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Abstract: The concept of the bidirectional platoon control system is developed, which enjoys significant
advantages over present day adaptive cruise control systems in terms of string stability, tracking safety
and fuel economy. A novel bidirectional platoon control system model is established, in which the effect
of engine time uncertainty, time-varying actuator delay (including fuelling delay and braking delay) and
actuator saturation is involved. Based on the new model, a H- controller is presented that can robustly
stabilize the vehicular platoon system only use information from their immediate neighbors. The
theoretical results in this paper show that the proposed system would be able to safely maintain a smaller
inter-vehicle spacing and would be bidirectional string stable. The effectiveness and advantage of the
presented methodology are demonstrated by both numerical simulations and experiments with laboratory

scale Arduino cars.
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1. INTRODUCTION

Over the past decade, a considerable attention has been paid
to the research theme of automated vehicles in intelligent
vehicle highway systems (Vahidi, 2003; Li, 2011). There are
so many advantages of moving vehicle based on the notion of
platoons, such as driving safety and comfort, reducing fuel
consumption and air pollution, and improving the throughput
in the highway (Tiberiu, 2005; Browand, 2004). Due to this,
a lot of research works on platoon control have been
extensively studied in (Darbha, 1994; Jovanovic, 2005; Seiler,
2004).

The control architectures of platoon investigated in the
literature can be classified into three broad -categories:
predecessor-following, predecessor and leader following and
bidirectional control. The architecture is called predecessor
following if the control action on a particular vehicle depends
on the information with the predecessor, i.e., the vehicle in
front of it. This scheme is decentralized, since the control
action on each following vehicle is computed based upon
measurements obtained by on-board sensors (such as
radar/lidar). It was shown that this architecture suffers from a
drawback known as string instability (Seiler, 2004). That is,
the response of a disturbance on an individual vehicle will be
amplified long the string of vehicles. “Time headway” was
introduced in (Huang, 1997; Vahidi, 2003) to overcome this
difficulty, and in which the inter-vehicle distances are
dependent on vehicle velocities. However, this only helps
when the control bandwidths are allowed to diverge as the
number of vehicles grows (Middleton, 2010). Alternatively,
in (Xiao, 2011; Stankovic, 2000) shown that string stability

can be achieved if a predecessor and leader following
structure is adopted, where the control action on a particular
vehicle is based on the distance between the preceding
vehicle as well as the velocity and acceleration of the lead
vehicle. This scheme is centralized, since the lead vehicle has
to broadcast its information to all following vehicles. The use
of the network to provide the following vehicles in the
platoon with the lead vehicle information (the velocity and
acceleration) immediately cause some questions on the effect
of disruptions of the wireless communication. Under this
framework, these works presents in (Hedrick, 2001; Liu,
2001) studied the effects of communication delays on string
stability; longitudinal platoon control and state estimation via
communication channels with packed-dropout are addressed
in (Seiler, 2001; Guo, 2011); a decentralized communication
and control strategy is presented in (Guo, 2014; Caravani,
2006) for automated driving assistance to a platoon of
vehicles in heavy traffic and scarce visibility.

Another control architecture investigated in the literature, and
on which we focus in this research is decentralized
bidirectional control. This control scheme is advantageous
because, apart from its simplicity in achieving string stability,
it does not require wireless communication. The control
action on an individual vehicle depends on the information of
its own velocity and the spacing errors between it and its
predecessor and its follower vehicles, which can be obtained
by on-board sensors alone. Still, the bidirectional platoon
control suffers from the high sensitivity to the length of the
vehicular platoon and lower performance (Hao, 2013). In
(Jovanovic, 2005), the authors investigate optimal control
strategies for a bidirectional platoon with an increasing
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number of vehicles and show that some related LQR
problems are ill-posed. A mistuning control method is
designed in (Barooah, 2009) to improve the stability margin
of a bidirectional structure platoon. In order to enhance the
coherence of the bidirectional platoon, an optimal controller
was designed in (Liu, 2012), which integrated the previous
results.

It is worth noting that most existing results on bidirectional
platoon control are limited in at least the following three
aspects. Firstly, ignoring the saturations in the engine, this
can deteriorate the control performance or even render the
platoon system unstable. In (Sheikholeslam, 1990), the
authors explore how saturation affects the longitudinal
control of a platoon of non-identical vehicles. In (Ibtissem,
2011), an error governor scheme was discussed for dealing
with saturation, which can eliminate the windup phenomenon
and guarantee stability. Nevertheless, this control method
suggested is not applicable to the bidirectional platoon
system. Secondly, without considering the uncertain factors
such as the inaccuracies of model parameters and the errors
of sensors and actuators, degrade the track performance and
safety during the driving process. In recent years, many
results have been reported to deal with the uncertainties in

order to guarantee the stability of the platoon (Swaroop, 2001;

Warnick, 2000). The combined actuating delay is the third
aspect that may add to the limitations since the delay effect
may accumulate as it propagates both directions in the
platoon. An upper bound of the actuator delay was derived in
(Huang, 1998) under which the so-called slinky-effect can be
avoided, and in (Yanakiev, 2001) for a control method
dealing with large actuator delays. However, these results are
based on a single direction vehicular platoon and hence are
not adequate for achieving more stringent performance
requirement for bidirectional platoons inessential. To the
authors’ knowledge, strategies systematically taking into
account the desired system performance, uncertainties,
saturations and actuator delay have not yet been reported.

