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Abstract: The optimal swing up of a single inverted pendulum (SIP) on a cart is presented, where the
indirect method is used to obtain the feedforward command in the swing up mode and the LQR controller
beside the high gain observer is used to stabilize the system in the stabilizing mode. After extracting the
optimality conditions for a dynamic system in general formulation, the necessary conditions for
optimality are derived for a SIP using the fundamental theorem of the calculus of variations (FTCV)
which leads to a two-point boundary value problem (TPBVP). This problem is solved for obtaining the
optimal values of states and control. To demonstrate the applicability of proposed method, after
simulation study, a single pendulum setup is constructed and experimental realization is presented. In
order to complete the swing up maneuver, LQR controller is designed to stabilize the system, and the
high gain observer is applied to estimate the link angular velocity. Finally, a comparison between
experimental and simulation results is presented and the efficiency of proposed method to reduce the
used effort is illustrated.
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1. INTRODUCTION

Inverted pendulums are nonlinear, unstable and under-
actuated electromechanical systems widely used in linear and
nonlinear control education and research. Generally, the
control of inverted pendulums can be divided into two
aspects. In the first aspect, swinging up the link or links from
hanging position to upright state is considered. The second
aspect is stabilizing the link or links in upright position, while
the cart must also be homed to a reference position. For
stabilization problem, there are numerous control techniques
such as feedback linearization (Chen et al., 2004), adaptive
control and fuzzy learning control (Duka et al., 2007),
sliding-mode approach (Tsai et al., 2010), LQR controller
(Kumar et al., 2013), mixed H2/Hoo PID controller (Duy at
al.,, 2014), fuzzy fractional order sliding mode controller
(Bouarroudj et al., 2015), feedback linearization method for
tracking control of constrained double inverted pendulum
(Lari et al., 2015) and many other control algorithms. Besides
the stabilization aspect, the swing up problem has gained
increasing attention during the recent past. All the research
works dealing with the swing up problem, can be divided into
two categories: Non-optimal swing up and optimal swing up.

As the non-optimal swing up, different methods such as
energy based method (Astorm et al., 2000; Chatterjee et al.,
2002), smooth controllers (Astorm et al., 2008), fuzzy control
(Wu at al., 2011), sliding mode control (Park et al., 2009;
Wang, 2012), passivity-based control (Icaza, 2011),
inversion-based method (Graichen et al., 2007; Gluck et al.,
2013), event-Based Control (Durand et al., 2013), integral
back-stepping sliding mode control (Adhikary et al., 2013)

and many other methods have been performed by different
researchers up to now. Unlike the non-optimal methods, in
the optimal swing up a given objective function must also be
minimized. The approaches used to solve the optimal control
problems (OCP) are broadly classified as either indirect or
direct method.

In the direct method, which is known as the “first discretize,
then optimize” approach, at first, dynamic variables (states
and controls) are discretized to obtain a parameter
optimization problem. Then this problem is solved using
different methods such as genetic algorithm, particle swarm
optimization, and sequential quadratic programming
approach. While, the indirect method is known as the “first
optimize, then discretize” approach. In the indirect method,
the optimality conditions are derived using the fundamental
theorem of the calculus of variations which leads to a
TPBVP. Then, discretization is used to solve the obtained
TPBVP. So the indirect method results in the accurate
solution of OCP, whereas by the direct method, an
approximate solution is achieved (Nikoobin et al., 2013;
Nikoobin et al., 2017). Most of the previous works dealing
with optimal swing up are on the base of the direct method.
Genetic algorithm tuned bang-bang controller (Zhao et al.,
2003), linear and nonlinear programming (Cruz et al., 2013;
Kahvecioglu et al., 2009), iterative impulsive control (Wang
et al., 2004) and ant colony optimization method (Ast et al.,
2009) have been reported for the optimal swing up of the
inverted pendulum. A suboptimal nonlinear control law based
on passivity analysis and dynamic programming has been
presented for the Pendubot and rotary pendulum by (Oliver et
al., 2012) in which switch control law is not required. Indirect
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method has also been applied to solve the optimal swing up
problem, but this method is often used for solving the time
optimal control of SIP without experimental validation (Xu et
al., 2001; Chernousko et al., 2007, Mason et al., 2008;
Paoletti et al.,, 2011; Merakeb et al., 2013). The main
challenge of an indirect solution of optimal control problem
is finding the proper initial guess for the solution. Different
methods such as homotopy continuation method (Hermant,
2011, Nikoobin et al., 2017) have been proposed to overcome
this problem. In this paper, the solution of the inversion based
method is used as the initial guess of the optimal control
method, and the problem is solved easily.

