
CEAI, Vol.6, No.2, pp.46-50, 2004                 Printed in Romania 
 

 
 
 
 
 
 
 

THE SIMULATION OF TIME-OPTIMAL CONTROL 
 FOR ROBOTIC ARMS 

 
ANGELA EGRI 

 
 

University of Petrosani 
Departament of Automation  ,  Informatics and Computers 

Street Universitatii nr. 20, Petrosani , Romania 
E-mail: egriangela @yahoo.com 

 
 
 
Abstract: This paper presents the simulation results for time-optimal control of robotic arms along 
specified paths. The implementation of time-optimal control consists of several problems: (1) the 
control is generally discontinuous (Bang-Bang), (2) the actuator dynamics are usually ignored to 
reduce the order of the system, and (3) the optimal control leaves no control authority to 
compensate for tracking errors caused by unmodelled dynamic and the delays introduced by the 
on-line feedback controller. To overcome these difficulties the motor dynamics are compensated 
for using a simplified friction model, and the dynamics of the feedback controller are accounted 
for using trajectory preshaping. The simulation results show the advantages of time-optimal 
control for reducing motion duration as well as for increasing tracking accuracy. 

 

Keyword: time-optimal control , trajectory Bang-Bang , robotic arm , feedback controller 

 

 

1.INTRODUCTION 

The time-optimal control method is studied on a 
robotic arm with two rotational joints as shown 
in figure 1. The goal is to obtain a minimum 
time interval in which point M travels from the 
initial position Pi to the final position Pf. 

The parameters marked above represent: 

Li-the lengths of the elements 1 and 2, which are 
the parts of the kinematic chain of the robotic 
arm; 

- Ci – the center of gravity of element i;  

- Lci- the length of rotational joint i from i 
to ci; mi – the mass of element i;  

- Ii – the moment of inertia of element I;   

- x,y– rectangular reference axis; 

 The dynamics of the final effector will 
be neglected. It is supposed that the robotic arm 
operates horizontally without the influence of 
gravitational pull. 
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The dynamic movement equations of the 
robotic arm are derived using Lagrange’s 
formula and have the following form: 

( ) ( ) τθθθθ =+⋅ &&& ,VM    (1) 

in which the parameters of the rotational joints 
are the angles 1θ and 2θ  and the speeds of 

1τ and 2τ as shown in figure 1. In equation (1) 
following variables are used: 
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The parameters of the rotational joints 
are given in relation with a single 

control variable, the length of the arch S. The 
speed  and the acceleration , when the point 
M moves along the arch s have the following 
expressions: 

[ T
21 θθθ = ]

s& s&&

( )sθθ = ; ;  (2)
  

( )ss &&& ,θθ = ( sss &&&&&&& ,,θθ =

The position of the OM vector is defined as 
follows: 

y Pf s=sf 

)

( ) ( )srrr ~== θ    (3) 

Deriving expression (3) with respect to 
time one can obtain: 

[ ] ( ) ssrr s && ⋅=⋅ ~θθ    (4) 

where: [ ]θr – is the Jacobi matrix of the position 

vector OM ; 

( )srs
~ – is the unitary vector, tangent to 

the trajectory. 

If the robotic arm doesn’t operate in single 
configuration mode, the Jacobi matrix is 
reversible. 

( ) [ ] ( ) ssrrss s && ⋅⋅= − ~, 1
θθ   (5) 

Deriving (4) with respect to time we obtain: 

[ ] [ ] ( ) ( ) 2~~ ssrssrrr sss &&&&&&& ⋅+⋅=⋅+⋅ θθ θθ  (6) 

where: ( ) ssrs &&⋅~  - is the tangent acceleration; 

 ( ) 2~ ssrss &⋅ - is the normal acceleration of 
point M along the trajectory; 

Refining expression (6) the following expression 
is obtained: 

( ) [ ] ( ) ( )
[ ] [ ] ( ) ⎥

⎥
⎦

⎤

⎢
⎢
⎣

⎡

⋅⋅⋅

+⋅+⋅
⋅=

−

−

ssrrr

ssrssr
rsss

s

sss

&&

&&&
&&&&&

~

~~
,,

1

2
1

θθ
θθ  (7) 

The restrictions for speed are: 

 minmax iii τττ ≤≤        (8) 

where:  iτ - is the speed of the rotational joint i; 