The aim of this paper is to set up a bidirectional platoon
control framework that takes full consideration of the
uncertainty in the engine time, the actuator saturation and
actuator delay. In particular, a systematic method is presented
which can guarantee bidirectional string stability and ensure a
certain level of control performance at the same time. In the
suggested framework, each vehicle can only detect the
distance between it and the adjoined vehicle with an on-board
distance sensor. No information about the lead vehicle is
required for string stability. Then the time-varying fuelling
and braking delay is taken into account. In addition, full
consideration is given to the uncertainty in engine time and
actuator saturation in our framework, which further
highlights the completeness of the result. As will be shown
later in both numerical simulations and experiments with
Arduino cars, the presented method can serve as an effective
algorithm for practical use.

Notation: In this paper, 4,, () and A, (-) are the maximal
and the minimal eigenvalues of a matrix, respectively. The
superscript “T” stands for matrix transposition; R" denotes

the n-dimensional Euclidean space and the notation P>0 (> 0)

means that matrix P is real symmetric and positive definite
(semi-definite). In symmetric block matrices, an asterisk (*)
was used to represent a term that is induced by symmetry and
diag{} stands for a block-diagonal matrix. Matrices, if their

dimensions are not explicitly stated, are assumed to be
compatible for algebraic operations.

2. PROBLEM FORMULATION

Consider a bidirectional platoon control system composed by
n vehicles (see Fig.1) running in a horizontal environment.
All vehicles in the platoon can measure the relative distance
and velocity with respect to their nearest neighbours by on-
board sensors. In what follows, the wvehicle dynamics,
actuator lumped delay, actuator saturation, and the engine
time uncertainty will be formulated in detail.
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Fig. 1. Structure of a bidirectional platoon.

Denote by z, and v, the ith (i=1,...,n) vehicle’s position and
velocity, and i=0, n+1 represents the fictitious lead and
follow vehicles with z, =z, =0, which are not considered

to belong to the platoon. Define the spacing error for the ith
vehicle as:

6 =2.,-7-L-hy @

where h is the time gap, L, is the length of the vehicle. Then

the dynamics of the ith following vehicle can be modelled by
the following nonlinear differential equations:

Si =V, -V, —hy;,
AV, =a,  — &,
a; = fi(vi,a)+0;(v;)c, (2

where c; is the control input of the ith vehicle’s engine/brake,
with ¢; >0 and c, <0 representing the throttle input and the
brake input, respectively, f,(v,,a,) and g,(v,) are given by:
fi(vi,a) = _(Vi +oACVY/2m; +dy /m, )/gi — OACsVid /m;

g (v)=Ygm,,

where o is the specific mass of the air, m; is the vehicle
mass, A is the cross-sectional area, cAC, /2m, is the air
resistance, c, is the drag coefficient, d  is the mechanical
drag, ¢; is the engine time constant.

The following control law was adopted:

¢, =um, +oAC,V:/2+d,, +¢0ACVa, , @)



where u, is the additional input signal to be designed so that

the closed-loop system can satisfy certain performance
criteria. Obviously, this control law achieves feedback
linearization, since, after introducing (3), the third equation in
(2) becomes:

ai(t)=—ai(t)/gi +Ui(t)/§i . 4)

A more realistic dynamic model should consider the changes
of the engine time, actuator lumped delay (including fuelling
delay and braking delay) and the actuator saturation in the
vehicle i. Take these properties into account (4) can be
rewritten as,

& (t) =—(Ys +1/Ac))a, 1) + (/s +1/ AUy, (t=7,(1)  (5)

where |[Ag|= f,(t), with f(t) being a Lebesgue-measurable
continuous function satisfying f’(t)>D, , D, >0 . The

actuator delay 7 (t) is time-varying continuous function, and
satisfies,

|1 —T (t)<T|2,O<T(t)</l (6)

where z;, and 7, represent the lower and upper bounds of
the lumped delay of the ith vehicle, respectively, and g is
the delay variation rate bound. Take sat, to be the saturation
level of the ith vehicle’s actuator, and describe as

sat, if u, > sat,
A
U, (O =1u,(t) if —sat, <u, <sat,, @)
—sat, if u, <-sat

By combining the dynamics of the vehicle (5) and (1) and
setting a_,(t)=d,(t) as a measurable disturbance from the

preceding vehicle, the following state space equation for the
bidirectional platoon system can be derived,

X (1) = (A + AA)X; (1) + (B; + AB;)ug,, (t—7; (1) + By di (1),
Yi(t) =Cilx, x.a]" (8)

where x;(t) =[5, Ay,
the system, , (t) =[5, AV, 5,1, AY,.,

a]" (a,=0 in x) is the state of
is the output, and

01 -h 0 0 0

A={0 0 -1/|,B=|0 | By=|1],AB=| 0 |,

00 -Ys Ys, 0 1A,
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Using Ac, in (5) this leads to [AA AB]=L,F(t[E, E,].

_[oo01 oo of
L”'001/‘/_ 1'{001}’
Eu:{_o1 }(»2) for i=1, E_= H R =[yD, /f,011,

which clearly satisfies F"(tf)F (t) <1 .

where

Before designing the controller for each following vehicle,
the following control objectives should be considered.

(a). Asymptotic stability: The state of each vehicle in the
bidirectional platoon control system can be asymptotically
stabilized to the origin, i.e., spacing error and velocity error
approach to zero when all vehicles running with a constant
velocity.

(b). Bidirectional string stability: If the i th (i, €[Ln])
vehicle suffers from a sudden disturbance, the oscillations are
not amplifying downstream or upstream the vehicular string

with the vehicle index, namely, [G(jw)| <1 for any w, where

G(s) = {ai (s)/ai4(s),

a;(s)/a;.4(s),
and a, ,(s) denotes the Laplace transforms of the acceleration
a(t), a_,(t) and a,,,(t), respectively.

for i €[y d]

forie[n,ig) with 8, (S) S )

Note that the asymptotic stability and bidirectional string
stability discussed in here is different from the existing
stability issues in (Xiao, 2011), which caused by the
broadcast measurement is replaced by the bidirectional
measurement.

