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Abstract: In this paper, the active control method based on Lyapunov function is used to study Hybrid
Complex Projective Synchronization (HCPS). In the complex space, the response system is
asymptotically synchronized up to the drive system by the state transformation through the use of a
complex scale matrix. An extension of projective synchronization from the field of real numbers to the
field of complex numbers has been done in this paper; i.e., the scaling factors are complex. The
unpredictability of the scaling factors in the proposed synchronization scheme can additionally increase
the security of communication. This synchronization method is studied between two non-identical
complex chaotic nonlinear 3-dimensional systems. We take Lorenz system as the driving system and
Chen system as the response system. In order to demonstrate the robustness of the proposed control
method, dead-zone nonlinearity input is imposed to the control input. The closed loop stability conditions
based on Lyapunov function and Barbalat lemma are derived. Finally, numerical simulations are
presented to verify the results of the proposed scheme.
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1. INTRODUCTION

Chaos is a very complex nonlinear phenomenon that shows
some specific features such as crucially dependence to initial
conditions, broad Fourier transform spectra, strange attractors
and fractal properties of the motion in phase space. A tiny
change in the initial conditions and the system parameters
leads to an enormous difference in the long-term behavior of
the system; this is the main special feature of chaotic systems
(Setoudeh, 2014). Complex systems appear in many
important fields of physics and engineering, for example, in
the secure communication, complex variables (doubling the
number of variables) can carry more transmitted information
and additionally increase security of information (Mahmoud
et al., 2007; Mahmoud et al., 2008). Research property of the
chaotic complex system is difficult in the field of complex
numbers; however, by separating the imaginary part and real
part of chaotic complex system, this system can be converted
to corresponding real number chaotic system. Many physical
phenomena could be described by chaotic or complex chaotic
systems, for example, the detuned laser systems and the
amplitudes of electromagnetic fields. Several complex
chaotic nonlinear systems such as complex chaotic Lorenz
system (Mahmoud et al., 2007a), complex chaotic Chen and
Lu systems (Mahmoud et al., 2007b) and complex chaotic
coupled system (Wu et al., 2012) have been proposed in
literature.

In 1990, Pecora and Carroll (Pecora and Carroll, 1990)
introduced a method to synchronize two identical chaotic
systems and showed that it was possible for some other
chaotic systems to be completely synchronized (Faieghi and
Delavari, 2012a; Faieghi et al.,, 2012b; Shutang and
Fangfang, 2014; Sun et al., 2014). Control and
synchronization of nonlinear dynamical systems like chaotic
systems have attracted increasing attention in different fields,
such as secure communication, optimization of nonlinear
system performance, ecological systems, modeling brain
activity, system identification and pattern recognition (Li et
al.,, 2011; Florin et al., 2011; Feki, 2003; Murali and
Lakshmanan, 2003; Wu and Li, 2010; Bai et al., 2005).

A wide variety of impressive approaches have been
suggested in the literature for the stabilization and
synchronization of the nonlinear systems such as the linear
and nonlinear feedback method (Huang, 2004), time delay
feedback method (Park and Kwon, 2005), back-stepping
design (Wu and L0, 2003), adaptive feedback method
(Odibat, 2010), sliding mode control method (Djari, 2014;
Mohadeszadeh and Delavari, 2015), fuzzy sliding mode
control method (Mohadeszadeh and Delavari, 2015; Faieghi
et al., 2012) and active control method (Das et al., 2013).
Various kinds of synchronization have been proposed such as

complete synchronization (zZhu et al., 2009), anti-
synchronization (Srivastava et al., 2014), modified
generalized synchronization (Wu et al., 2012), phase
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synchronization (Breve et al., 2009), lag synchronization
(Luo and Wang, 2013), projective synchronization (Peng et
al., 2008), modified function projective synchronization (Sun
et al., 2012), hybrid projective synchronization (Hu et al.,
2008) and HCPS (Wei et al., 2013).