In this paper, the general dynamic system is considered. On
the base of the indirect method, the necessary conditions for
optimality are derived from the FTCV. The obtained
equations establish a TPBVP solved by the bvp4c command
in MATLAB. In order to verify the method, a single
pendulum setup is constructed and experimental
implementation for both optimal and inversion-based method
(Graichen et al., 2007) is presented. In order to complete the
swing up maneuver, a stabilization controller is also required
to stabilize the link in upright position. To this end, the LQR
state feedback controller is designed to stabilize the system
besides the high gain observer to estimate the link angular
velocity. The paper is outlined as follows: the next section
describes the dynamic equations and optimality conditions
for a general dynamic system. Optimality conditions of a SIP
are derived in Section 3. Section 4 addresses the simulation
results for SIP. Finally, in Section 5, the experimental
validation is presented.

2. NECESSARY CONDITIONs FOR OPTIMALITY

The general dynamic equation of a mechanical system can be
described as

D(q)q+b(q,q)+h(q) =T, 1
where q € R" is the vector of joint positions, q € R"is the

vector of joint velocities, D e R™ is the inertia matrix,
b(q,q) € R" is the centripetal, Coriolis and friction forces,

h(q) € R" describes the gravity effects and T € R" represents
the force vector. By defining the state vector as:

LM

Equation (1) can be rewritten in state space form as

x=f(x1) = P‘ } - F‘ (x T)}, @
X, f,(x,7)

where

f =x,, f, =p(x,,x,) +K(x))T, 4)

p(x,,X,) = _D-I(XI)[b(Xl’Xz)+h(xl)]a )

K(x,)= D" (x)-

Optimal swing up of an inverted pendulum is an optimization
problem which can be stated in the form of the optimal

control problem. The goal is to swing up the pendulum from
the hanging down to the standing up position in which a
predefined objective function must be minimized. So, the
optimal control problem for a dynamic system can be stated
as follows (Hull, 1998): Find the continuous admissible

control  history T: [t t }—) Qc R"  generating the

0% f
corresponding  state trajectory x:[to,t,}—) R" which

minimizes the cost function

J=4(xot,)+ L Z" Lx,7,0)dt , 6)
subject to the system dynamics

x=f(x,7), @)
the given initial condition

X(1)) =X, , (®)
and the prescribed final conditions

x(t)=x;. ©®

Here, x € R" is the state vector, T € R" is the control vector,
Q is an acceptable region in R", #, and ¢, are initial and
final time, X, and X , are predefined initial and final state,
respectively. L and @ are scalar continuously differentiable

functions in which L is the integrand of the cost function and
¢ is the final state penalty term. By introducing the costate

vector A € R", the Hamiltonian function of the system can be
defined as follows

H=L+A\'f. (10)
According to the FTCV, for the optimal trajectory x (¢)and

T (¢), there is a non-zero costate vector A () such that the

following conditions along the optimal solution must be
satisfied (Hull, 1998)

o’ ox’ or
where the symbol (¥) denotes the extremals of x(z) and A(?).

0 (11)

T
By substituting (4) into (10) and by defining2. <[ 2] |,

the necessary condition (11) can be rewritten as follows

X; X, 0
.= + > 12)
X, p(x,X,) K(x))t
oL 0 T
—+—|p+Kr| A
X(l) _ ox, 0x, [ ] 2 (13)
a_L+x i[ ]T by ’
ox, 1 P| »
a—L+KT)»2 =0. (14)
ot

Equations (12) and (13) represents 4n equations dealing with
states and costates respectively, and (14) leads to n equations
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dealing with control T. According to Pontryagin minimum
principle, the constraint on control signal can be applied as
follows (Korayem et al., 2009)

ur t>U"
T=11 U <1<U” (15)
U~ <U

where U and U™ are the lower and upper limit of the
control and T is the solution of the algebraic equation (14).
Also for the swing up problem, there are 4n fixed boundary
conditions as follows

q(to) = qoaq(tf) =q; 7q(t0) = qo’q(t; ) = q/ (16)
By substituting the control value T obtained from (14) into
(12) and (13), a set of the 4n ordinary differential equation is
obtained which besides the 4n boundary conditions (16),
forms a TPBVP. Finally, the derived TPBVP is solved to
obtain 2n states and 2n costates. In the next section, the
optimality conditions for a SIP are derived in details.

3. DERIVING THE EQUATIONS FOR SIP

In this section, a schematic model of SIP similar to
experimental setup presented in section 5 is considered. This
model consists of a link, cart, belt and one pulley. The cart is
actuated by a motor through a belt, and the link is free to
rotate in a vertical plane as shown in Fig. 1.

