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Abstract: Vibration reduces the ability of a camera to detect far-away targets that lead to the use of
stabilized platforms. Despite much research on stabilized platforms, the need of more accurate systems
still exists as a consequence of sensor resolution improvements. The stabilization problem is the problem
of attenuating persistent disturbances which is a suitable case-study for L; control problem. In this
article, a robust L; controller is designed for a nonlinear gyro-stabilized system based on LMI approach.
The performance of the introduced controller is evaluated by simulation and is compared with a robust
H, controller. Using the proposed approach, the stability accuracy of the platform improves

significantly.
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1. INTRODUCTION

Sometimes in practical applications exogenous inputs like
disturbances or noise, are encountered which are persistent in
nature and the only information available about these signals
is their peak amplitude. The L.,-norm provides a suitable
way to characterize the effect of such signals. It can be used
to capture the peak amplitude of certain output signals in a
control system design problem. For instance in the line-of-
sight stabilization problem, the design specification imposes
an upper bound on the peak value of the platform angle
deviation, i.e. the output, during persistent disturbances.
Also, since the plant (the actuator) normally has a maximum
input rating, the output of the controller has to be bounded in
amplitude in order to avoid saturation of the plant. Such
constraints can be captured by the £-norm of the transfer
function from the input to the output signal of interest.

Design of a stabilized line-of-sight is a well-known problem,
and most of its tradeoffs have been identified. Historically,
the first stabilized platform is a stabilized head mirror system
introduced on fire control systems in the late 1970s, but the
system was costly for the performance achieved (Ortega
1999). Despite much research on stabilized platforms, the
need of more accurate systems still exists as a consequence of
sensor resolution improvements (Hilkert 2008).

Numerous control algorithms have been applied for line-of-
sight stabilization. Rue paved the way for line-of-sight
stabilization. He used a linear controller and measured the
stability accuracy by frequency domain criterion (Rue 1969,
1974). Li et al. used a Linear Quadratic Gaussian (LQG)
controller combined with an online identifier to compensate
friction effects based on first-order stochastic differential
equation. Performance of the controller was compared with a
Proportional-plus-Integral (PI) controller with a notch filter

(Li 1998a, 1998b). Rezac et al. designed an accurate system
by considering LuGre friction model and feedforward
compensator (Rezac 2011). A two-axis gimbal system has
been satisfactorily stabilized by a Loop Transfer Recovery
(LTR) controller (Seong 2006). Intelligent controllers like
fuzzy and neural networks algorithms are also used for line-
of-sight stabilization (Ji 2011, Moorty 2004, Lee 1998).
Controllers designed based on fractional-order theory operate
well for line-of-sight stabilization, too (Wang 2008). There
are two approaches in line-of-sight stabilization: direct and
indirect line-of-sight stabilization (Kennedy 2003). In all the
reviewed articles, direct approach has been adopted for line-
of-sight stabilization and the stabilization problem is treated
as a traditional control problem. It means that the controller is
designed mentioning closed-loop specifications like rise-
time, overshoot and bandwidth. In this article, an L;
controller is going to be designed for a gyro-stabilized
platform. The nature of the stabilization problem, i.e.
imposing a limit on the peak value of the output, will be
encountered in the design procedure, too.

In this article, the L; control problem will be solved by
Linear Matrix Inequalities (LMIs). The current work is the
modified version of (Khosravi 2008). The last LMI
formulation for the L; control problem was based on solving
three LMIs simultaneously which are alternative LMIs for
two original LMIs. The link between original LMIs and the
alternative ones are only sufficient. Therefore, it covers
limited number of L; control problems and the designer has
no option when the alternative LMIs are not solvable. In the
current LMI formulation for the L; control problem, an
additional LMI is added to the formulation to make the link
necessary and sufficient. In addition, the analysis and
synthesis steps are completely separated using the added
LMI. As a result, the designer has a criterion to change the
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design constraints via weighting functions when the analysis
LMIs are not solvable.