(c). Fuel economy: For the purpose of fuel consumption, in
(Li, 2011), the authors provide criteria as, the acceleration of
all the following wvehicles should be constrained and
minimized, namely, minimizing a (t) in the controller design

process with [a, (t)| < a,,,, ,
definedas y (t)=a(t).

thus, a new measurement output is

Furthermore, the H_ norm is employed to measure the

performance, whose value actually gives an upper bound of
the root mean square gain. Hence, our goal is to minimize the

H, norm ||Tyi1(t)di(t)||w<;/i , where T, . denotes the

closed loop transfer function from d, (t) to the output y;, (t).

(d). Tracking safety: The designed controller should be

capable to prevent the following vehicles from colliding with
the preceding vehicle, the requirement is y, (t) =|5,(t)| < &

id min 7

where &, is the minimal safety distance under all

operational changes from vehicle in the platoon.

Then, the platoon system can be described by the following
state-space equations:

X (t) = Ax,(t) + BlumI (t—7.(t))+B,d (1) 9



C.x (1)
Y., =C.x ()

(10)
(11)
where A=A +AA, B =B, +AB, C,=[0 0 1],

C.=[1 0 0].

In this research, our goal is to find an output feedback
controller for each vehicle in the platoon system

u, (t) = Kiyi (t) )

where K =[k, Kk, Kk, K,] isthe controller gain to be
designed,

such that the requirements in (a)-(d) can be
satisfied.

(12)

3. H. CONTROLLER DESIGN

In this subsection, a sufficient condition is given for the
bidirectional platoon system to ensure that all the vehicles in
the string are robust asymptotically stable with the effect of
uncertainties, time-varying delay and actuator saturation
effects.

Our first result is given in the following theorem.

Theorem 1: The bidirectional platoon control system in (9)
under the controller in (12) with actuator saturation and time-
varying delay is asymptotically stable and satisfies

|dei <y, for all d (t) under zero initial condition if there
exist matrices P >0, T.>0, Q,>0,j=1,2,3, Z >0, m=1,
2,N,S,, M, I=12,...

,5,and K, satisfying,

IT; Ti2 TinSi T, M,
*Tmed 0 0 1o (13)
* * 70, (Zin +Z;) 0
| * * * TinZi
-1 192C e <0
L * - 5.d min P. (14)
l—I + CITICII l—I 1_[I13 1_[\14 HIIE 1—IIIS i
* HiZZ H\ZS HIZA HiZS 0
- * * I £ I u IT 35 0
where I1 = ' ' ' ,
I * * * HIAA Hi45 0
* * % * 1‘[|55 Huss
* * * * * — yf
NP =[N; N, N N N; 0],
S'=[S; S, S, S. S. 0],
M =M M) M. M. M. 0], (15)

Hm ZZQ” + N|1 + N|T1 +T|'K\| +K|TT| !

j=1

,=N"-N_+S -M_ +TBKC,

M, =M, +N, IT,=-S +N', II_=N_-T +P+AT,
=TB,, I =(z-1)Q,+S,+S.-N,-N"-M_-M",

M,=M_,-N+S"—M", T =-S —N"+S -M",

I, =S —-N -M +(KC)B'T, II,=-Q,+M_+M,

w=—S,+M]

ia !

-S, -S|

ia!

.=M", 1, =-Q,

is !

= SlTS ! is

=1, +71,Z,

12702

ZT ’ HiSG =TB

iid !
Tm = z-iz _Til "

Proof. Define the following Lyapunov-Krasovskii functional
for system (9) as

X (s)QirX; (s)ds

t=7iy

V.0 =X OPX O+ [

| Qe[ X ©Qx (s (16)

7t

j j K7 (5)Z,1% (s)dsd9+I

~Ti2

j %7 (3)Z,,% (3)dsd &

where P>0, Q >0,j=1,2,3, Z >0, m=1, 2, are matrices
to be determined.

Then, the time derivative of V,(t) along the trajectory of the
platoon system in (9) is given by:

Vi) =X ()PX (1) + X ()P, (1) + X ()QiX; (1)

- XiT (t—71)QuX (t—7) — XiT (t—7;,)QiX(t —73,)

X (©Qux (- [ TR )2,k (5)d5 + 4K (DZu% (1) (17)
— (=7, ()X (=7, (0)QX (t—7; (1))

X QXM [ A Ok (ds+d,K 07 1)

Then, for any appropriately dimensioned matrices T, >0 and
N.,S , M, I=1,2,....5yields

20 x(t) X (t—7 (1)) - j x(s)ds}

20 [ x(t-z () -x(t-7.) [Si:({)s)ds} -

20, X (t—7)— X (t—z (1)~ j x(s)ds}

7i (1)

(18)

2[}T @O, + 5 (O, [- % () + A% () + BKCx, (t 7, 1)

+Byd;(t) = 0] (49



where

Q= XiT (ON; + XiT (t-7; ()N, + XiT (t—71)N;5
+XiT(t_Ti2)Ni4+XiT(t)Ni5 ’
Q, = XiT ®S, + XiT (t—7(1)S;, + XiT (t-74)Sis
+XiT (t-7,)S, +XiT ®S;s

Q= XiT OM;; + XiT (t-7,()M;, + XiT (t—7)M;;
+XiT(t_Ti2)Mi4+XiT(t)Mi5 .