Fig. 1. Schematic model of SIP.

The dynamic equations of the system can be obtained using
the Euler-Lagrange method. To this end, by selecting x and
6@ as the generalized coordinates, their corresponding
generalized forces become

T + .
o) :——ccfc—[c’ ij 0, = -0, (17)

r r
where 7 is the motor torque, » is the pulley radius,
c,,c,,c, and b are the damping coefficient of the right pulley,

left pulley, cart and joint of the link, respectively. By defining
the parameter u as the force exerted on the cart through the
belt, and parameter ¢ as the total damping coefficient, the

first generalized force is simplified as O, =u—cx .

It is assumed that the total torque produced by motor is
transferred to the cart through belt, and by neglecting the
pulleys mass and inertia, the kinetic and potential energies
are obtained as follow

K:%[M)'cz+m()'c2+azéz+2a5c€cos¢9)+]6"ﬂ, (18)

V =—-mag cos b,

where M is the cart mass, m is the link mass, / is the moment
of inertia of link about its center of mass and « is the center
of mass of the link. Using the Euler-Lagrange equations, the
dynamic equation for the SIP can be derived as follows

D, D, | X b u
11 12 T+ 1 + hl — (19)
D, D,|06] |b h, 0
where
D,, =M +m, D, =macos®, D,, =ma’ +1
b, = -mab® sin@+cx, b, = b6, h =0, h, = mgasin 6.
By defining the state vector as
x=[x x x x4]T = [x 0 x 6’]T , (20)

and using Egs. (2)-(5), dynamic equation (19) can be
rewritten in state space form as below
Y=/ i=x
% =f=x
(1 +ma’ )(cx3 —max; sin x, —u)}

, 1
Xy =S =— 21
o 4 {—maﬁl2 COS X, @D

. 1 | m*a’x; cosx, sinx, + maucosx, —
Xy =fn= "
|| macx, cosx, +(M +m) 4,
where
2 2 2 2
A =m"a (cos X, —1)—M([+ma )—m]

A, =(magsinx, +bx,)

In the next step, the proper objective function must be
chosen. The commonly used objective functions for optimal
control problem are minimum time, minimum effort and
minimum energy. In this paper, swinging up the link from
pendant mode to inverted state, with minimum effort which
leads to a smooth trajectory have been considered, so the
performance objective is chosen as

J= jo/ 0.5udt. 22)

Now, by  defining the costate vector  as

r=[A4 4 A4 A4 ]T and dynamic equations in state space

formas F=[f, f, fu f»] »the Hamiltonian function
can be determined using Egs. (10), (21) and (22) as follows

H=050"+ [, + 4, f1 + A for + A frs

After that, equation (11) is used to derive the equations
dealing with optimality conditions. Differentiating the
Hamiltonian function with respect to the costates, leads to the
dynamic equations in state space form given in (21). The
costate equations are obtained by differentiating the
Hamiltonian with respect to the states as follows

(23)
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4 =0,
(u —h=b, )(D12/14 —-Dy, 4 ) +
i = _i (hZ +b2)(_D12ﬂ'3 +D11/14)
i 6x2 _D11D22 +D122 '

A =—A _A%[cﬂg (1+ maz)—C/Lma cos(x, )]’ (29

1

2mal, sinx, (Ix4 + ma2x4)
A, =2, +—| +malbcosx,

1
2.2 :
[Zm a“x, cosx, smxz]
4

+b(M +m)

Then, the optimal control law is obtained from (14) by
differentiating the Hamiltonian function with respect to
control u. So, one can write

_1 2
l—z[ﬂ.} (1+ma )—2.4macosx2]. (25)
Finally, substituting (25) into (21) and (24) leads to eight
nonlinear ordinary differential equations in terms of states

and costates. These equations with the following eight
boundary conditions

x,(0)=0,x,(0)=0, x,(0)=0, x,(0)=0,
x(t,)=0,x,(t,)=7,%(,)=0, x,({,) =0,

construct a two-point boundary value problem. This problem
can be solved using the bvp4c command in MATLAB®.

(26)

4. SIMULATION RESULTS

Here, using the equations derived in the previous section, the
optimal swing up problem is solved for SIP. In order to
compare the obtained results with a non-optimal method, the
inversion-based feedforward control proposed recently by
(Graichen et al., 2007) is also presented. In order to show the
efficiency of the method, the obtained results of optimal
swing up are compared with those obtained by the inversion-
based method.