This article is divided into five sections. Section two
describes the general framework for the analysis and
synthesis of the controller based on the LMI approach. The
platform is described in section three where the controller is
designed. The utility of the approach is illustrated in section
four by simulation. The robust L, controller is design using
the introduced approach and compared with a robust H,
controller designed by the same weighing functions. As a
result, the stability accuracy of the platform improves
significantly. Finally, section five contains some conclusions.

2. LMI CONSTRAINTS FOR L; CONTROLLER

Consider the system

z=Cx+ Dw

where x(t) € R" is the state, w(t) € R"w the input and
z(t) € R"z the output. Assume that the system is stable. For
the fixed initial condition x(0) = 0 the system defines a
mapping from bounded-amplitude inputs w € L, to
bounded-amplitude outputs z€ L, and a relevant

performance criterion is the peak-to-peak or L. -induced
norm of this mapping

a lzlloo
”TZWHOO,OO = Sup()(”W”oo(OO Iwlloo (2)

The following lemma gives a sufficient condition for an
upper bound y; of the peak-to-peak gain of the system.

Lemma 1: If there exists ¥ > 0, A > 0 and u > 0 such that

ATX+XA+21X XB )
( BTR —u) <0 ®)
X 0 (o
0 (by—wI DT |>0 4)
¢ D val

then the peak-to-peak norm (or L-induced norm) of the
system is smaller than y;, i.e. [T, [0 < ¥5-

Proof: See (Sherer 2004).

Assume the generalized plant

i (A B, B\ x
<Z> = (Cz Dzw Dz) (W> (5)
y ¢c D, 0/‘u

and the controller

&) = (4k | Bx) (€
() =CE296) ©
where the pair (4,B) is controllable and the pair (4, C) is
detectable and Ay € R™*™_ The matrices of the closed-loop

system are
Bw+BDgDy,
BgDw

A+BDKC BCg
(ﬂ ﬁ) — BkC Ak
Cer 1Dy Cz+DzDgC  DzCk | Dzw+DzDgDw

()

The control design problem is to find the dynamic control
law (6) that satisfies certain set of specifications on the
general transfer function described by equation (5). These set
of specifications are captured by weighted system norms.

Gathering all controller parameters into the single variable

f- (2 »

Ck I Dk

and introducing the following short-hands (from (Gahinet
1994))

3 8) B T o
e-(i -t )

=0 D), (D )

the closed-loop matrices can be rewritten as:

:>I
|

Aq =A+ BKC,
B, = B + BKD,,
C,=C+D,KC,

D¢ = Dy, + D,KD,,

Note these equations involve only plant data and that the
closed-loop matrices depend affinely on the controller K.

LMI (3) can be rewritten for the closed-loop plant as

(Angcl + {clAcl + AXcl Xcchl> <0 (9)
Bchcl —[11
= Hy, +Q"K"Py, +P{ KQ <0 (10)

where

_T — —
AXg+XaA+2X, X.B

HXcl = =T ’
B Xcl —ul
Py, =B"Xq 0), Q=(¢ Duw)

Let Np,, 1 and N, denote matrices whose columns form bases
C

for the null-space of Py, and the null-space of Q,
respectively. It has been proved that LMI (10) is solvable for
K if and only if the two inequalities

NETy Np <0 (11)
and
NGHy, Ny <0 (12)

are satisfied (Khosravi 2008), where

— —T j—
AX'+ XA +AXY B
Txcl = —T

B —ul
=(B" 0)

In inequalities (11) and (12), the controller parameters K is
eliminated.

Inequalities (11) and (12) contain both X, and X;*. Let
partition X, and X as follows
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(XX (Y YZ)
Xcl_(X’ZT X3)’ Xcl _(YZT Y3 (13)

Lemma 2 states LMIs (11) and (12) with respect to X and Y

matrices.