In the recent years, synchronization of dynamical systems
subjected to nonlinearity control input has received a lot of
attentions. In fact, the control inputs of practical systems are
usually subjected to nonlinearity as a consequence of
physical limitations. The presence of nonlinearity in control
input was indicated to cause a serious degradation of the
system performance and induce a decreasing rate of the
system response (Yau and Yan, 2008a; Kebriaei and
Yazdanpanah, 2010; Li et al., 2012; Marton, 2009; Yau,
2008b; Roopaei et al., 2010). In (Roopaei et al., 2010),
synchronization of gyroscope system using adaptive fuzzy
sliding mode control technique is investigated when dead-
zone nonlinearity is imposed to the control input. In (Marton,
2009), the backlash nonlinearity is designed to impose to the
control input of the motion control systems in order to
analyze the control performance. But here, in this paper, we
study the HCPS between two non-identical complex chaotic
systems using the active control method in the presence dead-
zone nonlinearity. In our contribution, we pursue four main
research aims. First, finite-time convergence to the origin and
stability of the proposed method are analytically proved.
Second, the proposed novel scheme is achieved for complex
chaotic systems; to the best of our knowledge there has been
very little information about this. Third, our proposed method
is designed for a wide class of complex chaotic systems,
which means its universal applicability. Fourth, the
robustness of the active nonlinear control method against
nonlinearity in the control input is investigated for the first
time.

The rest of the paper is organized as follows: Section 2
briefly describes the chaotic complex nonlinear systems. In
Section 3, a general scheme of HCPS is reviewed. In Section
4, an active nonlinear controller is designed. The proposed
scheme will be achieved between two non-identical complex
chaotic Lorenz as drive system and Chen as response system,
in Section 5. Finally, a concluding remark is given in Section
6.

2. SYSTEM DESCRIPTION

Consider the complex chaotic nonlinear Lorenz system [3]
which is defined as follows:

X = 31(Y1'X1)
Y1 = a2X1-Y17X1Z4 1)

z; = 1/2 (X1y1 + x1¥1)-a324

where X = (x;,y,,2,)7 is the complex state vector, X =
X" +in- X1 =2x" +jx1i, y1=y1" +j)’1i: 7z =12,
j =+/—1. Dots represent derivatives with respect to time, an
overbar denotes complex conjugate variables, superscripts r
and i stand for the real and imaginary parts of the complex
state vector X. By separating real and imaginary parts of (1),
it can be represented by a 5-dimensional continuous real
autonomous system as follows:

(xlr =a; (" —x")

J'511' =a; (' — %)

1 =ax" =y —xz" 2
[n' = ax = y" = x 'z

7" =y ') —azz”

where a;, a, and a; are positive parameters. System (2)
exhibits a chaotic behaviour, when (a;,a,,a3)7 =
(10,28, (8/3))T. The chaotic attractors of (1) with initial

conditions of (2.5+j6.3,1.2+5,0.7)T are depicted in
Figure 1.
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Fig. 1. 2D and 3D projections of chaotic attractors of
complex chaotic Lorenz system



The complex chaotic Chen system [4] is written as:
Xy = by (y2 — x2)
Y2 = (by — by)x; — X2z, + b,y )
Zy; = 1/2 (xzy2 + x2¥2) — b3z,

where Y = (x,,v,,2,)T is the complex state vector, Y =
Y'Y x =27 4 )Xt v =y vt 2, =27 By
separating real and imaginary parts of (3), then a 5-
dimensional continuous real autonomous system can be
obtained
(xzr = b (y," —x2")

xzi = b1(3’2i - xzi)

V2 = (by = b)x," — x,72," + byy,” 4)
| 5’zi = (b, - bl)xzi - xzizzr + bz}’zi

2" = (0 Y, 4 %' y,") — byzy”

where b,, b, and b; are positive parameters.
When (by, by, b3)T = (28,22,1)7, system (4) exhibits a
chaotic behaviour. The chaotic attractors of (3) with initial
conditions of (5+,1.1,6.9 +j 4.2,1.5)7 are depicted in
Figure 2.