The SIP is considered as shown in Fig. 1. All required
parameters are given in Table 1. The swing up problem is
solved according to boundary conditions (26) within the time
interval £€[0 ¢,], ¢, =13s.

For the inversion-based solution of swing up problem
(Graichen et al.,, 2007), the equations of motion are
decomposed into two dynamics: input-output dynamics and
internal dynamics. In this case by considering the cart
acceleration as input to the system, u =X , the model of the
single pendulum given in Eq. (19) can be rewritten as

X=u

G =-Dy) (Dpu+b, +h), 27)

Table 1. Mechanical parameters of the single pendulum.

Parameters Values Unit
Cart mass M=1.02 Kg
Link mass m=0.49 Kg
Center of mass of link a=0.20 m
Moment of inertia of link 1=0.0056 kg.m®
Cart v1scou§ friction =21.0653 N.sec/m
coefficient
link viscous friction
. b=0.009 N.m.sec/rad
coefficient
Pulley radius r=0.01745 m
where the first equation represents the input—output

dynamics, and the second one forms the internal dynamic.
According to the inversion-based feedforward control
proposed by Graichen, the following function is constructed
using the cosine series

2 1 /
X=-p - p, cos[f—t]+2p, cos[( +z)7zt}
r i=1

t

(28)

where p,and p, are free parameters. This function satisfies

the four boundary conditions dealing with the cart trajectory
given in (26). By substituting (28) into (27), the internal
dynamic besides the four remained boundary conditions
dealing with the link trajectory, constructs a TPBVP which
can be solved to obtain the internal dynamic trajectory 6(z)

and the free parameters as p, =—-0.1473, p, =—0.1537 .

For optimal swing up, the TPBVP consists of (21), (24),
(25) and (26) are solved to obtain the cart and link trajectory
as well as the optimal control history applied to the cart.

The angular position and velocity of link for both optimal and
inversion-based swing up are shown in Fig. 2 and Fig. 3,
respectively. As shown in Fig. 2 the link starts from its
natural stable hanging position to its unstable upright inverted
position. The linear position and velocity of cart are shown in
Fig. 4 and Fig. 5. The cart displacement is a significant factor
in experimental setup. For the larger cart displacement, the
longer rail is required. As it can be seen from Fig. 4 the cart
displacement for inversion-based method is 0.53m and for
optimal method is 0.36m. So, the cart displacement for
optimal swing up has reduced approximately 32% in
comparison with inversion-based method
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Fig. 2. Angular position of link.
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Fig. 3. Angular velocity of link.
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Fig. 4. Linear position of cart.
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Fig. 5. Linear velocity of cart.
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Fig. 6. Applied force to the cart.

Fig. 6 shows the applied force to the cart. Using (22), the
performance index is calculated for optimal and inversion-
based method as follows

; (29)

inversion

13 5
- jo 0.5u>dt = 370.26,

13 )
opina = |, 0-5u’dt =261.77.

So, the performance index for optimal swing up has reduced
approximately 30 percent in comparison with inversion-based
method. The experimental validation for this system is
presented in section 5.

5. EXPERIMENTAL VALIDATION

5.1 Experimental setup description

The swing up maneuver is experimentally realized with the
single pendulum in Fig. 7 corresponding to the model
parameters in Table 1. The cart is actuated via a motor,
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driven by a lenze 940 series servo driver, connected to a PC
through a network cable. The cart position is measured by a
1024 ppr Autonics incremental rotary encoder. By using a
ball bearing, the link is pivoted to the cart such that it can
rotate freely in a vertical plane. Its angle is measured by a
2048 ppr Autonics incremental rotary encoder. Also, the
controller is implemented by the MATLAB software on a
2.69GHz PC with sampling time 10 KHz.

The interconnections of different parts of SIP system are
shown in Fig. 8. The measured cart position and link angle
are sent to the controller through Advantech PCI-1710HG
I/O board. The motor driver is adjusted in velocity mode.
This velocity signal is sent to the driver via I/O interface as
the command input. Driver tries to eliminate the presence
error between the cart velocity and the velocity command
input via its internal PI controller.

Cart Posltion

Link Angle

10 Board

Motor Driver
Fig. 8. Schematic architecture of SIP setup.
5.2 Control system design

The control strategy of the SIP system is composed of the
swing up control, mode switching and stabilizing control. For
the first step, a feedforward controller obtained of the indirect
solution of optimal control problem presented in section 4 is
used to swing up the pendulum with minimum effort. In order

to show the efficiency of proposed method, the results of
optimal swing up are compared with the result of the
inversion-based method. Since only the open-loop
feedforward control is used for swing up mode, it is required
to have an accurate model of the pendulum. To this end, for
parameters estimation, different sine functions as the applied
force on the cart are exerted on both the pendulum
experimental setup and the pendulum dynamic equation
given in (21) to obtain the cart position and link angular
position as the outputs. By minimizing the error between the
experimental setup output and the dynamic equation output,
the estimated parameters of the pendulum given in Table 1
are obtained.