Lemma 2: Inequalities (11) and (12) are satisfied if and only
if the following inequalities are satisfied

Y I
(1 X)>0 (14)
—T —_— —
Ng(A X-l-_)T(A+/1X XB)N0<0 (15)
B X —ul
— —T —
NCT(AY+Y_14; +AY B )Nc<0 16)
—ul

where N, and N, are matrices whose columns form bases for

0 0 0 0
the null-space of (C Dw) and the null-space of (BT 0),

respectively.
Proof: See (Khosravi 2008).

Lemma 2 modifies inequality (3) to eliminate the controller
parameters. The next theorem eliminates the controller
parameters form inequality (4). As a result, one can solve
inequalities (3) and (4) without unknown parameter K.

Theorem 1: For the generalized plant (5) and the controller
(6), the inequality

X 0 cl
0 (n—Wh, DL |>0 (17)
Ccl Dcl Vllnz
is satisfied if and only if
AX 0 cr
N, 0\ Z \(N, 0
° 0 n _ﬂ)lnw D;w ( ’ ) >0
0 I, 0 I,
Cz Dzw yllnz
(18)

where N, is defined in lemma 2.
Proof:

Necessity: Taking a Schur complement of inequality (17)
yields that

AXcl 0 1 Cch
- C, D

( 0 n —#)Inw) " (DcTz (Ca Do) >0 (19)
Assuming
s=(c b,,) 20)
one has

AXcl 0 ) 1 op

( 0 (v, — ”)Inw ylS S

1 (ATPT NPT 1 S (DZ]?Q)
— K'DI 1 Dy
@R D (g ) ;)70 1)

By pre- and post-multiplying the inequality by NQT and Ny,
respectively, the controller parameter K is eliminated and the
inequality reduces to

X 0
T cl _ Y yTeT
N, ( 0 7y — #)InW)NQ " NyS'SNy >0 (22)
The matrix NQ has a form like
Noi No
No=| 0 0 (23)
Nos  Nos
Because
0 I 0
=(C D,)= Tk
0= Du) (c 0 D ) @9

w

Using adequate partitions and mentioning matrix dimensions,
one has

No1  No2
SNg=(C, 0 Dy 0 0 |=
Nos  Noq
N N
€ D) (2 N2)=(C Dalo (25)
and
AX 0
NT( t )N
e\ 0 (Vl_ﬂ)lnw ¢
Ngi Npo\' [/AX X, 0 Noi No»
= o o |[ax, ax 0 0 0
Nos N 0 0 (rn—wly,)\Ngs Noa
= (v ) (5 o n )G )=
1\//1%? NQ40 0 (Vl_ﬂ)lnw NQ3 NQ4
T
W (0 -, o 20
Replacing (25) and (26) in (22), one has
AX 0
T
W (0 -, Yo
1
_V_Ng(cz Dzw)T(Cz Dzw)N0>0
1
=
AX 0
T —
W (0 G-, Yo
T
~((C; Da)No) (€ Dy)No >0 @27

It can be represented in an LMI form using the Schur
complement as

AX 0
T T C D T
NO(O (Vl—u)lnw)NO No(Cz D)) S (28)
(C; DNy V11nz
AX 0 cr
T z N, 0
=0 o w-wn, oL |(7 . )>o0
0 I, w 0 I,
Cz Dzw yllnz
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which is the proposed result.

Sufficiency: Inequality (19) can be rewritten as

Y+QTA+E2Q >0 (29)
where
AX 0 1
¥= ( 0 (v, - u)lnw> - ZSTS
A =K"D} D,KQ+K™DZ S
2 =S5"D,K
Assuming that
®=Ng V) (30)

is a complete basis for R"™1k*w and pre- and post-
multiplying the inequality by ®' and ®, respectively,
inequality (29) is equivalent to

OTYD + OTQTAD + PTEQD > 0 (31)
Let partitions matrices as
Qe =Q(Ng V)=(0 QV) (32)
and
NJYN, NIwV v, ¥
oTyp=( 2 ¢ 2 =(1 2) 33
(VTTNQ VTiev) T \Y Y, 33)
The equality
0 O
OTQTAD + ©TEQD = ( - 2) (34)
0, 0O

is achieved as a result of (32). Using (33) and (34), inequality

(31) becomes
Y, Y, + @2)
0 35)
(q@ +0) ¥,;+0,

By a Schur complement argument, inequality (35) is satisfied
if and only if

¥, >0 (36)
and
Y, +0; — (¥, +0,)T¥ (P, +0,) >0 (37)

Given ®,, one can always find ®; such that (37) is satisfied.
Hence (29) is feasible if and only if (36) is feasible. The
condition (36) is exactly (22).