3. ASCHEME TO ACHIEVE HCPS

Consider two non-identical complex chaotic nonlinear
systems. The drive system is defined as:

X=ftX) Q)

where X € C™ is a complex state vector, f:C™ - C" is a
vector of nonlinear complex functions and the response
system is defined as:

Y=g(tY)+u (6)

where Y € C™ is a complex state vector, g:C™ - C™ is a
vector of nonlinear complex functions, u € C™ is a complex
control input vector, u=u"+jul,
u” = (" Uy, e, u, )T Ut = (g u,t L, u, )T

In HCPS, the synchronization error between the drive system
(5) and the response system (6) is defined as follows:
e=Y—-AX ©)

where e =e" +jel, e" =(e, 6,7, ...,e,7 ), el=
(eih e5t, ..., e, and A = diag(4, Ay, ..., A,,) is a complex
scaling matrix.

Definition 1. For the drive system (5) and the response
system (6), it is said that HCPS can be achieved, if there exist
a complex controller u = u” + ju' such that:

limt—»oo”e” =limt—>oo”Y_AX" =0 (8)

In (8), ||.] is the Euclidean norm of a vector. Then by
separating real and imaginary parts of (8), we have
limeolle”|l = limeo||Y" — A" X" + AL XE|| = 0

and

limeo||et|| = limeo ||y — A" XE = AL XT|| =0
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Fig. 2. 2D and 3D projections of chaotic attractors of
complex chaotic Chen system

In this case, A=A"+jA" =diag(A,", 4,7, ...,A, ) +
jdiag(A4" 25" 0, 2), 4 €R, 4 ER k=12, ..,n.

3.1 HCPS of complex chaotic systems with dead-zone
nonlinearity inputs

Let us consider the following two drive and response
complex chaotic systems. In this case, the drive and response
systems denoted by vector X = (x;,y;,2,)7 and Y =
(x2,v2,2,)7, respectively. The systems are defined as:



X = a;(y1 — x1)
Vi =A% = Y1~ X1Zy 9)

Zy = 1/2 (X1 +x191) — azzy

and
X, = by (y2 — x2) + ¢1(uy)
V2 = (by = b1)Xy — X322, + by, + ¢2(uy)
Z; = 1/2 (2y2 + x252) — b3zy + P3(us)

(10)

In order to investigate the robustness of the controller, dead-
zone nonlinear functions ¢, (.), k = 1,2,3 are imposed to
the control inputs u,, k =1,2,3. These nonlinear control
inputs are applied to the chaotic complex system defined as:

( (" = b); we” > b
|#D =1 0 —b <w <b, k=123
(ukr + b_), ukr < —b_
{ (ui_b).ui>b (11)
. k +/ k i +
| o) =4 0, —b_< ul<b, k=12
k (uki + b_), uki < _b_

where b, and b_ are positive constants. The dead-zone
nonlinearity input function depicted in Figure 3.

According to the section 3, we have the error system as
follows:

e =x; — Aixq
e =Y, — Lo
6'3 = ZZ - /’{321

Where /’{1 = Alr +]A,11, A‘Z = /'{27" +]Azl and 13 = /'{3?";
A7k =1,2,3) € R, A (k = 1,2) € R.
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Fig. 3. A dead-zone nonlinearity input function

Therefore, the error system can be written as follows:
e =" — AT x4 A g 9)
el =0t — At — AT,
e =y, =Ly + lziJ’1i: (12)
el =y, =y - /121.}’1T:
et =z, — 23 z,"
Using (2) and (4), the time derivative of (12) will lead to:
(e1" = bi(e;" —e,") + by A"y, — bllzi}ﬁi
—bi "+ by x = a4y,
ta "+ @yt - a4 o (),
e’ = bi(e,' —e,)) + b v + b,y
—bi Ay X, - b1/11ix1r —a; A"y
ta " = gy A T+ (),
é;" = (b, —by)e;” + bye,” + (by — by)A %"
—(b; — b1)11ix1i —ees" —e A3 7"
A TxTesT AT A 2+ Ay xtes”
A0 4372+ b Ay = by
A AT+ ATy T+ A Tz + A ayxgt
X'yt = A x4+ (),
é;' = (by — by)er' + bye,' + (by — by) Ay %y
+(b, — b1)/11ix1r —eles —e A z,"
M xi ey =M X A5 2z Alixlre3r
~21'0 272" + b2y i+ body
=2 xRy X T — A ey
T+ 7+, (),
€3 = —bzes" +e;"e, e Ay
_e1T/12iY1i + /11rx1rezr + /11rx1r12r}’1r
_Alrxlrlziyli - llixliezr - A1ix1i/12ry1r
A0 eet e,y
+e A "+ A te,t + AT A,y
A 0 A T+ A Te 4 A T,
A, T2, T = bads 2y — AT Ty
A3 X1ty azAsTz" + ds(us”)