Since the motor driver is set to velocity mode, so the cart
velocity will be the feedforward command in the swing up
maneuver. This signal which must be sent to the motor driver
is computed offline and stored in a lookup table. The used
servo motor has a large velocity bandwidth, so it tracks the
pre-calculated feedforward velocity command accurately.
For the inversion based method, the first derivative of cart
position (27) gives the cart velocity, and for the optimal
swing up method, after solving the TPBVP obtained in
section 3, the cart velocity can be computed as shown in Fig
3.

After swing up phase, an extra stabilization controller is
needed to grab the link and hold it upright. The stabilization
controller is addressed in the following subsection.

5.3 Controller and observer design

Just as the link reaches the neighborhood of the inverted
status, the controller is switched from open-loop feedforward
control to the closed loop feedback control. Here the linear
quadratic regulator (LQR) is used to regulate the system
about the upright equilibrium point. This method has been
used to stabilize the inverted pendulum systems frequently
(Kumar et al., 2013). Since the motor driver works in velocity
mode, so the SIP input changes from force to cart
acceleration. In order to design the linear state-feedback
controller, a linearized model of SIP equations is required. To
this end, after rewriting the SIP equation (19), with cart
acceleration as input, the dynamic equations of cart and link
are decoupled as

X=u,
. . 30
(ma® + 10 + mai cos 0 + mag sin 6 + b0 = 0, (30)

Then, the linearized model about the unstable equilibrium
point can be derives as follows

0 1 0 0 0
0
X={0 0 0 1 X+ 0 u,
mag b ma 31
0 2 2 2
L I+ ma I +ma I +ma
(1 0 0 0
= X,
Yo o1 o
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.AT
where X:|:x x 0 6’} denotes the state vector and

T .
y= [x 49] denotes the output vector. Now, one can write

the structure of linear state feedback controller as

u=-kK'x=-[k k k k]x & 0 0], (32)

which minimizes the performance index

J= J' w[xTQx+uTRu]dt, (33)
0

where R and Q are symmetric and R>0, Q>0. Here by
choosing R=0.1 and Q=diag(9,9,3,3), the controller gain
using the lqr command in MATLAB® can be calculated as
K'=[-9.48 -14.14 66.63 11.81].

In the experimental setup, all the state variables are not
available. In fact, only two encoders are used to measure the
cart position, x, and the pendulum angle, 6. In the other word,
the cart velocity and the pendulum angular velocity are not
immediately available for the controller law. Here, a high
gain state observer is designed to estimate the required states.
This observer is simple in design and provides an accurate
estimation of all the states in both swing up and stabilization
phases. Consider the following system

y=Ay+g(w,u),

(34)
W =cy,
where (A, C) is observable, the observer equation is
y=Ay+g(w,u)+H(w-c§), (35)

where for robustness the gain H must be large enough
(Vasiljevic et al., 2006). By using acceleration signal as
input, the dynamics equations of cart and link decoupled
from each other as seen in (31). So, two observers can be
designed to estimate the cart velocity and pendulum angular
velocity, separately. On the other hand, via the done tests, it
is clearly seen that the motor tracks the velocity command
input accurately, so the cart velocity can be obtained by
integrating of controller output. Therefore the observer
design procedure is reduced to estimate only the link angular
velocity. Using (31), the dynamic equation of link can be

written as below
g6 0 1 0 0
— . |= |+ u,
a6 mag - b e ma :
I +ma I+ ma I+ ma

w=[l o]m.

This equation is in the form of the (34), therefore by using
(35), the observer equation can be defined as follow

(36)

J o 0 1 o 0
E = mag _ b St ma u

¢ I+ma® I+ma® I +mad? (37
+H(9—é),

where the observer gain H is tuned as follows
%
£

, a,=2, a, =3, ¢=0.005.

&

82

(3%)

The parameters ¢, a, and ¢ are obtained by trial and error.

The pole placement approach could have been used, based on
the reduced order dynamics given in (36). Figure 9 shows the
observer performance. There are some mismatches in
transient that can be also due to the observer tuning.

The final step to complete the control system design is
selecting a proper criterion to switch from swing up
controller to stabilization controller. These conditions are
considered as follows:

0<0.5rad,

. (39)
0<2.5rad/sec.