Note that in proof of the sufficiency of the theorem, matrix ®
is an inversable matrix while N is not an inversable matrix
so one can achieve (29) from (31) by pre- and post-

multiplying the inequality by o' and @, respectively.
In order to synthesize the controller, X, should be calculated

to solve LMIs for controller parameters K. Considering a
full-order controller i.e. n = n;, one has

~ X XN\/Y Y
)(Cl)(cl1 = (Xg" )(2) (YZT Y%) =1 (38)

Then
XIx-1x,=X-Yy! (39)
)

1 1
X, =X3(X — Y1)z (40)
and consequently

X X
Ket = (XZT XZ) “h

Note that Y is always inversable because Y > 0. If n, <n
the problem is more difficult. The interested reader may
review reference (Packard 1991) lemma 7.5 for an additional
condition.

The algorithm contains the following steps:

Step 1: (Analysis Step) Using a fixed A > 0 solve LMIs (14),
(15), (16) and (18) simultaneously for the generalized plant
(5). If the LMIs are solvable then X, Y, p and v, are achieved.

Step 2: Compute X using equation (41).

Step 3: (Synthesis Step) Solve the LMIs (10) and (17) using
achieved values in previous steps to achieve the controller K.

Step 4: To find the optimal controller, find the minimum
value of v, (1) using a linear search over A and repeating steps
one through three.

3. ROBUST L, CONTROLLER

In this section, the proposed controller is designed for the
speed loop shown in Figurel.

Figure 2 illustrates a typical gyro-stabilized system with
nonlinear functions. This block diagram is similar to the
gyro-stabilized system used in (Moorty 2004). It contains a
dc torque motor, driver, gimbal and gyroscope model.
Nonlinearities are modelled using two saturation blocks and a
dead-zone block. Input-voltage saturation block, i.e. 27 volts,
models the limit on the controller command. Limited torque
of the motor is modelled by the saturation on the motor
current, i.e. 2 amperes, which also models the nonlinear
relationship between magnetic flux and coil current of the
motor. The stiction friction is modelled by a dead-zone block
at the input of the gimbal, i.e. 0.084 Newton-meter. Viscous
friction is included in gimbal model, too. The gyroscope is
modelled by a first-order low-pass filter with cut-off
frequency of 335 Hertz.

In order to design the controller, a linear model is required to
describe the nonlinear system of Figure (2). The nominal
model of the system and its multiplicative uncertainty are
calculated using well-known closed-loop identification
algorithm, i.e. Prediction Error Model (PEM). The third-order
identified state-space nominal model of Figure (2) is

—7606 626 7668 4161

2\ [ -313 —9377 8854 791 |(x

(y)_ —3459 —1214 —1138 216 () @
6.628 —0.0483 001648 0

and its associated multiplicative uncertainty is
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Fig. 1. Block diagram of the stabilization loop.
Back-emf Voltage o_zﬂni:
Kb
1 Current 1 Spead ¥. Residual Angle :
9.3e-3s % 0.0072s
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Current Amplifier u Controller y Gyro Dynamics
x3

Fig. 2. Investigated model in details.
W(s) = 0.0006s + 0.754 (43) Where
If the nominal model is extracted using white-box modelling W,(1+ GK)™?!
methods then the states are motor current, gimbal speed and Tow(s) =| W,K(1 + GK)™* 47)

measured (gyroscope) speed as shown in Figure (2). Since,
the nominal model (42) is extracted using identification
method, its states do not show any physical parameter and
they are a combination of physical states (e.g. similar to
(Moorty 2002)).

