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Abstract: In this paper, a new adaptive second order sliding mode control approach is extended to a class of complex interconnected systems with mismatched interconnections and unknown disturbances. The novel contribution of this paper is to remove two common limitations hindering the application of the sliding-mode control to complex interconnected systems: 1) the exogenous disturbances must be bounded by a known function of the outputs or by a known function of the state; 2) the control input is affected by chattering problems. First, based on a new adaptive law, a continuous decentralized adaptive sliding mode controller is designed to ensure the reachability of the system states without chattering problems by using output variables only. Second, existence conditions of linear sliding surfaces are derived to guarantee the asymptotic stability in terms of constrained linear matrix inequalities. Final, numerical examples are provided to verify the effectiveness of the proposed approach.
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1. INTRODUCTION

With the development of science and technology, there is an increasing need to control complex interconnected systems in changing environments where nonlinearity, mismatched uncertain, unmodeled dynamics, and exogenous disturbances are the main sources of complexity. An efficient control strategy for these systems is decentralized control. The advantage of decentralized control is to use local signals at the level of each subsystem in the controller implementation for large-scale interconnected systems, and this therefore overcomes the limitations of the traditional centralized control. Various decentralized controllers have been developed for large-scale interconnected systems in the presence of uncertainties (see, for example, Wu, 2002; Mahmoud, 2009; Ghosh et al., 2009; Zhang et al., 2012; Wu, 2012). However, most of them require the availability of the states of each subsystem, which cannot be guaranteed in practice because some state variables may be difficult/costly to measure and sometimes have no physical meaning, and thus cannot be measured at all. This motivated the authors of (Ye et al., 2005; Chen and Li, 2008; Xi and Ding, 2007; Mehraeen et al., 2011; Koo et al., 2014; Yan et al., 2004; Cheng and Chang, 2008; Kalsi et al., 2010; Yan et al., 2010) to develop decentralized output feedback controllers for large-scale interconnected systems. In (Ye et al., 2005), a decentralized adaptive control scheme is presented for large-scale systems with unknown control directions. The authors of (Chen and Li, 2008) developed a decentralized output-feedback neural network control scheme for a large-scale nonlinear system, where does not require any matching conditions on the parametric uncertainties. These approaches given in (Ye et al., 2005; Chen and Li, 2008) are achieved under assumption that large-scale nonlinear systems have special structure. In (Xi and Ding, 2007), a solution to the problem of global decentralized output regulation is proposed for a class of large-scale uncertain nonlinear systems by using error information. In (Mehraeen et al., 2011), a new neural network -based nonlinear decentralized adaptive controller is developed for a class of large-scale nonlinear by using the dynamic surface control. In (Koo et al., 2014), a decentralized fuzzy control approach is proposed to stabilize a class of nonlinear large-scale systems by using an observer-based output-feedback scheme. The authors of (Yan et al., 2004) developed a new sliding mode control scheme for nonlinear large-scale system where the disturbances are the function of outputs. In order to handle the mismatched perturbations, the authors of (Cheng and Chang, 2008) have presented a new adaptive sliding surface in which all system states are assumed to be measurable. In (Kalsi et al., 2010), a decentralized dynamic output feedback based linear controller is proposed for a class of matched uncertain interconnected systems. In (Yan et al., 2010), a global decentralized static output feedback sliding mode control scheme is proposed for interconnected time-delayed systems where the interconnection terms are functions of the output. However, the approaches given in (Yan et al., 2004; Cheng and Chang, 2008; Kalsi et al., 2010; Yan et al., 2010) suffered the drawback of severe chattering in the control input. In addition, this chattering phenomenon is extremely dangerous for actuators used in practical electromechanical systems. 
Many authors have proposed the second order sliding mode control (SOSMC) scheme to avoid chattering problems such as (Chang, 2012; Li and Zheng, 2012; Mondal and Mahanta, 2013; Das and Mahanta, 2014). In (Chang, 2012), a new SOSMC law was developed for a class of mismatched uncertain systems with exogenous disturbance. This technique can guarantee that the system is stable and the chattering problem is removed. The study of (Li and Zheng, 2012) proposed a robust adaptive SOSMC scheme for a class of uncertain non-linear systems where the upper bounds of uncertainties are not required to be known in advance. Recently, an adaptive tuning law is proposed such that the mismatched perturbations are rejected during the sliding mode (Mondal and Mahanta, 2013). This approach can ensure asymptotical stability of the overall system and eliminate chattering in the control input. In (Das and Mahanta, 2014), based on the linear quadratic regulator method, an optimal second order sliding mode controller was proposed for a class of matched uncertain systems. However, these approaches given in (Chang, 2012; Li and Zheng, 2012; Mondal and Mahanta, 2013; Das and Mahanta, 2014) are achieved under assumption that the second derivative of all state variables must be existed, even though mathematical model of systems are the first order. This condition may be difficult to satisfy for many practical systems. In addition, these control method based on small scale systems therefore cannot be applied for complex interconnected systems. To the best of our knowledge, no SOSMC scheme has so far been proposed for complex interconnected systems. The main contributions of this paper are as follows:

· A new continuous decentralized adaptive output feedback sliding mode control strategy is proposed to ensure the reachability of the system states without chattering problems by using output variables only.

· A new adaptive law is developed to solve the unknown exogenous disturbances in the complex interconnected systems. 

2. SYSTEM DESCRIPTION AND PRELIMINARY RESULTS
Let the complex interconnected systems to be controlled be represented by the following differential equation: 
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The following assumption is valid for the system (1)

:

Assumption 1: 
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Under assumption 1, it follows from equations (11), (12) and (13) of paper (Yan et al., 2012) that there exists a coordinate transformation 
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3. MAIN RESULTS
Consider the following linear matrix inequalities (LMIs):
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and the sliding manifold is defined as
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Now, let the continuous decentralized adaptive output feedback sliding mode control strategy be given as follows:
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where the scalar 
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. The adaptive law is defined as:
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Theorem 1: Suppose that LMIs 
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 has a solution  GOTOBUTTON ZEqnNum774310  \* MERGEFORMAT . And consider the closed loop of the complex interconnected systems (1) with the continuous sliding mode controller 
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Proof. There are two main parts involved in the proof of theorem 1. The first part is to prove that the the continuous decentralized adaptive output feedback sliding mode control law 
(7)

 drives the system trajectory onto the sliding manifold and maintain the trajectory on the sliding manifold for all subsequent time, i.e. the reachability condition is satisfied. The second part is to prove that the ( GOTOBUTTON ZEqnNum217298  \* MERGEFORMAT ) reduced-order dynamics restricted to the sliding manifold 
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, one can obtain 
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Secondly, the following assumption is derived as:
Assumption 2. The disturbance 
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where 
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Lemma 2 (Khargonekar et al., 1990): Let 
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Now, the first part of theorem 1 will be proved by defining a Lyapunov functional as:
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By equation 
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 and property  GOTOBUTTON ZEqnNum933547  \* MERGEFORMAT , it generates



[image: image105.wmf]2314222

11

23142

111

2

1111

[]

  []

111

ˆ

ˆˆ

  (). 

ˆ

T

LL

i

iiiiiiii

i

ii

LLL

iijjijjii

iji

ji

LLLL

iiiiiiii

iii

iiii

s

VFAzAzFBu

s

FHzHz

Ftaabbcc

qqq

s

p

==

===

¹

====

£++

+++C

+---

åå

ååå

åååå

&

&

&&

&

&&

&

&&

%

%%

%

 
 MACROBUTTON MTPlaceRef \* MERGEFORMAT (18)

Since 
[image: image106.wmf]12

iiiiii

abzcz

p

£++

, we get


[image: image107.wmf]2314222

11

23142

111

212

11

11

[]

 []

1

ˆ

 ()

ˆ

11

ˆ

ˆ

 . 