After adding (18) and (19) to (17) and some algebraic
manipulations it yields

manipulations it yields
Vi(t) = @ O +d,,N,Zi'NT +,,8,(Z, +Z;,) ']
+d;,M Z5 M 10, (1)

[ JOTON + X 92,12 10T ON, + (6 6

_J.:iri(t)[cl)iT S, +% (S)(Zy +Z,)(Zy +2,)™

~Ti2

[(DlT (t)si + X|T (S)(Zn + Ziz)]T ds

_f’ﬁl O OM+X7 (S)Z 12107 OM; +4] (5)2,]'ds

-7 (t

< cl)iT O[T, +7izNiZi11NiT + 705 (Ziy + Ziz)_lsiT

+7,MZ; M 10, (1) (20)
where

o,(0)=[x0) x{t-70) xt-r) %t-7,) %O O,

l_lill l_[i12 1_Ii13 Hi14 l_li15 l_lilﬁ
* 0 Iy, Iy I Il 0
. = * # Iy Iy Iy O
I * * * Hi44 Hi45 0
* * * *  Iligs Il
* * * * * 0
By Shur complement,
I +7,NZN +7,S(Z,+Z,)'S  +7,MZ M’ <0 is equivalent
to
I z,N 7,5 M,
* -1 7 0 0
e <0 (21)
* * _Tllz(zi1+zi2) 0
* * * _TiZZ\Z

Next, the asymptotic stability of the system in (8) is

established with d(t)=0 , that is
X (t) = Ax(t)+ Bu_ (t—7,(t)), then V (t) can be reduced to

i st

Vi(t) < O (I D, (1),

where

O,(0) =[x xt-70) x{t-7) xt-7,) %O,

Hir TiZNir 2-|1zsir TIZMir
~ -7,Z, 0 0
and IT, = e <0,
* * _T\IZ(Zi1+Z\Z) 0
* * * _Tizzuz
where
Nn _[Nll le N|3 N|4 le '
Slr = [S|1 Suz S|3 Sm Sus]T !
er:[Mll MIZ M|3 M|4 M|5 !
_nm 1_[|12 n.ls n.m 1—I|15_
* HiQZ HiZS HIZA Hi25
Hir = * * Hlaa 1_[|34 nuas :
* * * HIAA Hms
* * * * HISS

Equation (13) implies that IT_ <0, which further leads to

V'I (t) <0. Therefore, the system (8) with the uncertainties,

time-varying delay and actuator saturation is robust
asymptotically stable.

Now, the H_ performance of the system under zero initial

conditions should be established. Considering the following
index:

J = J:iyl )y, () —y2d’ (t)d ()]t 22
This implies
J < J:[YL (t)y, (t) —y2d" (t)d (t) +V (t)|ot )

for all nonzero d (t) .

Via algebraic manipulations and Schur complement, yields

YL (O, () - 7:d! (), +V,() < ] ()OI, (1) (24)
1Lt[l le Tulzsu TuzMu

m * -1 7 0 0 ’
oo n.(Z,+2,) 0
* * * - Tuzzuz

Then, using I, <0 , yields

yi(t)y, ()= y2d’ (t)d, (t) +V (t) <O , which implies J, <0 .
Hence |y,

_<7|d.®)], is guaranteed for any nonzero
d.(t) e L[0,], and the H_ performance is established.



Finally, the safe distance constraint needs to be guaranteed.
From above it is ensured that y.(t)y, (t)—y’d’(t)d (t) <0,
and by integrating both sides of which yields

then x (t)Px (t)<yd _ +V.(0)=3.

i imax

Moreover, it is also true that
2 2
max]y,, (t)° = max|x’ ()CLC,,x (1)

= max|x' (t)R¥*R*°CLC,,R¥R

2
)
(P7ﬂ2C|2C|2 71/2)

< -

I max

where 4__(.) represents the maximal eigenvalue of a matrix.

From above, it is easy to see that the safe distance constraint
is guaranteed if 3-4 (P™CC,P™)<d; .1 , which is

equivalent to (14), according to Schur complement. This
completes the proof.

Theorem 1 supplies a sufficient condition for the
bidirectional platoon to be robust asymptotically stable with
the uncertainties, time-varying delay and actuator saturation
effects, implying that the control objective (a), (c) and (d) can
be achieved. The objective (b) will be discussed in the next
section. A stabilizing controller design method will be given
based on the following lemma, which will be used later.

Lemma 1. Given appropriately dimensioned matrices @,
0,, 0,,with ©,=0]

then ©, +©,I;(1)®, + O.I (1)@, <0

holds for all T (t) satisfying I (t)I(t) <1 if and only if there
exists a scale ¢ >0 suchthat ®_ +¢0 0] +£'0.0, <0.

i3 i3 i2 i2

Theorem 2: Suppose 4, z,, z, and g, are prescribed
positive scalars. Consider the bidirectional platoon system in
(9), if there exist matrices P>0, T >0, W, , Q >0, j=1, 2,

