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Abstract: We regard a network of systems with coupled dynamics or constraints that we want
to control optimally. The cost function is assumed to be separable and convex. We show that the
corresponding centralized model predictive control (MPC) problem can be recast as a separable
convex optimization problem. Furthermore, we present a dual-based decomposition method,
called here the proximal center method, to solve separable convex problems. In Necoara and
Suykens (2008) we have provided convergence proofs and efficiency estimates for the proximal
center method which improves with one order of magnitude the bounds on the number of
iterations of the classical dual subgradient method. The new distributed optimization method
is suitable for application to distributed MPC since it is highly parallelizable, each subsystem
uses local information and the coordination between the local MPC controllers is performed
via the Lagrange multipliers corresponding to the coupled dynamics. Simulation results are also
included.
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constraints.

1. INTRODUCTION

For the synthesis of large-scale networked systems, cen-
tralized control (in particular model predictive control) is
often impractical and computationally too demanding for
online implementation. Consider for example an electric
distribution network or a transportation network. Design-
ing a centralized controller for this type of systems is not
practically viable. Gathering to one single place all the
data which determine the current state of the system and
calculating all the optimal values of control inputs as a sin-
gle problem is clearly a very difficult task. The subsystems
in the network may have different authorities that prevent
sending all necessary information to one processing center.
Moreover, the optimization problem yielded by centralized
control is too big for real time computation.

Distributed model predictive control (MPC) can be an
alternative for control of such large-scale systems, by de-
composing the overall system into small subsystems with
distinct MPC controllers for each subsystem that collabo-
rate to achieve global decisions. In order to derive the local
MPC controllers we decompose the MPC problem into a
set of subproblems each solved by an individual agent us-
ing local information. The coordination between the local
MPC controllers is achieved by an active communication
among the agents.

The main steps in an MPC scheme are the following:
first we need to determine a control profile that optimizes
a cost criterion over a prediction window and then to
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apply this control profile until new process measurements
become available when the whole procedure is repeated.
Feedback is incorporated by using the measurements to
update the optimization problem for the next step [see
e.g. Maciejowski (2002); Mayne et al. (2000); Garcia et al.
(1989)]. The main advantage of MPC is due to its ability
to handle complex systems with hard input and state
constraints.

Solving the problem of how distributing effectively the
computations among the subsystems, has challenged many
researchers in the last decades. In E. Camponogara
and Talukdar (2002), stability of coordination-based dis-
tributed MPC with several information exchange con-
ditions was studied. In Dunbar and Murray (2006), a
distributed MPC scheme for problems with coupled cost
function was proposed, utilizing prediction trajectories of
the neighbors in each subsystem’s optimization. Keviczky
et al. proposed a distributed MPC scheme with a suffi-
cient stability test for dynamically decoupled systems in
T. Keviczky and Balas (2006), in which each subsystem
optimizes the behaviors of its neighbors. In Richards and
How (2007) a robust distributed MPC method for net-
works with coupled constraints was developed, based on
constraint tightening and serial approach. A distributed
MPC scheme for dynamically coupled systems was pro-
posed in Venkat et al. (2005, 2007), based on a parallel
synchronous approach, i.e. iterating the Jacobi algorithm
Pmax times (see e.g. Bertsekas and Tsitsiklis (1989) for
more details). But, there is no guarantee of the Jacobi
algorithm about how good is the approximation of the op-
timum after pnax iterations and moreover we need strictly
convex functions to prove asymptotic convergence to the
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optimum. However, if we solve the MPC problem using
the algorithm proposed in the present paper, we have
a guaranteed upper bound on the approximation of the
optimum after pn.x iterations and it can be applied to
general convex functions.

In this paper we explore the potential of the proximal cen-
ter decomposition method for separable convex programs,
proposed in Necoara and Suykens (2008), in distributed
MPC problems for dynamically coupled systems or cou-
pled constraints but with decoupled cost. We show that
many relevant MPC problems can be recast as particular
instances of a separable convex problem for which our
algorithm can be applied. The algorithm involves every
agent optimizing an objective function that is the sum of
his own objective function and a smoothing term while the
coordination between agents is performed via the Lagrange
multipliers. We show that the solution of our distributed
proximal center algorithm converges to the solution of the
centralized MPC problem and we also provide estimates
for the rate of convergence. In Necoara and Suykens (2008)
we were able to prove that the efficiency estimates for
the new method improves the bounds on the number of
iterations of the classical dual subgradient scheme by an
order of magnitude (see Nesterov (2004) for more details).
Therefore, the proximal center MPC algorithm is suitable
for online implementation.

The layout of the paper is as follows. In Section 2 we define
the centralized MPC problem followed by the distributed
formulation, i.e. the division of the general problem into
smaller subproblems. We show that the centralized MPC
can be recast as a separable convex program. In Section 3
we describe briefly a dual-based decomposition method for
separable convex problems developed recently in Necoara
and Suykens (2008). Finally, numerical simulations are
included to compare the new approach with the approach
in Venkat et al. (2005).

2. DISTRIBUTED MODEL PREDICTIVE CONTROL

In this section we show that many centralized MPC
schemes can be recast as separable convex problems for
which our proximal center algorithm, presented in Section
3, can be applied but exploiting the specific problem
structure.