In the following, experimental tests are performed in two
steps. At first step, the pendulum stabilization is done, and
then swing up maneuver is presented.

5.4 Pendulum stabilization

This test is performed to verify the performance of the state
feedback controller and observer. In this experiment, the link
is started from the inverted position and the controller
stabilizes it. To investigate the observer performance, the link
angular velocity obtained by differentiating the link angular
position after pre and post filtering besides the estimated link
angular velocity by the observer are shown in Fig. 9. As it
can be seen, the observer is able to estimate the angular
velocity of the link as well.

0.3 T T T T T T

025 — -4+ — —d— — 1oL 1 _ differentiated angle

0.2 ! ! : ! ! 1‘ ------- estimated velocity I
I |

link velocity(rad/sec)
o

time(sec)

Fig. 9. Differentiated angular position and estimated angular
velocity.
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The position and velocity of cart and link are shown in Fig.
10 - Fig. 13. It is observed from Fig. 10, the deviation of
+0.01 m is maintained after 3.5 seconds. As it can be seen
from Fig. 12, the link is held in upright position with
n£0.02 rad deviation after 3 seconds.

0.1

0.05

o

cart position(m)

-0.05

011

-0.15

0 1 2 3 4 5 6
Time(sec)
Fig. 10. Cart position in upright position.

0.15

01r

0.05

cart velocity(m/s)
o

-0.05

0.1

-0.15

0 1 2 3 4 5 6
time(sec)

Fig. 11. Cart velocity in upright position.

3.2

3.18

N IS =

link angle(rad)

©
N

3.08

3.06

3.04

0 1 2 3 4 5 6
time(sec)

Fig. 12. Link angle in upright position.

04

03r

-0.1

velocity of link (rad/sec)
o

0.2

-0.3r

04 | ) \ )
0 1 2 3 4
time(sec)

o
o

Fig. 13. Link velocity in upright position.
5.5 Pendulum swing up and stabilization

In this part, the cart velocities obtained in section 4 with
optimal control method and inversion based method are used
to swing up the pendulum. As the link reaches the
neighborhood of the inverted status, the controller is switched
from open-loop feedforward control to the closed loop
feedback control. After swinging up mode, the observer and
controller tuned in the previous test are used to stabilize the
pendulum. The switching time between two controllers for
the inversion-based method is obtained to be 0.96s and for
the optimal method is obtained to be 0.9s.

The snapshots of the optimal swing up maneuver in twenty
sequences with time step 0.065 sec are shown in Fig. 14. At
first frame, the link and cart are at the reference point, and in
the last frame, the link reaches upright position and the cart
returns to its initial position. The simulation and experimental
results of inversion-based swing up and optimal swing up are
shown in Fig. 15 and Fig. 16 respectively. The switching time
in which feedforward controller switches to stabilizing
controller is also shown in these figures. As it can be seen
from these figures, the experimental results are very close to
the simulation results.

Fig. 14. Snapshots of the optimal swing up maneuver.
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By measuring the motor current and multiplying it by the
motor torque constant, the torque produced by the motor can
be calculated. Dividing the obtained torque by radius of the
pulley gives the applied force to the cart. The force exerted
on the cart obtained of simulation and experimental results
for inversion based swing up and optimal swing up beside the
switching time are shown in Fig. 17 and Fig. 18, respectively.
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= = =experimental
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Fig. 15. Link angle for inversion-based swing up.
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Fig. 16. Link angle for optimal swing up.

In order to compare the objective function arising from the
two different swing up methods, the following performance
index can be defined.

I 213
J:O.S[—’j [ at,
r

0

(40)
where k, is motor torque constant which is equal to

0.8 N.m/ A, t is the radius of the pulley and i, is measured
current. Since the measured current is often a noisy signal,

the swing up test is done for eight times. The performance
indices obtained of optimal swing up and inversion based
swing up for eight tests are listed in the first and second
column of Table 2. Table 2 shows that the values of the
performance index for all eight tests are reduced by using the
optimal swing up strategy. The mean value of the first
column is 304.8 and the mean value of the second column is
361.5. The results are summarized in Table 3. From the
experimental results, the performance index for optimal
swing up has reduced approximately 15.6 percent in
comparison with the inversion-based method. For the
inversion-based method, the error percent between the
experimental and simulation is 2.4% and for the optimal
method, this error is 14% which shows the greater sensitivity
of the proposed method in comparison with inversion-based
one. As a future work the robust optimal trajectory planning
approach (Boscariol et al., 2016) can improve the robustness
of the proposed method.
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Fig. 17. Experimental and simulated force for inversion-

based swing up.
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Fig. 18. Experimental and simulated force for optimal swing
up.
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Table 3 indicates a greater sensibility of the proposed control
approach than of the inversion-based one; the experimental
validation shows that the performances are degraded of 14%
compared to 2.4% performance degradation for the inversion-
based method. The work can be improved by a robustness
analysis of the control solution.