3, Z,>0,m=1,2,N,S, , M, I=1 2,..5, and >0
satisfying,
A, A
A Mo -
ATllZ AiZZ
{_' ‘/_'CZI}O, (26)
* =0..P

where

_ﬁﬂl + g\ LTl Lil ﬁiu ﬁi13 ﬁ\ld ﬁilf: ﬁI16 |
* ﬁ. 2 ﬁ. 23 ﬁl 2% ﬁ. 25 0
A L= * * Huas Eisa Euss 0 ,
I * * * H|44 I i45 0
* * * * ﬁuss + ‘C"LL Li1 ﬁise
* * * * * - 7.2
o,N, 7,5, .M, TC TEl TE]
T 'quz T 8_1 T '\7.1 0 EuTz E\Tz
A = T ’\_Iis TllZS_l Tiz'\Wil 0 0 0
“ |eN, 7,8, ™M, 0 0 0 [
T l\_lm TIlZS_Il T '\Wil 0 0 0
0o 0o 0o 0 0 0|
A|22 - dlag{ T|ZZ|1" i12 (Z + ZlZ)’_TI12Z|2’_I l_g.l}l
Hm = ZQij + Ni1 + N|T1 +T|'K| + KIT-I—I 1
Hilz = NnTz - N\l + Si1 - Mi1 + BI\NI '
ﬁm = I\Wu + _n.; ' ﬁm = _S_|1 + N.TA ' ﬁ15 = NT5 _-Fi-‘r E+ _AT’
m,=B,, I, =(«-)Q,+S,+S.-N,-N,-M,-M,

|24=_S_|2_WIZ-FST T

ia?

M,=S -N-M +WB'T, I, =-Q,+M_+M,
ﬁnazz:_gis—i_l\wltﬂ ﬁisszl\WlTs’ HlAAZ_le_S _Sw:’
S.;’ i5! _T Z +TIIZZIZ Z-FI’ ﬁisﬁ = Bid’

then a stabilizing controller in (12) exists, and according to
(10) and (11), the controller gain can be given as

K, =WT "D, (27)
where CD. =1.
Proof: by Shur complement, (25) is equivalent to
Ei1 + giEiBE-\rﬁ + | IHTZ'_lz < 0 (28)
where
_ﬁlll +1T|C|1C|l_| ﬁ|12 ﬁliS ﬁ|14 ﬁ|15 ﬁ|16 |
* ﬁi 22 ﬁi 23 ﬁi 24 ﬁ| 25 0
- _ * * ﬁuaa ﬁm ﬁl35 0
_‘Il - * * * ﬁiM ﬁMS 0 ,
* * * * ﬁ|55 ﬁlse
* * * * * — 7i2




[ET ELKC 00 00O0O0O0O
=,=|ET EKC 000000 0 0,

0 0 0000O0GO0TODO

L, 000 0 000O0O0O
=0 000L 00000

|0 000 0 O0O0D00O0O

By invoking Lemma 1, (28) holds if

Eil + Eiaf(t)Eiz + EiTzfiT (t)E‘uTs < 0 1 (29)

where T(t) = diag{F,(T), F.(T)}.

From the norm bounded parameter uncertainty defined in (8)
note that (29) is equivalent to (13) by defining T =T",
l\_ln =T|71N||T|71 ! S_u =Tuilsn-|—|71 ! Pn :T;lPT?l 1 I\Wn =-I-|71N|n-|—|71 !

zZ,=T2zT* , Q=TQT* , W=KCT"'
J =diag{T*, T, T T T°1,T*T"T"}, and performing a
congruence transformation to (13) with J;*. Similarly, it also
follows that (26) is equivalent to (14). Hence, the
bidirectional platoon system is asymptotically stable with a
H_ disturbance attenuation level of y, if (25) and (26) hold.

This completes the proof.

Remark 2. Theorem 2 shown that the conditions are LMIs
not only over the matrix variables, but also over the objective
scalar y, is given, which implies that y can be included as
an optimization variable to obtain a lower bound of the
guaranteed /- performance. That is, the controller design
problem has been transformed into a set of LMI conditions.
Based on these conditions, the robust multi-objective (a, ¢
and d) controller design can be accomplished by solving the
convex optimization problem as: min y, subject to (25) and

(26).

4. BIDIRECTIONAL STRING STABILITY AND
CONTROL ALGORITHM

In the above section, considerations have been focused
primarily on robust asymptotical stability of all the vehicles
in the bidirectional platoon system. This section is concerned
with the issue of bidirectional string stability, which is
associated with objectives (b) given in section IlI. The
analysis and results are based on the output feedback
controller (12) obtained above.

Suppose each following vehicles in the bidirectional platoon
system is under control of (12). Substituting (12) and (8) into
(5) yields

at)=-a()/s kS (t—7) + Ky 0 (t—177)

+KpAV, (t—7;) + KAV, (t—7 )]/gi (30)

Taking Laplace transformation to (30), and assuming that
a,(0) =0, then (30) can be changed to

(gis+Da(s)

= [K01(5) + K31 (5) + Ky AW (5) £ K AV (O D
By using (1) and (2) yield

5,(5) = (a4(s)~a,(s))/s* —hay(s) /s ,

AV, (5) = (3, 1(5) ~ &, (s))/s - (32)

For the platoon to achieve bidirectional string stability,
assume that the i,th vehicle suffers from a sudden

disturbance (such as a wind gust or a slope), corresponding to
this situation, substituting (32) into (31), and collecting
similar terms together yields,

— a'i (S)/ai,l (S),

57 {ai (S)/ai+l(s)1
(kg + kyps)e ™

'{I(kpbh + kvb - kvf )S + kpb — kpf ]e’fis 1

for i e [ig; 1]
forie[n,ig)

for i e [igs 1]

|+t +gs} (33)
[~(ky +Kyh)s—k Je ™™
{(kph+kp —kyg)s+ky =k Je™

+s?+¢s%}

forie[n,ig)

Based on the transfer function (33), the following result on
bidirectional string stability is derived.