T

LL

i

iiiiiiii

i

ii

LLL

iijjijjii

iji

ji

LL

iiiiiiii

i

ii

LL

iiii

ii

ii

s

VFAzAzFBu

s

FHzHz

Fabzczaa

q

bbcc

qq

s

==

===

¹

==

==

£++

+++C

+++-

--

åå

ååå

åå

åå

&

&

&&

&

&&

&

%

&

&

%

%

%

 
 MACROBUTTON MTPlaceRef \* MERGEFORMAT (19)

The fact 
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From equations (20)

, we achieve
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 and 
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Since 
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where 
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and
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By substituting the controller (22)

, it is clear that
(7)

 into equation 
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Considering equations (26)

 can be rewritten as
(11)

, the inequality (10)

 and (9)
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According to equations (27)

, we achieve
(8)

 and 
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The above inequality implies that the state trajectories of system (1) reach the sliding manifold and stay on it thereafter.                                                                                                                           
Following the proof of the first part, now it is necessary to prove that the (
[image: image119.wmf]ii

nm

-

) reduced-order dynamics restricted to the sliding manifold 
[image: image120.wmf]()0

i

st

=

 is asymptotically stable. The second-order sliding mode dynamics is determined from the basic equality condition 
[image: image121.wmf]()()0

iiii

xx

ss

==

&

, whereas the proposed controller reaches the condition asymptotically. From equation 
(5)

, in the sliding mode  GOTOBUTTON ZEqnNum755523  \* MERGEFORMAT  and 
[image: image123.wmf]()0

ii

x

s

=

&

, we have 
[image: image124.wmf]2

0

i

z

=

. Then, from the structure of system (5)

 is described by
(1)

 associated with the sliding surface (3)

, the sliding mode dynamics of the system (2)
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For the sliding mode dynamics 
(29)

, the Lyapunov function candidate is considered  GOTOBUTTON ZEqnNum367562  \* MERGEFORMAT  where 
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. Then, the time derivative of  GOTOBUTTON ZEqnNum774310  \* MERGEFORMAT  along the state trajectories of the sliding mode dynamics (29)

 is given by
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Applying Lemma 1 to equation (30)

 yields
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where the scalars 
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.  By Lemma 2 and equation (31)

, it is obvious that
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where the scale 
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In addition, by the Schur complement of (Boyd et al., 1998), LMIs (4)

 is equivalent to the following inequality
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According to equations (34)

, it is easy to get that
(33)

 and 
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The inequality (29)

 is asymptotically stable.                                                            (                                                                                             (4)

 holds, which further implies that the sliding mode dynamics (35)

 shows that if LMIs 
Remark 1: The decentralized output feedback control law for the interconnected systems could be seen in these papers (Yan et al., 2004; Cheng and Chang, 2008; Kalsi et al., 2010; Yan et al., 2010). However, these approaches suffered the drawback of severe chattering in the control input. Therefore, the continuous decentralized output feedback control strategy equation (7)

  has been developed to avoid chattering problems in the control input.
Remark 2: These approaches given in (Chang, 2012; Li and Zheng, 2012; Mondal and Mahanta, 2013; Das and Mahanta, 2014) are achieved under assumption that the second derivative of all state variables 
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 must be existed, even though mathematical model of systems are the first order. Therefore, the control methods given in (Chang, 2012; Li and Zheng, 2012; Mondal and Mahanta, 2013; Das and Mahanta, 2014) could not be applied for the complex interconnected system (1).

4. NUMERICAL EXAMPLES

To evaluate the effectiveness of the proposed approach, two examples are given below.

