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Abstract. The control of robots, mobile robots and manipulator arms has fascinated control 
engineers for several decades. Robots are complex mechanical systems with highly nonlinear 
dynamics. Hence high-performance operation requires nonlinear control designs to fully exploit a 
robot’s capabilities. After describing the dynamic model for robot, in this paper, we discuss 
sliding mode control design alternative for the classic trajectory tracking problem, in which the 
robot is asked to follow a prescribed trajectory. Finally, we will illustrated the control method on 
a computer simulated example of a two-link robot manipulator. 
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1. INTRODUCTION 
 
A large number of control problems for mecha-
nical systems are based on controlling the posi-
tion or location of a mass using a force or a tor-
que as the input variable. Instead of the pure re-
gulation problem of dr iving the output location 
to a specified value, the position of the mass is 
often required to follow a prescribed trajectory. 
Levels of complexity may be added by introdu-
cing sets of masses with coupled dynamics, to be 
controlled by sets of force/torque inputs. The 
standard “fully actuated” case then features one 
control force/torque input associated with each 
primary mass and additional forces/torques ari-
sing from static and dynamic coupling between 
the different masses. A typical example is a ro-
botic arm or robot manipulator with n links con-
nected by n joints with force/torque generating 
actuators. Usually, an end effector tool is moun-

ted at the tip of the last link for manipulating ob-
jects according to the specific robot application. 
The input forces/torques are the outputs of 
actuators, often electrical actuators, with their 
own complex dynamics. These actuator dyna-
mics are usually neglected in the first step of 
control design for the electromechanical sys-
tem, assuming they are stable and considerably 
faster than the inertial dynamics of the masses. 
Also, other dynamics such as structural flexibi-
lities are often neglected when deriving a basic 
model for the mechanical system. 

For the purpose of general control design 
considerations in the first part of this paper, 
consider a continuous-time model of a generic, 
fully actuated n-dimensional robotic system with 
inertial dynamics of the form [2,5,7]: 

 

τ=+ )()( qqNqqM &&& , , (1) 
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where 1×∈ nRq  is a vector of generalized confi-
guration variables (translational or rotational), 

nn×∈ RqM )(  denotes an inertial mass matrix, 
1),( ×∈ nRqqN &  comprises coupling forces/ tor-

ques between the masses as well as gravity and 

friction, and 1×∈ nRτ  is a vector of generalized 
external (input) forces/torques (excluding gravi-
ty). Equation (1) describes the principal relation-
ship between inertial motion of the system mas-
ses, internal forces/torques ),( qqN &  and external 
input forces/torques τ , hence it is well suited for 
control design. 
Traditionally, robots have been categorized into 
robot manipulator and mobile robots. Robot 
manipulators usually have a fixed base and 
consist of a number of rigid links, connected by 

translatory or rotatory joints. A set of 1×∈ nRq  
configuration variables of the n joints prescribes 
a robot configuration, also called robot posture. 
The set of all possible configurations within the 
physical joint limitations defines the robot con-
figuration space. The robot kinematics provide a 
mapping between joint coordinates and world 
coordinates. The associated locations of a given 
point of the manipulator, e.g. the tip of its end 
effector in a world coordinate system, define the 
robot workspace. Note that multiple configura-
tions may result in similar end effector posi-
tions. Consequently, the inverse kinematic map-
ping between end effector location in world 
coordinates and the configuration vector 

1×∈ nRq  is not unique, so we omit the treatment 
of inverse k inematics and concentrate on control 
design in configuration space. 
For control design, we distinguish holonomic 
and nonholonomic robots [3]. The motion of a 
holonomic robot is usually unconstrained. All 
joints may move arbitrarily within their physical 
limitations and the constraints of the robot 
workspace, i.e. only limits of the position vari-
ables exist. 
 

2. 2 HOLONOMIC ROBOT MODEL 
 
A well-known example of highly nonlinear, fully 
actuated mechanical systems with coupled 
dynamics is a robot manipulator with rigid links. 
For a large class of holonomic robot systems, the 
generic dynamics in (1) can be rewritten in 
configuration space as [2,5,7,8]: 

τ=+++ )()()()( qGqFqqqVqqM &&&&& ,m ,    (2) 

where 1×∈ nRq  denotes the joint configurations 
(translational or rotational) of the n robot links, 

)(qM  stands for the inertial mass matrix, 
nn

m
×∈RqqV ),( &  comprises Coriolis and centri-

petal forces, vector 1)( ×∈ nRqF &  describes vis-

cous friction and vector 1)( ×∈ nRqG  contains 
the gravity terms. The formulation (2) follows 
directly from the Euler-Lagrange equations of 
motion and encompasses robot manipulators 
operating freely without motion constraints. 
The square mass matrix )(qM  is symmetric, po-
sitive definite, and can be written as: 
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with bounded parameters +− ≤≤ ijijij mmm )(q , 
i≤1 , nj ≤ . Hence )(qM  can be bounded by: 