Theorem 3. The platoon system (9) with a disturbance on
the i th vehicle is bidirectional string stable if the following

conditions are satisfied:

hk,, =k, =0 (34)
For i e[ig.1]:
Kot = 2K, (35)

1+ 26 (kpy — Ky )7 — 2Ky 7, _Tiz(k —kpp) =26k, 20 (36)

pf

For ie[n,iy):

kph > 2kpf , (37)
1-2¢k,, — 26, (kph - kpf )7 —2K,,7; 20, (38)
ki — (ks +Kph)? = 2(kp, k) s (39)

Proof. First, G(jw) can be written as

G(jw)=4a/(a+b),

where a and b can be derived in the following two cases,
respectively.

Casel, a=a,, b=b and ie[iy 1:



2 2 2
a1=ka+kvbW ,

b, = giZWS +w' +[(hky, —ky + kvb)z - kvzb]WZ + k,ff
— 2K ok o — 2w (K, — K ) cOS(7,W) + 2w (K oy — K ) (40)
-sin(z,w) — 2w* (hk ,, —k,; +k,,) sin(z,w)

—2w'g;(hk, —k,; +k,,) cos(z,w)
Case 2, a=a,, b=b, and ie[n,iy):

8, = (K, + k)2 W2 +KZ

by = 2W® + W'+ [2(hk , — K +Ky)® = (kg + k)2 Tw?
+2Ws; (K, — ke ) sin(z,w)
—2WA(hK , — K, + k) sin(r,w) + K2, — 2K

—2w? (K, — Ky ) cOS(7,W)

k (41)

pb ™ pf

—2w'; (hk, — ks +k,,) COS(7;W)

Due to a, >0 and a, >0, G(jw)<1 holds true, i.e., the
platoon is bidirectional string stable, if b, >0 and b, >0.
From (34), (35), (37) and the fact that cos(r;w)<1 ,
cos(r,w) 21-w?z?/2 , sin(r,w)<z,w and sin(z,w) > -,w ,
we have for w> 0 that,

For Case 1,

2w (K —k gy ) cOS(z;W) > 20° (K —K ) (L -W??/2)
—2w'g; (hk,, —k, +k,)cos(z,W) = —2w'gk,, (42)
2wWs; (K, —kpp )sin(z,w) = 2w, (K, —K o )Ty W

—2w®(hk , —ky; +k,,)sin(z,w) = —2wk , 7w
For Case 2,

—2w? (K, — K o ) c0S(r,W) = —2W7 (K, —K )
—2w'g;k,, cos(z;w) > —2wigk,,
2w, (kpp —kpp)sin(zw) = —2Wg; (Kpp =Ky )W

(43)

— 2w (hk , — ks +kyp)sin(z,w) = —2wk .7,

Substituting the (42) and (43)
respectively, and reorganized as

into (40) and (41),

b, > giZWG +[1+2g, (kpb - kpf )7 — 2K,
Case 1, — 7/ (ky —Kp)— 26K, W' +2(k o —k )W
+k;f — 2K K

b, > g'w® +[1- 26k, — 26 (K, =K )7y — 2kaTi]W4
Case 2, —2¢; (K, — K )7, — 2K, Jw
+ [kvzb - (kvf + kpf h)z - 2(kpb - kpf )]W2

Thus, if the conditions (36) (38) and (39) hold, then b, >0
and b, > 0. This implies that G(jw) <1 for any w>0. This
completes the proof.

Remark 2. From Theorem 3 (36) and (38), the upper bound
for the actuator delay can be derived as

7, <min{(0.5- gk, )/(5ik, +Ky,) 5
[k —sike i\/(kvb _gikl)z _k1(1—2§ikvb)]/k1} ’

where k; =k, =K .

Finally, based on the above discussions and all the results
established heretofore, the following control algorithm is
given.

Algorithm. Our robust controller design algorithm is given
as follows:

1). Design the feedback-linearization controller in (3), which
is a routine procedure.

2). Calculate the robust H,, controller gain, according to
Theorem 2 using standard LMI mathematic tool.

3). Constrain the obtained H,, controller gain K, with the
conditions given in Theorem 3. If this is feasible, then the
resulted controller gain can be used for bidirectional string
stabilizing control. Otherwise, reset matrices P >0, T, >0,
Q,>0,Z2, >0, N,,S,, M, and other related parameters
and return to step 2).

5. SIMULATION AND EXPERIMENTS
5.1 Numerical simulations

The goal of the following simulations is to evaluate the
performance of the proposed controller. These simulations
are carried out with the virtual environment established by
System Build software package in MATLAB. For
comparison of performance, an optimal localized control
algorithm (Liu, 2012) is also designed based on the same
control plant (9)-(11). Like the fuel economy consideration in
proposed controller, its control law is also constrained by the
fuel consumption criterion.

The following parameters are used in the simulations: length
of vehicle L, =4m, engineer time constant ¢, =0.25 and the

time gap h =1. The other parameters used in the simulations
are the same as (Guo, 2014), namely, specific mass of the air
o =1.2kg/m* , cross-sectional area of vehicle A =22m?,

drag coefficient c, =0.35 , vehicle mass m =1464kg ,
mechanical drag d,, =5N , saturation level sat, =3.5m/s’.
The following parameters were used in the controller design:
the delay variation rate x=1.2 and the engine time
uncertainties are expressed as |Ag|= f (t) =D, /sin(t) |
D =4.



By using Theorem 2 and Theorem 3, the controller gains can
be obtained as,

For Case 1: K,=[42 88 17 42| and for Case 2:
K =[05 31 1.6 3.1].

From Remark 2 the bidirectional string stability can be
achieved when 7,<0.095s for the output feedback

controller and set the actuator delay as 7 =0.09s .