Example 1 (Kalsi et al., 2010): the first subsystem’s dynamics with 
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The second subsystem’s dynamics with 
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The design parameters in the control scheme are chosen as: 
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The coordinate transformation matrices for the first subsystem and the second subsystem are 
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where 
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Fig. 1. Time responses of system states 
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Fig.  2. Time responses of system states 
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Fig. 3. Time responses of sliding manifold 
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Fig. 4. Time responses of sliding manifold 
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Fig. 5. Time responses of continuous control input 
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Fig. 6. Time responses of continuous control input 
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The initial conditions for two subsystems are selected to be 
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, respectively [13]. The system states, sliding manifold and the control input of the interconnected system using the proposed continuous decentralized adaptive output feedback sliding mode controller (7)

 produces lesser input variation and smoother chattering free control input as compared to the method proposed by (Kalsi et al., 2010). 
(7)

 are plotted in Fig. 1 to Fig. 6. It is evident from Fig. 1 and Fig. 6 that the proposed controller 
Example 2: The control systems of two inverted pendulums connected by a spring (Zhiming et al., 1996), and composed of two subsystems as follows:
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where 
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Fig. 7. System responses
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Fig. 8. Control inputs

The coordinate transformation matrices for the first subsystem and the second subsystem are 
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, and the others initial values are chosen zeros. By using the proposed continuous decentralized adaptive output feedback sliding mode control scheme (38)

, the simulation results are shown by Fig. 7 and Fig. 8, respectively, where Fig. 7 and Fig. 8 express the angular displacements of the pendulums from vertical and the trajectories of the control inputs. 
(7)

 to control the large-scale system 
Remark 3: From Fig. 7 and Fig. 8, it is evident that the proposed continuous decentralized adaptive output feedback sliding mode control scheme (7)

 produces zero overshoot, faster settling time, lesser input variation and lower control action than those obtained by using the controller proposed by (Zhiming et al., 1996).

Remark 4: It should be mentioned that the existing decentralized control method in (Zhiming et al., 1996) can also be applied to the inverted pendulum system. However, the considered system (38)

.
(38)

 in this paper is not required to measure the angular displacements of the pendulums from vertical. Therefore, the aforementioned decentralized control approach cannot be applied to control the system 
5. CONCLUSION
In this paper, a new second order sliding mode control law is proposed to stabilize a class of complex interconnected systems with unknown disturbance and mismatched interconnections. The proposed decentralized adaptive output feedback sliding mode control is smooth. Therefore, the chattering problem in the control input has been removed. This is a new problem in the application of second order SMC to complex interconnected systems. We have shown that the reduced-order complex interconnected system in the sliding mode is asymptotically stable and the reachability of the system states is guaranteed. For application to complex interconnected systems affected by matched and mismatched uncertainties, the proposed continuous decentralized adaptive output feedback sliding mode controller promises to be a suitable strategy.

REFERENCES
Boyd, S., Ghaoui, E.L., Feron, E., and Balakrishna, V. (1998). Linear Matrix Inequalities in System and Control theory, SIAM, Philadelphia.
Chen, W., and Li, J. (2008). Decentralized output-feedback neural control 
for systems with unknown interconnections. Systems, Man, and Cybernetics, Part B: IEEE Transactions on Cybernetics, vol. 38,  no. 1, pp. 258–266.
Chang, J.L. (2012). On Chattering-free dynamic sliding mode controller design. Journal of Control Science and Engineering, vol. 2012; Article ID 564906, pp. 1-7.
Cheng C.C, and Chang, Y. (2008). Design of decentralised adaptive sliding mode controllers for large-scale systems with mismatched perturbations. International Journal of Control, vol. 81, no. 10, pp. 1507-1518.
Das, M., and Mahanta, C. (2014). Optimal second order sliding mode control for linear uncertain systems. ISA Transactions, vol. 53, no. 6, pp.1807-1815.
Ghosh, S., Das, S.K., and Ray, G. (2009). Decentralized stabilization of uncertain systems with interconnection and feedback delays: an LMI approach. IEEE Transactions on Automatic Control, vol. 54, no. 4, pp. 905-912.
Koo, G.B., Park, J.B., and Joo, Y.H. (2014). Decentralized Fuzzy Observer-Based Output-Feedback Control for Nonlinear Large-Scale Systems: An LMI Approach. IEEE Transactions on Fuzzy Systems, vol. 22,  no. 2, pp. 406 – 419.
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