Table 2. Performance indices obtained from conducted.

Experiments.
. Inversion based
Optimal method method
310.45 370.09
311.04 369.05
305.80 360.69
302.01 360.63
304.13 361.44
304.03 35945
300.85 356.15
300.57 354.47
Table 3. The reduction and error percent of conducted
experiments.

Performance Inversion Optimal Reduction
. based percent
index method

method
experimental 361.5 304.8 15.6%
simulation 3703 261.8 29.3%
Error percent 2.4% 14%

6. CONCLUSION

In this paper, swing up of SIP with minimum effort is
considered. To this end, the optimal swing up is formulated
as the optimal control problem. To solve it the indirect
approach based on FTCV is used that leads to a TPBVP
solved numerically with the MATLAB function bvp4c. From
the simulation results for the SIP, approximately 30%
reduction in the used effort is observed in comparison with
the inversion-based method. In order to verify the method
experimentally, an experimental SIP is constructed. However,
the experimental realization of swing up needs the
stabilization of the SIP in the upright position. To this end,
the LQR state feedback controller is designed to stabilize the
system besides the high gain observer to estimate the link
angular velocity. In the complete swing up maneuver, the
feedforward control is used to steer the pendulum from
pendant position to the neighborhood of upright position, and
the designed LQR regulator is used to hold the pendulum in
the inverted state. Finally, the swing up maneuver is
performed several times, and the performance index is
obtained by measuring the motor current in each test. It is
shown that the performance index of optimal swing up in
comparison with inversion based swing up is reduced 29.3%
in simulation and 15.6% in experiments.

7. REFERENCES

Adhikary N., Mahanta C. (2013). Integral backstepping
sliding mode control for underactuated systems: Swing-
up and stabilization of the Cart—Pendulum System. IS4
Transactions, 52(6), 870-880.

Ast JM.V., Babuska R., Schutter B.D. (2009). Novel ant
colony optimization approach to optimal control.
International Journal of Intelligent Computing and
Cybernetics, 2(3), 414-434.

Astrom K.J., Furuta K. (2000). Swinging up a pendulum by
energy control. Automatica, 36(2), 287-295.

Astrom K.J., Aracil J., Gordillo F. (2008). A family of
smooth controllers for swinging up a pendulum,
Automatica, 44 (7), 1841-1848.

Boscariol P., Gasparetto A. (2016). Optimal trajectory
planning for nonlinear systems: robust and constrained
solution. Robotica, 34(6), 1243-1259.

Bouarroudj N., Boukhetala D., Boudjema F. (2015). Hybrid
Fuzzy Fractional Order PID Sliding-Mode Controller
design using PSO algorithm for interconnected nonlinear
Systems. J. of Control Engineering and Applied
Informatics, 17(1), 41-51.

Chatterjee D., Patra A., Joglekar H.K. (2002). Swing-up and
stabilization of a cart pendulum system under restricted
cart track length. Systems and Control Letters, 47(4),
355-364.

Chen CK., Lin CJ, Yao L.C. (2004). Input-state
linearization of a rotary inverted pendulum. Asian
Journal of Control, 6(1), 130-135.

Chernousko F.L., Reshmin S.A. (2007). Time-optimal swing-
up feedback control of a pendulum. Nonlinear
Dynamics, 47(1), 65-73.

Cruz J.J.D., Leonardi F. (2013). Minimum-time anti-swing
motion planning of cranes using linear programming.
Optimal control applications and methods, 34(2), 191—
201.

Duka A.V., Oltean S.E., Dulau M. (2007) Model reference
adaptive vs. learning control for the inverted pendulum, a
comparative case study, J. of Control Engineering and
Applied Informatics, 9(3,4), 67-75

Durand S., Castellanos J.F.G., Marchand N., Sanchez W.F.G.
(2013). Event-Based Control of the Inverted Pendulum:
Swing up and Stabilization, J. of Control Engineering
and Applied Informatics, 15(3), 96-104.

Duy V.H.,, Chau D.S.T., Hau V.H., Hoa P.T., Dao T.T.
(2014). Stabilization of the rotational inverted pendulum
using mixed H2/Heoo PID controller. Lecture Notes in
Electrical Engineering, 282, 445-455, 2014

Gliick T., Eder A., Kugi A. (2013). Swing-up control of a
triple pendulum on a cart with experimental validation.
Automatica, 49(3), 801-808.