In order to demonstrate the special performance of the
proposed controller algorithm, the simulation is tested under
three kinds of traffic scenario: Fictitious lead vehicle rapid
accelerating, fictitious lead vehicle emergency braking and
the fifth vehicle suffered a sudden disturbance. The proposed
controller will be regarded as successful if its application can
improve the string stability, the fuel consumption and
tracking capability.

A. Fictitious lead vehicle rapid acceleration

In this scenario, it is assumed that all vehicles in the platoon
run at the same initial speed 10m/s. At 5s, the fictitious lead
vehicle accelerates at 3m/s® from 10m/s to 25m/s. All the
following vehicles are controlled to follow it by using the
proposed controller and OLC algorithms, respectively. The
results are shown in Figs. 2 and Figs.3.

£s
F

£s
£s

a
)

Fig. 3. (a) Spacing errors; (b) Velocities;

(c) Acceleration.

It is found from Fig. 2 (c) that the maximum accelerations for
all following vehicles in the bidirectional platoon control
system under the proposed controller is 3.4 m/s* , satisfying

the fuel economy. The control input satisfies u; < sat; , hence

the control input windup is avoided. From Figs. 2 (b), it can
be seen that the whole platoon can achieves tracking control
accurately. The maximum spacing errors is 3.6m, and the
string stability can be achieved as shown in Fig. 2 (a). In this
same case, when the method suggested in (Liu, 2012) is used,
the system is string unstable (see Fig.3). The maximum
spacing errors and acceleration are, respectively, 5m and
4m/s* , which are much higher than in our case in Fig.2 (a)

and (c). As shown from Fig. 2 (b) and Fig. 3 (b), the
maximum of velocities under the proposed controller is

smaller than that under OLC. So, both better fuel economy
and better tracking capability can be foreseen in our research.

B. Fictitious lead vehicle emergency braking

In preceding car’s emergency braking scenario, the preceding
car decelerates at the acceleration of -3m/s* from 50m/s to

35m/s, and the minimal safety distance &, =4 m. All the
following vehicles are controlled to follow the fictitious lead
by the proposed controller and OLC algorithms, respectively.
The results are shown in Figs. 4 and 5. From Fig 4 (a), it is
found that the whole platoon can hold string stability. The
acceleration is lower than the minimum acceleration and the
longitudinal ride comfort can be satisfied. In contrast, as
shown in Fig. 5 (a), the maximum spacing error is -5.9m,
which mean a rear end collision is happened, and the platoon
is string instability. The last vehicle in the platoon cannot
achieve the cruise velocity, and the maximum acceleration is

-4m/s® , as shown in Fig. 5 (b) and (c).

(c) Acceleration.
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Fig. 4. () Spacing errors; (b) Velocities;

Fig. 5. (a) Spacing errors; (b) Velocities; (c) Acceleration.

C. The fifth vehicle suffering a sudden disturbance

4

Fig. 6. Sensitivity of the proposed controller to the influence
of disturbances.

In this case, the efficiency of the robust controller described
in Section 3.2 is obvious and the results show that the
bidirectional string stability can be achieved. Figs. 6
correspond to the situation where a sudden disturbance
occurred on the fifth vehicle at 7s. The platoon can achieve
bidirectional string stability, i.e., the spacing errors
decreasing from o, to ¢, and J, to &, , respectively.

5.2 Experiments

The simulations in the previous sections indicate that the
proposed controller is simple in structure and the parameters
are easy to tune so that it can be quickly calibrated for a



certain vehicle and can meet real-time requirements. In this
section, experimental studies are carried out to demonstrate
some properties of the proposed controller. The experiments

are based on five radio controlled Arduino cars, shown in Fig.

7. (@) and (b), which are driven by two rear wheels and
steered by a serve on the front wheel. The infrared sensor is
used to measure the front distance and rear distance between
the adjacent vehicles, respectively.

Fig. 7. () Arduino car;

(b) Arduino platoon system.

The most important objective of the experiment is to show
the effectiveness of the presented method in dealing with a
sudden disturbance on the following vehicle. In this case, the
desired spacing is set to be 15cm, and a sudden drop of speed
from 30cm/s to 10cm/s is applied to the third car in the
interval [7s, 8s], and actuated by a command from the
computer via a wireless communication. When the proposed
controller is applied, the spacing error appears to be
significantly larger than in the simulation. This is partly
caused by measurement noise, the level of which is indicated
by the constant velocity sections of the test scenario. Another
cause is that the bidirectional platoon system behaviour is
sensitive to variations of the neighbouring vehicle’s input.
Although all test cars are of the same type, these
“heterogeneous” occur, among others, because the batteries
do not have the same state of charge. As shown in Fig. 8. The
second and the fourth car becomes biased during the sudden
braking (the maximum spacing error is 6.1cm and 5.3cm,
respectively), while the entire platoon still remains string
stable and the objectives in Subsection 2.3 are achieved.
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Fig. 8. (a) Spacing errors;

(b) Velocities.

6. CONCLUSIONS

In this paper, a bidirectional platoon control scheme has been
developed with the effects of uncertainty, saturations and
time delay. A robust controller was designed which can
guarantee the individual stability as well as string stability
without using the wireless communication. The results were
further tested via experiments conducted with the laboratory
scale Arduino cars.

There are several interesting questions that merit this research.
Such as, if the closed platoon system performance can be
improved by using more than two vehicles’ information, and
derive the fundamental limitations in this framework. In this
scheme, the inter-vehicular communication will be required,
and the wireless communication among the vehicles share
should be considered, but may still be advantageous
compared to the predecessor and leader following scheme.
These issues raise various open problems that are worth
investigating in future research work.