A

(13)
The goal of this paper is that for any given chaotic complex
system, such as (9) and (10), an active nonlinear controller is
designed in spite of the dead-zone nonlinear inputs ¢, (uy),
k = 1,2,3, such that the asymptotic stability of the resulting
error dynamics system (13) can be achieved in the sense of

(8)
4. ACTIVE NONLINEAR CONTROLLER DESIGN

The design procedure has two main steps. The first part is to
eliminate the nonlinearity in (13) and the second step is to
make the error system asymptotically stable. In fact, one of
the shortcomings of active control is that an accurate
knowledge of mathematical model of the system is needed,
but in practical application there are always unknown factors
which affect the control systems.



Theorem 1. Consider (13) without effect of dead-zone
nonlinearity. Therefore, the control inputs are designed as
follows:

u" = —kie,” —bie;" — b4y, + bllzi)ﬁi + by "
_b111ix1i +a Ay —ad T — alﬂ-li.’yli + alllixli:
u1i = _kze1i_b1ezi - b112r3’1i - b112i3’1r + blﬂ-lrxli
+biAy 'y + a1/11TY1i - alﬂ-lrxli +a Ay —ad X
u," = —(b; — by)e,” — (b, + k3)e,” — (by — b)) A" x,"
+(by — b)A ' xt +eTesm + e Az T+ A T x Tes”
A2 T — Ay xy ey — /11ix1i/13TZ1r — b2 "
+by A vyt A T = Ay T = A Xz
At apxt + Ayt Az,
u' = —(b, — by)ey" — (by + kye,' — (by — by)A, %y

< —(by — b xi" + eiles” + e Az T+ A Xy TesT
+11rx1i13721’” + Alixlref + Alixlrller — bzlzr%i
—bo Aty T+ A gyt = Ay — A Xy 2T
+/12iazx1r - /121.3’1r - Azixlrzlr'
us" = —kees" —e;"e," —e "y, + elrlziyli

—Ax e = AT T+ A T A+ A e,
+llixlilzrylr _ /11ix1i/12i}’1i _ eliezi _ eli/lzr}ﬁi
_e1i/12iylr _ llrxliezi _ /11rx1i/12TY1i _ /11Tx1i/12i:)’1r
CATe,t — A A Y = AT A T
b33z 4+ A Ty "+ ATy = ag Ay 2"

(14)

where k; > 0,i = 1,2,...,5. Then, HCPS is achieved between
the drive and the slave systems, (9) and (10) respectively; i.e.,
the error state vector (13) converge to zero.

Proof. The stability of (13) can be proven as follows:
Substituting nonlinear controllers (14) into (13) yields the
linear error dynamics as:
(élr = —(by + kyey",
e’ = —(by +ky)ey’,
é;" = —(ksy)e,’,
ézi = _(k4)ezi,
késr —(b3 + ks)es”

(15)

1: By constructing the positive Lyapunov function candidate
as

V() =1/, (Cioi(e)? + i (e)?) (16)
Taking time derivative of (16), results
V(t) = elrélr + eliéll + ezrézr + eziézl + e3ré3r (17)

By inserting (15) into (17), we have
V() =—(b, + ki)(ei")? = (by + k) (e1)* — k3(e;")* —
ky(e;")? = (b3 + ks)(es™)? (18)

Therefore, if k, > —b;, k, > —b;, k3 >0, k, >0 and
k< > —bg, then the right side of (18) is negative. Thus the
closed loop system is asymptotically stable.