The main goal of the stabilizer controller is to attenuate
persistent disturbances in frequency range between 1 Hertz
and 10 Hertz while having zero steady state error to step
command. This goal is achieved using following weighting
functions which are selected by the procedure used in
(Moorty 2002).

(s+2500)?

Wy(s) = 0.4 150 @9

W,(s) =05 (45)
s243775+222100

Wr(s) = 0.932 5 soss (46)

W, (s), W,,(s) and Wy (s) are weights for sensitivity, control
effort and complementary sensitivity, respectively. In order to
achieve zero steady state error a pole close to the origin is
added to W,(s). W,(s) and Wr(s) limits control effort and
closed-loop bandwidth, respectively. Note that the closed-
loop system is robustly stable if min{W, W,} < 1.

Figure 3 shows the block diagram of the mixed sensitivity
problem. The L, problem can be stated as

find

Ky, stabilizing

”Tzw”oo,oo S ]/1 > 0

Wy GK(1 + GK)™1

The problem is solved for the generalized plant P which is
given by

W —W,G
0w,
= 4
P=lo we (“48)
I -G

The generalized plant (48) for nominal model (42) and
weighting functions (44)-(46) is of order seven. In the
analysis step, LMIs (14), (15), (16) and (18) are solvable for
A=1e—9, simultancously. So, the controller exists.
Assuming that n = n;, = 7 and using equation (40), X, and
consequently X, are computed. In the synthesis step, LMIs
(10) and (17) are solved to find the controller. Solver settings
are provided in Table 1 for analysis and synthesis steps.
Matrices of the L, controller are as follows:

Ay,
[1—154.8 —259.8 127.7 -—180.7 -—838.2 -618.9 —13.64‘|
| -176.4  —294 —41.17 -345.6 -958.8 —744.1 -—153 |
| —10.17 157.4 —4945 390.7 —4429 -22.63 -—5.981|

=| -6522 2739 2192 —2464 9773 —3262 —11.07|
I —-12.74 -94.62 -309.8 -—1273 -—188.2 -2009 6.243 |
l —-3091 —-392.8 -2248 -953.3 -566.4 -—1843 78.24
-0.7221 -20.81 1.608 —-1.023 -15.19 -81.23 -1579

BKL1

=[-1681 -213.2 -53.39 -172.7 -0.438 3581 3.456]"
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Fig. 3. Mixed sensitivity problem structure.
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Fig. 4. Attenuation curves.
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Fig. 5. Step responses with original controllers.
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Fig. 6. Achieved sensitivity functions.

CKL1=[7.449 7.444 5146 17.64 40.02 32.1 0.6361]

Dy, = 9.231

L

The L, controller is compared with an H,, controller (from
reference (Moorty 2002)) using the step response and the
stability accuracy. The H,, controller is designed by the same
generalized plant so the controller is of order 7. The
controller is as follows:

Agy
—10864767 6919861 —87582 83659 65233 3269 340
—12386971 7889361 —100038 9411.2 74369 3692 388
—713771.8 454502 —10651 14465 3879 360 16
=| -4578655 2916157 —36662 1861.9 28795 1499 136
8946229 569781  —7544 —678.6 5256 90 35
2170236 1382225 —17606 1804 12652 —1214 150
| “s06917 322856 4114 48 204 -71 —1577)
KH,,
=[-20.517 —0.86 —24.69 2229 —1.057 0.0439 0.00001]"
KH,,
=[-462109.7 294325 —3725.8 349.77 27748 137.5 14.5]
Dy, =0
Table 1. Solver settings.
Analysis Step | Synthesis Step
Solver sdpt3 Imilab
Feasibility radius le2 led
Tolerance le-10 1e-9
Maximum iterations led 1e2

4. NUMERICAL SIMULATIONS

In this section, some simulations are done to show the
efficiency of the proposed controller in comparison with the
H, controller. For comparison, a method is required for
measuring the stability accuracy of the system. There are two
kinds of criteria for measuring the stability accuracy of a
system including frequency-domain criterion and time-
domain criterion.