Graichen K., Treuer M., Zeitz M. (2007). Swing-up of the
double pendulum on a cart by feedforward and feedback
control with experimental validation. Automatica, 43(1),
63-71

Hermant A. (2011). Optimal control of the atmospheric
reentry of a space shuttle by an homotopy method.
Optimal Control Application and Methods, 32(1), 627—
646.



CONTROL ENGINEERING AND APPLIED INFORMATICS

71

Hull D.G. (1998). Sufficiency for Optimal Control Problems
Involving Parameters. J. of Optimization Theory and
Applications, 97(3), 579-590.

Icaza L.A. (2011). Passivity-based swinging up of a
pendulum. 18th IFAC World Congress, Italy, 10667-
10672.

Kahvecioglu S., Karamancioglu A., Yazici A. (2009).
Nonlinear Model Predictive Swing-up and Stabilization
Sliding Mode Controllers. World Academy of Science,
Engineering and Technology, 3(9), 1041-1046.

Korayem M.H., Nikoobin A. (2009) Maximum payload for
flexible joint manipulators in point-to-point task using
optimal control approach. The International Journal of
Advanced Manufacturing Technology, 38(9), 1045-1060.

Kumar E.V., Jerome J. (2013). Robust LQR Controller
Design for Stabilizing and Trajectory Tracking of
Inverted Pendulum. Procedia Engineering, 64, 169-178.

Lari Y.B., Eghtesad M., Khoogar A., Zadeh A.M. (2015).
Tracking Control of a Human Swing Leg Considering
Self-Impact Joint Constraint by Feedback Linearization
Method, J. of Control Engineering and Applied
Informatics, 17(1), 99-110.

Mason P., Broucke M., Piccoli B. (2008). Time optimal
swing-up of the planar pendulum. /EEE Transactions on
Automatic Control, 53(8), 1876—1886.

Merakeb A., Achemine F., Messine F. (2013). Optimal time
control to swing-up the inverted pendulum-cart in open-
loop form. In proceeding of Electronics, Control,
Measurement, Signals and their application to
Mechatronics (ECMSM), France, 1-4.

Nikoobin A., Moradi M., Esmaili A. (2013). Optimal spring
balancing of robot manipulators in point-to-point motion.
Robotica, 31(4), 611-621.

Nikoobin A., Moradi M. (2017). Indirect solution of optimal
control problems with state variable inequality
constraints: finite difference approximation. Robotica,
35(1), 50-72.

Oliver J.P.O., Sanchez O.J.S., Morales V.L. (2012). Toward a
generalized sub-optimal control method of underactuated
systems. Optimal Control Applications and Methods,
33(3), 338-351.

Paoletti P., Genesio R. (2011). Rate limited time optimal
control of a planar pendulum. Systems and Control
Letters, 60(4), 264-270.

Park M.S., Chwa D. (2009). Swing-Up and Stabilization
Control of Inverted-Pendulum Systems via Coupled
Sliding-Mode Control Method. [EEE Transactions on
Industrial Electronics, 56(9), 3541-3554.

Tsai C.C., Hsiech S.M. (2010). Simultaneous Tracking and
Stabilization of a Wheeled Inverted Pendulum: a
Backstepping Sliding-Mode Approach. International
Journal of Nonlinear Sciences and Numerical
Simulation, 11, 65-69.

Vasiljevic L.K., Khalil H.K. (2006). Differentiation with
High-Gain Observers the Presence of Measurement
Noise. Proceedings of the 45" IEEE Conference on
Decision & Control, USA.

Wang J.J. (2012). Stabilization and tracking control of X—
Z inverted pendulum with sliding-mode control. IS4
Transactions, 51(6), 763-770.

Wang Z., Chen Y.Q., Fang N. (2004). Minimum-Time
Swing-up of A Rotary Inverted Pendulum by Iterative
Impulsive Control. Proc. of the 2004 American Control
Conference Boston, Massachusetts, 1335-1340.

Wu Y., Zhu P. (2011). Fuzzy Control for the Swing-Up of the
Inverted Pendulum System. Communications in
Computer and Information Science, 135(2), 454-460.

Xu Y., Iwase M., Furuta K. (2001). Time optimal swing-up
control of single pendulum. Journal of Dynamic Systems,
Measurement, and Control, 123(3), 518-527.

Zhao D., Yi J. (2003). Swing up Pendubot with a GA-tuned
Bang-bang Controller. IEEE International Conference
on Robotics, Intelligent Systems and Signal Processing,
752-757.



