maximal permissiveness for Ups(Mr,©)

M; P,P,P; P,P,P, P;P,
Ck
P; 1 0 0
P, 0 1 0
P, 0 0 1
CVpy(M;, ;™) 1 1 1

2.3 The feedback control synthesis algorithm

Let M, be the set of authorized states and M3 be the set of
border-forbidden states of a given PN model, and let T; be a
controllable transition of this model. The feedback control
logic synthesis algorithm is given below:

Algorithm 1:
Step 1: Build the sets of 7; critical- and 7; safe- states
(M5 & My
Step 2: Build the corresponding sets of over-states for
M & My (C/" & G,
Step 3: Build the sets of over-states corresponding to the

simplified forbidding- and firing- control
conditions (C," & S,™)

Step 4: Filter out the redundancies (C & SgTi)

Step 5: Select the minimal sets of control over-states
according to the Clusky method (C,” & S,™)

Step 6: Which of these two sets of over-states is
maximally permissive?

If both: go to Step 7
If one: select it and go to Step &8

If none: there is no maximally permissive
controller = STOP

Step 7: Select the simplest controller (C,” or S,
Step 8: Calculate the controller

The results obtained after applying the synthesis algorithm on
the system presented in Example [ are given in Table 5:
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Table S. Controller synthesis for Example 1

Forbidding conditions: Firing conditions:

- UT](MTIC) = mymy

- UT4(MT4C) =mymy

- Un(Mn©) = (mg + ms + mg)’
- UnsMps©) = (s + my + m3)’

While both the firing- and the forbidding- conditions give
maximally permissive controllers, the firing conditions are, in
this case, simpler.

Fig. 4. Final controlled model.
3. FEEDBACK CONTROL OF NON-SAFE PETRI NETS

The applicability range of the feedback control synthesis
method presented in [Dideban et al. 2006] can be extended to
include non-safe PNs. The basic idea and final synthesis
algorithm are the same, but a few modifications must be
made in order to accommodate the non-safe PN model
structure. The formal proof of the results presented in this
section is given in [Vasiliu 2008].

Let {0, 1, ..,i}N,ie ], be the collection of all N-dimensional
vectors. The marking of a non-safe PN is a member of {0, 1,
..., 1}, The support function of one such marking, M, is
defined as follows:

Support(Mj) = {]‘[Pj].{rr} )

7

where P, is a marked place of M; and kr is the number of
tokens in P;,.

Let 7; be a controllable transition, M;C and M;° be its
corresponding sets of critical- and safe- states, and M; be a
state reachable by firing 7;. The dual definition of the control
condition Up;: (M7, M;) = {0, 1} remains unchanged:

Forbidding condition:
0, M,eM;
> J T
U, (MTC;’MJ‘): c ©)
I, M;eMrp

Firing condition:

0, M,eM>
vl oy \=1 J T
UT[( Ti» J)_ S

I, M;eMy

In the case of safe PNs, the binary nature of the place
markings allowed for an alternative definition of the control
condition; a definition based on the values of the place
markings. In order to continue using that definition in the
case of non-safe PNs, a way of expressing place markings as
binary variables must be found.

Let M; = Pj]“Pjng...Pj,,k” be a T; critical state. The marking
predicate Z;, of place P, in a given state M; is defined as
follows:

i 0, mi(g,)<1§j,. @

The alternative definition for the control condition can
therefore be written as follows:

card[M% } Card| Support(M ;)]

Uy (Mf)= U n =z ®)

Jj=1 r=1

In order to simplify this condition, we must first extend the
notion of over-state to accommodate the non-safe PN model.
Let M; = Pj/‘]PjZ"z...ijkm be a reachable state of a non-safe
PN model. M; = P,-,"IP,-/‘Z...P,-,,"” is called an over-state of M,
if: V P, € Support(M;) and ¥V P;. € Support(M,) | P;, = P, and
ki < k. As in the case of safe PNs, if M, is over-state of M;
then Support(M;)  Support(M,).

Property 1: Let M, = P, P, ;.. P, ... P,/ be a T; critical
state, and let M, = P, IHP,;"Z...P,,nkm be an over-state of M,.
The control condition associated to M, also affects M;:

Ur, (My)=0=Ur, (M,)=0 ©)

An optimal controller must not forbid any authorized states:

Property 2: Let M€ and M;® be the sets of T; critical- and
safe- states, and let M; = P;;*' P, P, " . P, € MyCbea
T; critical state and M, = P;/*'P;,;*°...P,,*" be an over-state of
M;. The control condition Ur(M;) can be substituted by
Uri(M5) only if there is no safe state M; e M;® so that M, <
M.