+− ≤≤ MM 2)(qM , (4) 

where any induced matrix norm may be used to 

define two known scalars +− ≤< MM0  as 
bounds. The known scalars −M  and +M  also 
bound the inverse of )(qM : 

12
1 1

)(
1

−
−

+
≤≤

MM
qM . (5) 

In (4) and in the sequel, the induced 2-norm will 
be used as an example of bounding norms, but 
many other norms may be employed instead. 
The induced 2-norm of matrix )(qM  is defined 
as [7]: 

)}(max{)( 2 MMqM Tλ= , (6) 

where )( MM Tλ  denotes the eigenvalues of 

matrix MM T . 
The time derivative of the mass matrix, 

qqqMqMqM && ))((d)(d)( ∂∂== t , and the 
Coriolis/centripetal matrix, qqqV &&),(m , are skew 
symmetric, i.e.: 

0)),(2)(( =− yqqVqMy &&
m

T ,  (7) 

holds for any nonzero vector 1×∈ nRy . 
The Coriolis/centripetal vector qqqV &&),(m  is 
bounded by: 
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22),( qqqqV &&& +≤ Vm ,  (8) 

where +
mV  is a positive scalar. Viscous friction 

may be bounded by positive scalars +F  and 0F : 

022)( FF +≤ + qqF && . (9) 
The gravity vector likewise is bounded by a po-

sitive scalar +G : 

+≤ G2)(qG . (10) 

2.1 Holonomic model of a two-link manipulator 
 
A planar, two-link manipulator with revolute 
joints will be used as an example throughout the 
control development in Section 3 (see Fig. 1) 
[7,8]. The manipulator and the associated vari-
ables are depicted in Figure 2. The geometry in 
Figure 2 reveals the forward kinematics of the 
two-link manipulator. The end effector position 

),( 22 yx , i.e. the location of mass 2M  in world 
coordinate frame ),( yx , is given by: 

),sin(sin

),cos(cos

212112

212112

qqLqLy

qqLqLx

++=

++=
 (11) 

 
where 1q , 2q  denote the joint displacements and 
L1, L2 are the link lengths.  
Solving (11) for the joint displacements as a 
function of the end effector position ),( 22 yx  
yields the inverse kinematics as: 
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Fig. 1. Circular trajectory in the Cartesian space. 
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which is obviously not unique due to the two 
sign options of the square root in variable D. The 
function atan2(⋅) describes the arctan func-tion 
normalized to the range ± 1800. 

Applying a standard modelling technique such 
as the Euler-Lagrange equations yields the dyna-
mic model according to (1) as: 
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with: 

2
2
222 MLm = , 

2221222112 cos qMLLmmm +== , 

221221
2
111 2)( mmMMLm −++= , 

2
2
12212 sin qqMLLn &= , 

2
2
2212211 sin)2( qqqqMLLn &&& −−= . 

Table 1: Two-link manipulator parameters. 

M1 = 10kg M2 = 1kg 
L1 = 1m L2 = 1m 

 
Note the absence of gravity terms in (14) since 
the manipulator is operated in the plane, perpen-
dicular to gravity. For the control design exam-
ple in the following section, we will use the pa-
rameters in Table 1. 
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Fig. 2. Two-link manipulator with link lengths L1 

and L2, and concentrated link masses M1 and M2. 
 
The manipulator is shown in joint confi-guration 
(q1, q2), which leads to end effector position (x2, 
y2) in world coordinates. The manipulator is 
operated in the plane, i.e. gravity acts along the 
z-axis. 
To examine the skew symmetry property in 
equation (7), take the derivative of mass matrix 

)(qM  in (14) to yield: 
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with: 

2222112 sin),( qqMLLm &&& =qq . 
Then separate matrix ),( qqN &  into its compo-
nents according to (2). Due to the assumptions of 
planar operation and no friction, the gravity and 
friction terms are equal to zero and we obtain: 

qqVqqVqqN &&& )(),(),( m== , 
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Skew symmetry follows from (15) and (16) as: 
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Assuming exact knowledge of the parameters in 
Table 1, but ignoring all dependencies on joint 
positions, we can find upper and lower bounds 
for the elements of the matrices )(qM  and 

),( qqN &  in (14); they are listed in Table 2. Using 
the 2-norm according to (6) results in upper and 
lower bounds for mass matrix )(qM  as 

described in (4): 2mkg957,0=−M  and 
2mkg511,204=+M . Matrix ),( qqN &  can be 

upper bounded as 22
221 mkg1)2( ×+=+ qqqN &&& . 

 

 

Table 2: Lower and upper bounds of matrix 
elements. 