One of the frequency domain criteria is the attenuation curve
(e.g. (Moorty 2002)). The attenuation curve shows the
amount of attenuation from persistent speed disturbances to
the output angle for sine-wave disturbances with different
frequencies. The minimum attenuation of the closed-loop
system is equal to the H, norm of the attenuation transfer
function. However, the peak of the attenuation of the closed-
loop system should be computed by the L, -induced norm
which is more than the H, norm. In order to have more
information about the amount of attenuation, one should plot
the attenuation over frequency. Attenuation curve is a
suitable tool for controller design and performance analysis
of random disturbances.

A time-domain criteria is the single-frequency sine-wave
excitation (Ji 2011, Kennedy 2003). To measure the stability
accuracy, the system is excited by a sine-wave disturbance
and residual angle is measured. The frequency and amplitude
of the sine-wave depends on the type and movement of the
vehicle which carries the system. For example, if the gyro-
stabilized system is going to be mounted on a helicopter then
a sine-wave with frequency between 10 to 50Hz and
amplitude of 15 deg/s or less may be a good choice for
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excitation signal. For a land vehicle, a good signal may have
the frequency less than 5SHz with amplitude more than 20
deg/s.

The attenuation curves for two controllers and the desired one
are plotted in Figure 4. This figure illustrates that the L,
controller attenuates disturbances better than the H,
controller. For the closed-loop system with L, controller one
has

[Jatty, || =1.988¢-3 and [[att,, | =1.76¢-3
and for the closed-loop system with H,, controller one has

[Jatty,,||,=3.112¢-3 and [[atty,,[|_=3.11e-3

Bode Diagram
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Fig. 7. Achieved complementary sensitivity functions.
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Fig. 8. Achieved stability accuracy.
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Fig. 10. Achieved stability accuracy — nonlinear system.

Comparing above values indicates that the L, controller
works better than the other one.

The step responses are compared in Figure 5. The rise time
for the closed-loop system with the L; controller is less than
2ms and its overshoot is about 8 percent. The rise time of the
closed-loop system with the H,, controller is about 10ms and
there is no overshoot.

Figure 6 shows achieved sensitivity functions for the
controllers and W, '(s). The 0-dB cross over frequencies of
the sensitivities are 180Hz and 120Hz for the L, controller
and the H,, controller, respectively. It can be observed that
the achieved sensitivity of the H,, controller is greater than
that of the L, controller and the W;'(s). The achieved
closed-loop plots and the W3'(s) are shown in Figure 7.
According to the plots, the closed-loop bandwidths are 240Hz
and 55Hz for the L; controller and the H, controller,
respectively.

The stability accuracy of the linear closed-loop systems are
plotted in Figure 8, for sine-wave with frequency of 10Hz
and amplitude of 15deg/s. The stability accuracy of the close-
loop system with the H, controller is about 785 micro
radians while that of the L; controller is less than 227 micro
radians. Hence, the stability accuracy of the platform
improves more than three times using the proposed
controller. Figure 9 shows the control efforts. It demonstrates
that improvement in the stability accuracy is achieved with
no more control effort. Figure 10 contains the stability
accuracy for nonlinear system shown in Figure 2. The plots
are similar to the plots of Figure 8.

Simulations of this section show that the introduced
controller works better than the  controller both in time
domain and frequency domain. It should be mentioned that
the superiority of the ; controller is not a universal
superiority and it is due to the special application of the
controller for inertial stabilization problem. The number of
operations required to design the proposed controller is
usually more than the other one but the processing time is the
same in the implementation.
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5. CONCLUSION

In this article, a robust L1 controller is designed for inertial
stabilization of a nonlinear platform. The controller is
designed using four Linear Matrix Inequalities (LMIs). The
algorithm is the modified one and the analysis and synthesis
steps are completely separated. Consequently, the original
algorithm can be applied to more problems. The performance
of the proposed controller is evaluated using simulation.
Results show that the L1 controller improves the accuracy of
stabilization in comparison with an H,, controller while the
closed-loop system is robustly stable.
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