At this point the forbidding condition pertaining to a given
collection of over-states C; = {M;, M,, .., M,}, M; =
P,-IMP,Q"Z...Pj,k"...P,-,,k” e M;S, can be defined as follows:

card[C;] Card[Support(Mj )]

Uy, (M5 )= U N Z

Jj=1 r=1

(10)

If M; were a safe state, the firing condition could be
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calculated similarly:

card[ ;][ Card[Support(M) |
Uy, (Mf)) = n =z (11)

j=1 r=1

The minimal set of control over-states is selected using the
Clusky method, in the same manner as in the case of safe
PNs, and the synthesis procedure follows the same steps.

The proof of controller optimality entails once more the
extension of certain notions as to accommodate the non-safe
PN model. A state can be covered both by a single over-state
and by a set of over-states. The coverage relations that govern
these associations can be redefined as follows:

Let ¢; be an over-state of the final set of control over-states,
Cs"'={cy, ..., Cpy oy C}, and let M; be a T; critical state, M; €
M7€. The coverage relations Ry: My xC;" — {0, 1} and
CVii: MpExC5™ = {0, 1} are given as follows:

Ry, (Mj,ck ) = {1’ G =S¢ (ck is over-state ofcj)

0, ¢, isnotan over-state of ¢; ’ (12)
where ¢ is the over-state associated to M;;
m
T.
vy, (M;.C5 )= U Ry, (M, (13)
k=1

The following property states the necessary and sufficient
condition for a controller to be maximally permissive:

Property 3: Let T; be a controllable transition. The set of
controls  Up(C;", M) gives a maximally permissive
controller if and only if: V M, € MT,-C: CVr(M,, C3T’) =1.

The general steps of the synthesis procedure are those
illustrated in Algorithm 1.

4. MANUFACTURING SYSTEM

The general controller synthesis algorithm will be illustrated
over an extension of Example 1. We shall now consider we
have two robots. Figures 5 and 6 give the PN model and
reachability graph for this system.

The sets of authorized- and border-forbidden- states can
easily be identified on the reachability graph:

- M, = {P\P,P/, P,P,P;, PsP,P;, P,P,P,Pg, P,P,P,Pg, PsP,Pg,
P\P,Py’, P,PsP;°, P,PsP;%, PiPsP;, P,PsP;Pg, P,PP;,
P,P¢P;, P3Py, P\PPg}

- Mg = {P,P,Pg’, P,PsP;P, PsPsPg, P\PsPy’, PoPsPy’, P,P¢Py}
The sets of critical- and safe- states corresponding to the
controllable transitions T; and T4 are as follows:

- Mp© = {P,P,Py’, P\PsP;Pg, P\PsPg}

- My® = {P,P,P;’, P,P,P;Pg, P\PsP;’, P\PcP;}

- M€ = {P,P,Py’, P,P,P;Pg, PsP,Pg}

- My,® = {P,P,P;’, P,P,P;Pg, P,P,P;’, PsP,P;}

Fig. 6. Reachability graph.

The over-state sets for the T, critical- and T; safe- state
collections, i € {1, 4}:

-C,"' = {P,, Py, Pg, P&, P\P,, PPy, PP, PP’ PPy, P,P,Py,
P,P,PZ Ps, P;, PPs, P,P;, PsP;, PsPs, P.-Ps, P,PsP;,
P,PsPg, P,\P;Pg, PsP;Pg, P PsP;Pg, Py, PP, PsPg, P\PoPg}

- S, = {P,, Py, Py, P/, PPy, P\Ps, PPy, P\P;°, P,P/°, P PPy,
P\P,P;, Pg, P\Ps, P,Pg, P;Pg, PP,Pg, P P;Pg, P,P;Pg,
P,P,P;Py, Ps, P,Ps, PsP;, PsP;°, P,PsP;, P\PsP;, P, PPy,
P¢P7, P\PsP7}

- C/" = {Py, Py, Pg, P’, PPy, PPy, P,Pg, P\Py’, P4Pg’, P,P,Ps,
P\P,Py>, P,, P;, P,P,, P,P;, P,Pg, P,P;, P;Pg, P,P,P,
P,P,Pg, P,P;Pg, P,P;Pg, P,P4P:Pg, Ps, P3Py, P3Pg, P3P4Ps}

-S" = {P|, Py, Py, P/, PPy, PPy, P,P;, PP, PP, PiP,P,,
P\P,P;%, Pg, P\Ps, P,Ps, P;Py, PP,Pg, P\P;Pg, P,P.Pg,
P,P,P;Pg, Py, P,Py, P,Py, PPy, P,P,Ps, PoPP, Py, P3Py,
P3P7, P3P4P7}

The sets of over-states needed to calculate the forbidding
conditions corresponding to the two controllable transitions:

-G =C"™S, " = {P¢, PPy, PPy, P\P4Pg’, PsPy, PiPsPg,
PsP;Pg, P,PsP;Pg, PcPs, P PsPs}

- C2T4 = C1T4\SlT4 = {PSZ: P1P82, P4P82, P1P4P823 P,Pg, P,P,Pg,
P,P;Ps, P,P,P;Ps, PsPg, PsP4Ps}