2
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3. TRAJECTORY TRACKING CONTROL 
 
The control task commonly arising in robot 
control is to track a time-dependent trajectory 
described by: 
 

)]()()([ ttt ddd qqq &&& , (18) 
 
with bounded desired conf igurations: =)(tdq  

)](,),(,),([
1

tqtqtq
ni ddd …… , velocities: 

=)(tdq&  )](,),(,),([
1

tqtqtq
ni ddd &…&…&  and 

accelerations: 
)](,),(,),([)(

1
tqtqtqt

ni dddd &&…&&…&&&& =q , for each 

component of an n-dimensional system like (1). 
Control of a second-order mechanical system 
with a force/torque input as in (1), requires 
position and velocity feedback as a basis for 
stabilization, i.e. PD-type control. This require-
ment can either be met by measurement and 
feedback of both position and velocity variables 
or by a lead compensator for position measure-
ments in the linear sense. In sliding mode con-
trol designs, this requirement is reflected in the 
choice of the sliding manifold with a stable mo-
tion, designed as a (linear) combination of posi-
tion and velocity variables [2,5,6,8,9]. 

3.1 Circular trajectory for planar two-link 
manipulator 
For the control design examples in this section, 
we will take the planar two-link manipulator of 
Section 2.1 and require it to follow a circular 
trajectory in its workspace. The circle with 
centre (xd, yd) and radius rd is given in world 
coordinates (x, y) by: 

dddd rxtx Ψ+= cos)(
0

, 

dddd ryty Ψ−= sin)(
0

, (19) 
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The operation is assumed to start at time 0=t  
and to be completed at final time ftt = . The pa-
rameters for the examples are listed in Table 3.  

Table 3: Parameters of desired circular 
trajectory. 

m1=dx  m1=dy  
m5,0=dr  s5=ft  

Bounds over the time interval ftt ≤≤0  can be 
obtained using the inverse kinematics (12) as 
summarized in Table 4. The desired trajectory is 
depicted in Figure 3. 

3.2 Vector control 
For some systems, in particular for those with  

control input vector components are bound 
(

ii i 00 τ+≤τ≤τ− , ),,1 ni …= , vector control is 

an elegant alternative. 

 

Table 4: Bounds of desired circular trajectory. 
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DESIRED TRAJECTORY IN WORKSPACE 

 
DESIRED TRAJECTORY IN JOINT SPACE 

 
DESIRED CIRCULAR ANGLE 

 
Fig. 3. Desired circular trajectories for control examples. Top row: workspace trajectory in world coordinates 
(x, y). Middle row: associated joint space trajectory in (q1, q2) coordinates. Bottom row: time trajectory of angle 

dΨ . 
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In contrast to the set of n one-dimensional 
sliding manifolds 0=is  for other control design 
methods, vector control is based on a single n-
dimensional vector sliding manifold [6]: 

ee qCqs &+= , )( 1×∈ nRs , (20) 

where nn×∈ RC  is a Hurwitz and preferably 
diagonal gain matrix, )()()( ttt de qqq −=  is the 
tracking error vector, and input vector τ  is defi-
ned as: 

2
0 s

s
τ=τ , )( 1×∈ nRτ . (21) 

Sliding mode only occurs when all components 
of s in (20) are equal to zero instead of occuring 
in each component separately. Note that the 
control vector always has length 0τ , which led 
to the name unit control for this approach [1,4]. 
The stability analysis in the following theorem is 
also vector-based. 
Theorem 1 [7]. The system (22) with bounds (4), 
(8), (9), and (10) under control (24) will reach 
the sliding manifold (23) in finite time: 
System: 

)),((1 qqNMq &&& −= − τ ; (22) 
Manifold: 

0)()( =−+−=+= qqqqCqCqs &&& ddee ; (23) 
Control: 

2
0 s
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Proof. Consider the Lyapunov function candi-
date: 
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with its derivative along the system trajectories 
(22) under control (24): 
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Using the boundedness assumptions on (18) and 
using (4), (8), (9) and (10), we can find a 
sufficiently large 0τ  to guarantee: 

2sξ−≤V&
, (27) 

and henceforth finite converge to the manifold 

1×= n0s  in (23). 

3.2.1 Vector control of two-link manipulator 
Adaptation of the control design in Theorem 1 to 
the planar two-link manipulator example of (13) 
yields a sliding manifold: 
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which is used for choice of gain matrix: 
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The difference in control design becomes appa-
rent when defining the vector controller accor-
ding to (24), as: 
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Stability can be established using Lyapunov 
function candidate: 
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Differentiation along the system trajectories (13) 
with manifold (28) and under control (30) yields: 
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Substituting the matrix bounds of the example in 
Section 2.1 leads to an upper bound on the 
required control resources as: 
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The desired link acceleration 22
21 ddd qq &&&& +=q  

may be substituted for the actual link accele -

ration 2
2

2
1 qq &&&& +=q  under the assumption of 

exact tracking. Note that vector control design 
requires both joints to provide resources 
according to (33). 

Simulation results are shown in Figure 4. 
 

WORKSPACE TRAJECTORY 

         
Fig. 4. Robot trajectories in world coordinates for vector control design. 

 

4. CONCLUSIONS 
 
In this paper, we have presented the use of 
sliding mode control strategy for the trajectory 
tracking control of the one, of the most em-
ployed manipulators in industrial enviroments, 
especially for assembly tasks. Results presented 
in the paper are important from a practical point 
of view since they provide a detailed framework  
about the design of the control structure for the 
trajectory tracking task.  
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