2: The error dynamic (15) can be written as follows:

E = AE

where E = (e;7, e} 6,7, et esM)7,
kl)! _(bl + kZ)! —k3, —k4_, _(b3 + ks))
Now, we can choose the control parameters k;, i = 1,2,...,5
such that all eigenvalues ;i =1,2,..,5 of A satisfy the
condition:

larg(A) >/,

i.e., the time derivative of (16) is negative definite. Therefore,
zero solution of the error dynamics system (15) is
asymptotically stable.

3: According to Barabalat’s lemma, if e,k =
1,2,3and e;’, k = 1,2 have finite values as t — o and if
(", é,") are uniformly continuous, then ¢,” and ¢’ tend to
zero as t—oo. The consequence of this lemma is that if
(ex" ex’) € L,[0,00) and (¢,",¢,") are bounded, then
e,” and e, tend to zero as t—oo. Since this is indeed true,
e,” and e, ' tend to zero as t—oo.

Hence the proof is achieved.

The next step is to design an active nonlinear controller,
when the control input function contains dead-zone
nonlinearity. Assume that u, = u,” + ju,’, k = 1,2,3 are
as follow:

A =diag(—(b, +

—Bu"sgn(e) —b_; e’ >0
w” =1 0; e’ =0, k=123
—Bux"sgn(e") + by; e’ <0

—Buitsgn(e,) —b_; el >0 (19)
w' =1{0; e!=0, k=12

—Bu'sgnle ) +by; el <0

By assuming, uy = ui” + jit, k = 1,2,3 areas follow:
|b1(e2r —e,") + b2 " — by Aty
by Ay %"+ bidy eyt — a2y )
+a; " x " + al/lliyli - al/llixlil
<|b1 (ezi - €1i) +biA v+ b1/12i}’1r
m'=

r

i =

by Ay X"~ bl)llixlr —a "yt )
ta; "t — al/lliylr + a1/11ix1r|
|(by — by)e,” + bye;,” + (by — by)Ay %"
(b, — b1)/11ix1i —ees” —e A3 2 Ay % es”
p’ = T T+ Ay e + Ay g A 7
by Y1 = b Aoyt = A apxy " + A"y
7,z + Ayl apnt — Azi}ﬁi - /12ix1i21r|
|(bz —by)e;' + byeyt + (b — by)Ay xp
(‘f‘(bz —b)A " —eyles” — elillsrzlr_/hr?ﬁie;\
Ut = | X A 2T — At Tes” — A T ATz ,
NSV PR P VL P IO VL
& A 102y = Ayt apn” + Aty + Ay x| /
|-bses™ +e;7e,” + €72,y " — ™A, vy \
A e+ AT Ay = AT A
=A'xgter = At Ay A A
ts" = | +erlet + eyl 4 e i T + A xg eyt
40 Ly LT L T+ A ey
FA Tyt A XA Y = bsds 2T
—A3" "y " = ATyt + a3/13rZ1T|

(20)



where |.| denotes the absolute value. Then, we choose a
Lyapunov function candidate as follows:

V() =1/, (Cio(e)? + Tioa(e)?) (21)

V() =e"e" +elel +e,76,  +e,le, +eses” (22)
By substituting (13) into (22) and using (20), then one can
obtain:

V() Sui"er” + pite + e + oty + psTes” +
e (ur") + e’y (uy") + €7 P (W) + €', (u,") +

3" P3(us") < pa"ley |+ pytlent| + e + ol +
" les”| + e "y (uy") + gy (uyh) + ey (u,") +

ezi¢2(u2i) + e3 3 (us") (23)

According to (11) and (19), then we have the following

results:
(ekr < 0thenu,” > by,so it conclude (u," — b ) (u,") = (W — b+)2,>

(" = b )b = —Buy"sgn(eNbew) = B2V (sgnle,n)”
el < 0thenw,' > b,,so it conclude (uki - b+)¢k(uki) > (uki - b+)2,
(uki - b+)¢k(uki) = _ﬁﬂkisgn(eki)¢k(uki) = ﬁz(ﬂki)z (Sgn(eki))z
; (ekr > 0thenu,” < —b_, so it conclude (w," + b_)py (w,”) = (u," + b_)2,>
U e + 500 =~ sonted Dbt = B2 (sgne)?
y ex! > 0 thenw,! < —b_, so it conclude (uki + b_)qﬁk(uki) > (uki + b_)z,
(ukl + b—)d)k(ukl) = —ﬁﬂkLSQn(ekl)¢k(ukl) = ﬁz(ﬂkl)z (Sgn(ekl))z
(24)