The expression of the maximal acceleration and 
maximal deceleration are obtained by replacing 
(7) and (8) into (1): 

 ( ) ( ) τ=+⋅ ssCssC &&& ,21         (9) 

where:  ( ) ( ) [ ] srrMsC ~1
1 ⋅⋅= −

θθ (10) 
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Fig. 1.The robot arm configuration 
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For each element one can write the following: 

     ( ) ( )ssCssC iii &&& ,21 +⋅=τ ,      (12) 2,1=i

The acceleration restrictions are: 

 

( ) ( ) ( )ssCssCssC iiiii &&&& ,, 2max12min −≤⋅≤− ττ
                                                     (13) 2,1=i

For equation (13) becomes: 0)(1 ≠sc i

               ( ) ( )ssgsssf ii &&&& ,, ≤≤    (14) 
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The condition (14) is necessary for keeping 
point M on the imposed trajectory without 
effecting equation (1) and restriction (8). Next, it 
is supposed that such acceleration exists that: s&&

( ) ( ssgsssf &&&& ,, ≤≤ )
)

)

)

  (17) 

where:   (18) ( ) { ( ssfssf i
i

&& ,max, =

and:    (19) ( ) { ( ssgssg i
i

&& ,min, =

 Under these conditions the solving the 
time-optimal control is to maintain the following 
condition: 

   (20) ( ) ( ssgssf && ,, ≤

  

2.THE SOLUTION FOR THE PROBLEM 

The time-optimal control requests the 
minimization of: 

∫=
fS

S
f s

dst
0
&

   (21) 

so that the following boundary restrictions are 
achieved: 

 ; ( ) 00 ss = ( ) ff sts =   (22) 

( ) ( ) 00 == ftss &&    

and keeping the restriction (20) valid. 
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der to minimize (21) we have to choose the 
eration and increase the speed without 
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),( ssg &  for maximal acceleration, or 
),( ssf & for maximal deceleration so that the 

for positioning the object to be minimum. 
der to get the coordinates of the intersection 
 of ),( ssfs &&& =  and  curves, 
ion “Ode45” from Matlab is applied to 
ve the differential equations using Runge-
 method of 4, respectively 5 orders. In 

e 2 .a,b a simple case of application the 
optimal control is show. 
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Fig.3.a Acceleration and deceleration diagram , 
general case ,more points of intersection 

The steps that one has to follow in order to get 
the profile shown above are: 

a) integrate  following the time 
scale until there is an intersection 
between the two functions 

in point a; 

),( ssgs &&& =

),(),( ssfssg && =

b) reduce the value of iteratively and 
integrate with respect to time until the 
curve is tangentially intersected  

 in point d, which is      
the second point of changing the 
direction. The low limit of integration in 
this case is ; integrate 

backwards in time from 
point in order to find the first point e; 

s&
s&&

),(),( ssgssf && =

a′
),( ssfs &&& =

a′

c) integrate ),( ssgs &&& =  by the normal 
time scale from d point until it reaches 
the intersection  in 
point h; 

),(),( ssgssf && =

d) integrate  backwards in time 
from . Then one has to return to the 
operation from step d. If an intersection 
occurs, then point i is the final changing 
point, otherwise the operations continue 
starting from step b until the final 
changing point is found.  

),( ssfs &&& =

fs

The time-optimal control  was applicated  on a 
robotic arm with two rotational joints.  The 
simulation results for time-optimal control is 
rerezented in figures 2b and 3b. 

 
Fig 2.b Simulation results for time-optimal 

control of robotic arm with two rotational joints 

 
Fig 3.b Simulation results for time-optimal 
control , type bang-bang ,of robotic arms 

 

3.CONCLUSIONS 
The time-optimal control method is studied on a 
robotic arm with two rotational joints and 

requests the minimization of:       ∫=
fS

S
f s
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0
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so that the following boundary restrictions are 
achieved: ( ) 00 ss = ; ( ) ff sts = , 

( ) ( ) 00 == ftss && . 

Function “Ode45” from Matlab is applied to 
resolve the differential equations using Runge-
Kutta method of 4, respectively 5 orders.For a 
general case more points of intersection have to 
be taken into consideration in order for the 
speed not to exceed a certain levelThe 
simulation results show the advantages of time-
optimal control for reducing motion duration as 
well as for increasing tracking accuracy.  
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