We notice that certain over-states in CzTi, i e {l, 4}, are
covered by other. The minimal sets of control over-states are
obtained after filtering out the redundancies:
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- C3T1 = {Psz, PsPg, P6P8}
- C3T4 = {sz’ P,Pg, P3Pg}

An intuitive application of the final choice algorithm is

illustrated in the following tables:

Table 6. Final choice for T; — forbidding condition

- S2T4 = SIT4\C1T4 = {P72, PP, P1P72, P4P72, P\P,P7, P1P4P72,
P,P;Ps, P\P,P;Ps, P,P;*, P,P,P;’, PPy, PsP,P;}

Then the redundancies are filtered out:

- 83" = {P;, P4P;, PP7}
- S3T4 = {P72, PPy, P3P7}

The final choice algorithm is applied:

Critical Choice
2
o Jate | PiPaPy P1PsP7Pg PiPePy (€™ Table 10. Final choice for T, — firing condition
3
Pg2 v v Safe
state 1
P<P; v v P,P,P2 | P,P,P;Ps | P,PsP2 | P,PsP, C(lslo%f)e
4
P¢Pg v v s,
v v v P72 v v v
. . - .. P4P; v v v
Table 7. Final choice for T — forbidding condition
PsP; 4 v
Critical Choice v v v v
state | PP Py’ P,P,P;Pg P3P,Pg (€T
T4
G Table 11. Final choice for T, — firing condition
Pg’ v v
P,P; v v Stafe
state 1
PP, v v PP | PiPPiPy | PP | PPy | (S
v v v S,
- o 2 v v v
The forbidding conditions can now be calculated: P7
s PP, v v v
- Uni(Mni) = (Zs + Zs Zs + Zs'Zs) PP v
- UnsMps©) = (Zs + ZoZs + 23 Zg)’ 7
Ta(Mrs") = (Zs + Ly Zs + Ly Zy) v v v v

Table 8. Proof of maximal permissiveness for UTI(MTIC)

Ml pppg P,PsP.P P,P¢P

o 14 150708 el
P’ 1 0 0
PsPg 0 1 0
PgPg 0 0 1
CVn(M;, G5 1 1 1

The control maximal permissiveness is proven using the
coverage relations and Property 3, as shown in Tables 8 and
9.

Table 9. Proof of maximal permissiveness for UT4(MT4C)

M.
. ) P,P,P¢ P,P,P,Pq P;P,Pq
k
Py 1 0 0
P,Pyg 0 1 0
PP 0 0 1
CVr(M;, G5 1 1 1

The firing condition is determined in a similar manner.
Firstly, the sets of firing control over-states are determined:

-8, =8,""C" = (P, PPy, PP, PP, PP4Py, PPPY,
P,P;Ps, P\P,P;Ps, PsP*, P\PsP;”, PePy, P\PeP;}

Finally, the firing conditions are calculated for the two
controllable transitions:

-Un(Mn©) = Z; + Z4Z; + Zs'Z,
-UniMns) =27+ ZyZy + Z3Z4

Tables 12 and 13 show that these controls are maximally
permissive as well:

Table 12. Proof of maximal permissiveness for UTI(MTIC)

M.
. 7| PP | PPPPg | PPsP | PPPys
k
P/ 1 0 1 0
PP, 1 1 0 0
P¢P; 0 0 0 1
CVn(M;, S;™) 1 1 1 1

Table 13. Proof of maximal permissiveness for UT4(MT4C)

M; 2 2
. P,P,P | P,P,P;Ps | P,P.P, P,P,P;
P, 1 0 1 0
PP, 1 1 0 0
PsP; 0 0 0 1
CVr(M;, S5™) 1 1 1 1
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In this case, both the forbidding and the firing control
conditions are maximally permissive. The next step is
therefore to compare the results and choose the simplest
possible solution.

A visual comparison of the two controls obtained for each
controllable transition shows no obvious difference in their
complexity levels. Thus, either control may be used with
similar results.

Fig. 7. Final controlled model.
5. CONCLUSIONS

The problem of controller synthesis for DES remains a
redoubtable one. Traditional methods based on finite-state-
machine models are very sensitive to the combinatory-state-
explosion problem, while methods based on simpler PN
models are confronted with the problem of controller
optimality. In this context, the feedback control synthesis
method presented in this paper provides a systematic and
easily implementable tool for specialists in this field.

Apart from its simplicity, this method has the great advantage
of being applicable to both safe and non-safe PN models. The
problem of controller optimality is also addressed, in the
sense that, if a maximally permissive controller exists, it will
be found amongst the results. Furthermore, the final
(controlled) model is close in size to the initial model.

We believe that the controller complexity may be reduced
even further by the development of more efficient algorithms
for the construction of the control over-states collections.
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