If
If

Since (e,")?=0,(e)?>=0 and e, sgn(e”) = le, |,
ex'sgn(e,’) = |e,t| then from (24) we have:
({ _ﬁ#kr(ekr)ZSQn(ekr)(ﬁk(ukr)
= =B (exNle 1w = B2 (e (sgn(e)”
{ _B#ki(eki)zsgn(eki)(pk(uki)
= —Pu'(er ey | dr(up) = ﬁz(ﬂkl)z(ekl)z(SQn(ekl))
(25)
then one can conclude that
{ek‘quk(ukjr) < _ﬂ#k‘rlek’trl (26)
ex i (u') < _ﬂ#kl|ekl|

Therefore, by substituting (26) into (23), one can obtain
V() < Zi=1(ﬂkr|ekr| + ekr(pk(ukr)) + Yo (.ukileki| +
e b)) < Bioy Gu” — Bulew” | + Tio, (il -

Budled] (27)
If > 1 then V(t) < 0; which indicates that the stability of
the system is guaranteed.

5. SIMULATION RESULTS

In this section, in order to verify the effectiveness and
feasibility of the proposed synchronization scheme, the
HCPS between two non-identical complex chaotic Lorenz
system as drive system and complex chaotic Chen system as
response system is accomplished, in which control input is
subjected to dead-zone nonlinearity. The control inputs
become active at t = 5 s. For the case of HCPS, fourth-order

Runge-Kutta method with initial conditions (xlr(0)+

. . T
Jjx1°(0), 17 (0) +jy1l(0),21’(0)) = (1+/2,3+j054)7,

T
(x27(0) +jx,1(0), 3, (0) +j,'(0), 2" (0)) =
(4.7 +j6,0.2 + j7.5,1)T and time step size of 0.001 are
used.
The scaling matrix is chosen as: (@1
A =diag{1 +j0.5,1 —j, 1.5};
The control inputs containing dead-zone nonlinearity are
defined as:

( (" — 1w >1,
iqbk(ukr) ={ 0; -1<u,"<1, k=123
(ue™+ 1); u," < -1
{ (uet — 1); ut > 1, (28)
lqﬁk(uki) ={0 -1<ui<1l ,k=12
(Ut +1); ut < —1

Figure 4 displays the synchronized states of the complex
chaotic Lorenz and Chen systems, where the control inputs
are subjected to dead-zone nonlinearity. It is clear that the
synchronization errors converge to zero quickly, which
implies that the chaos synchronization between the complex
chaotic Lorenz and Chen systems is realized, as shown in
Figure 5. In this case, control parameters are selected as:
k; =10,i=1,2,..,5.

Figures 6 and 7 illustrate the synchronization errors between
the complex chaotic Lorenz and Chen systems when the
control parameters are selected as: k; = 20 and k; = 30 for
i=1,2,..,5, respectively.
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Fig. 4. State trajectories of complex chaotic Lorenz
and Chen systems when k; = 10,i = 1,2, ...,5
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Fig. 6. Synchronization errors between the Lorenz
and Chen systems when k; = 20,i = 1,2, ...,5
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40 . From the simulation results, it can be seen that the system
or|| error states asymptotically vanish, even in the presence of
30 Y dead-zone nonlinearity in the control inputs. Also, it is
""" e;|| obvious from Figs. 5 to 7 that by using the larger control
20 i — [T parameter k;, the error states converge toward zero faster and
" i IZ the synchronization errors decrease.
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T 1
10 1 "'E ' ;' In this paper, an active nonlinear controller subject to input
V }{ nonlinearity has been addressed. Based on the Lyapunov
] mAan stability theorem, sufficient conditions to guarantee stable
synchronization are given and the components of the error
-30 system tend to zero as time becomes large. Numerical
simulations reveal that the proposed controller works well for
-40 chaos synchronization between two different complex chaotic
systems even when there are nonlinearities in the control
50 inputs.
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