REFERENCES

Browand, F., McArthur, J. and Radovich, C. (2004). Fuel
saving achieved in the field test of two tandem trucks.
Presented at the California PATH Res. Rep., Richmond,
CA, Tech. Rep.

Barooah, P., Mehta, P. G. and Hespanha, J. P. (2009).
Mistuning-based control design to improve closed-loop
stability margin of vehicular platoons. IEEE Transaction
on Automatic Control, 54(9), 2100-2113.

Caravani, P., Santis, E., et al. (2006). Communication control
and driving assistance to a platoon of vehicles in heavy
traffic and scarce visibility. IEEE Transactions on
Intelligent Transportation Systems, 7(4), 448-460.

Darbha, S. J., Hedrick, K., Chien, C. C. and loannou, P.
(1994). A comparison of spacing and headway control
laws for automatically controlled vehicles. Vehicle
Systems Dynamics, 23(3), 597-625.

Guo, G. and Yue, W. (2011). Hierarchical platoon control
with heterogeneous information feedback. IET control
Theory and Application, 5(15), 1766-1781.

Guo, G. and Yue, W (2014). Sampled-data cooperative
adaptive cruise control of vehicles with sensor failures.
IEEE Transactions on Intelligent Transportation Systems,
6(15), 2404-2418.

Hao, H. and Barooah, P. (2013). Stability and robustness of
large platoons of vehicles with double-integrator models
and nearest neighbor interaction. International Journal
of Robust and Nonlinear Control, 23(18), 2097-2122.

Huang, S. and Ren, W. and Chan, S. C. (2000). Design and
performance evaluation of mixed manual and automated
control traffic. IEEE Transactions on Systems, Man and
Cybernetics, Part A: Systems and Humans, 30(6): 661-
673.

Huang, S. and Ren, W. (1997). Design of vehicle following
control systems with actuator delays. International
Journal of Systems Science, 28(2):145-151.

Hedrick, J. K., Chen, Y. and Mahal, S. (2001). Optimized
vehicle control/communication interaction in an
automated highway system. Technical report UCB-ITS-
PRR-2001-29, California Partners for Advances Transit
and Highway.

Ibtissem, B. M., Jan, P. M. et al. (2011). Safety verification
of a cooperative vehicle platoon with uncertain inputs
using zonotopes. Presented at the IFAC World Congress,
Milano, Italy, volume 18, 9768-9774.

Jovanovic, M. R. and Bamieh, B. (2005). On the ill-
posedness of certain vehicular platoon control problems.
IEEE Transaction on Automatic Control, 50(9), 1307-
1321.



Liu X. H. and GoldSmith, A. (2001). Effects of
communication delay on string stability in wvehicle
platoons. Presented at the IEEE Proc. Intelligent
Transportation Systems, Oakland, Pp, 625-630.

Liu, F., Fardad, M. and Jovanovic, M. R. (2012). Optimal
control of vehicular formations with nearest neighbor
interactions. IEEE Transaction on Automatic Control,
57(9), 2203-2218.

Li, S., Li, K., Rajamani, R. and Wang, J. (2011). Model
predictive multi-objective vehicular adaptive cruise
control. IEEE Transactions on Control Systems
Technology, 19(3), 556-566.

Middleton, R. and Braslavsky, J. (2010). String stability in
classes of linear time invariant formation control with
limited communication range. IEEE Transaction on
Automatic Control, 55(7), 1519-1530.

Seiler, P. Pant, A. and Hedrick, J. K. (2004). Disturbance
propagation in vehicle strings. IEEE Transaction on
Automatic Control, 49(10), 1835-1841.

Seiler, P. and Sengupta, R. (2001). Analysis of
communication losses in vehicle control problems.
Presented at the Proc. American Control Conf,,
California, USA, volume 2, 1491-1496.

Swaroop, D., Hedrick, J. K. and Choi, S. B. (2001). Direct
adaptive longitudinal control of vehicle platoons. IEEE
Transactions on Vehicular Technology, 50(1), 150-161.

Stankovic, S. S., Stanojevic, M. J. and Siljak, D. D. (2000).
Decentralized overlapping control of a platoon of
vehicles. IEEE Transactions on Control Systems
Technology, 8(5), 816-831.

Sheikholeslam, S. and Desoer, C. (1992). Control of
interconnected nonlinear dynamical systems: the platoon
problem. IEEE Transactions on Automatic Control,
37(6), 806-810.

Tiberiu, L., Honoriu, V., Adina, A. and Mihai, H. (2005).
Real-time information and control system for urban
vehicle traffic. Journal of Control Engineering and
Applied Informatics, 7(1), 31-34.

Vahidi, A., Eskandarian, A. (2003). Research advances in
intelligent collision avoidance and adaptive cruise
control. IEEE Transactions on Intelligent Transportation
Systems, 4(3), 143-153.

Warnick, S.C. and Rodriguez, A.A. (2000). A systematic
antiwindup strategy and the longitudinal control of a
platoon of vehicles with control saturations. IEEE
Transactions on Vehicular Technology, 49(3), 1006-
1016.

Xiao, L. and Gao, F. (2011). Practical string stability of
platoon of adaptive cruise control vehicles. IEEE
Transactions on Intelligent Transportation Systems,
12(4), 1184-1194.

Yanakiev, D. and Kanellakopoulos, L. (2001). Longitudinal
control of automated CHVs with significant actuator
delays. IEEE Transactions on Vehicular Technology,
50(5), 1289-1297.



	Our first result is given in the following theorem.