2.1 Distributed MPC for coupled dynamics

The application that we will discuss in this section is de-
centralized control of large-scale systems with interacting
subsystem dynamics, which can be found in a broad spec-
trum of applications ranging from robotics to regulator
systems. Distributed MPC is promising in applications for
large-scale production systems in the factories, in water or
electric distribution and transportation networks. In such
applications there are not only the difficulties caused by
complex interacting dynamics, but also the limitation of
information structure due to organizational aspects. MPC
or other centralized optimal control methods still cannot
deal with these issues. A distributed MPC framework is
appealing in this context since this framework allows us to
design local subsystem-based controllers that take care of
the interactions between different subsystems and physical
constraints.

We assume that the overall system model can be decom-
posed into M appropriate subsystem models:

p(k+1)= Y Ayal(k)+ By (k)Vi=1---M, (1)
JEN ()

where N (i) denotes the neighbors of the ith subsystem.
The vectors z' (k) € R"™i, u*(k) € R™ represent the state
and the input of the subsystem® 4 at time k. The index
set A(i) contains the index i and all the indices of the
subsystems which interact with the subsystem i. Consider
for example the networked system in Figure 1 where
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Fig. 1. An example of networked systems.

the arrows indicate interaction between the subsystems
21,29, 23, 2y, If we consider X4 we have N'(4) = {3,4}.

The control and state sequence must satisfy local con-
straints:

z'(k) € Q;, u'(k) €U; Vi=1---M and Vk > 0,

where the constraint sets ; C R"™ and U; C R"
are usually convex compact sets with the origin in their
interior.

Remark

(i) Note that the settings considered in this paper are
more general than those from Venkat et al. (2007): we
consider a more general model for the coupling dynamics
(the states of the neighbors influences also the subsystem
i) and moreover we also consider state constraints.

(ii) It is worth nothing that the method that is presented in
this paper can also treat coupling inequalities (see Necoara
and Suykens (2008) for more details).

(iii) Extension of this method to distributed control for
coupled nonlinear systems can be found in Necoara et al.
(2009).

In general the control objective is to steer the state of
the system to origin or any other set point in a “best”
way. Performance is expressed via a stage cost, which is
composed of individual separate costs assumed to have
the following form:

M

(z,u) = Z&(xi,ui),

where usually /;(z%, u?) is a convex quadratic function, but
not necessarily strictly convex.

In MPC we must solve at each step k, given z'(k) = x¢,
a finite-horizon optimal control problem. The centralized
MPC problem for this application is formulated as follows:

I Throughout the paper we will use the convention that every
superscript indicates a subsystem index.
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where N denotes the prediction horizon and Elf (z%) de-
notes some terminal cost introduced for stability reasons.
Note that a similar formulation of distributed MPC for
coupled linear subsystems with decoupled costs was given
in Venkat et al. (2007), but without state constraints (i.e.
without imposing x'(k) € Q;).

The optimization problem (2) becomes interesting if the
computations can be distributed among the subsystems
(agents) and the amount of information that the agents
must exchange is limited. Now, we show that the central-
ized MPC problem (2) that must be solved at each step k
can be recast as a separable convex problem, i.e. separable
objective function but with linear coupling constraints, for
which the distributed algorithm presented in Section 3 can
be applied. Let us introduce the following notation:

T o 3T I T N N
x'= [t g ug )T, X =0 < U,

N-1
Z gl mlaul (mgv)a
=0

where ;’s are convex quadratic functions, not necessarily
strictly convex. Then, the control problem (2) can be
recast as a separable convex program:

M M
i (x') Yy Cix'—b=0 3
i {we) 0o —b=0}, @
where the matrices C; and b are defined accordingly:
¢ = [ Fhoe F )"
r—1 B;i
Fi = Asw —1
L Au *I Bu
ro Bji
L i
L Aji 0 sz
Aiixo
T 71T ;T 0
b:[b1 "'bM} , b = .
0

foralli,j=1---M.

In Venkat et al. (2007) the optimization problem (2) (or
equivalently (3)) was solved in a decentralized fashion,
iterating the Jacobi algorithm ppax times (see Bertsekas
and Tsitsiklis (1989)): i.e. at each iteration p, where 1 <
P < Pmax, solve in parallel for ig = 1--- M the following
local optimization problem

min {wm

’UEX

Oy X+ Z C’xp 1 —b=0},
i#£10,1=1

where x]igf1 ’s are the values computed at (p—1)th iteration
for the sth subsystem.

But, there is no theoretical guarantee of the Jacobi algo-
rithm about how good the approximation of the optimum
of (3) is after pmax iterations. Moreover, in order to ensure
asymptotic convergence of the Jacobi algorithm we need
the 1;’s to be strictly convex (see e.g. Bertsekas and Tsit-
siklis (1989)), which is not necessarily the case in the MPC
settings. However, in the next section we describe briefly a
decomposition algorithm for separable convex problems of
the form (3) developed recently in Necoara and Suykens
(2008) which guarantees a priori an upper bound on the
approximation of the optimum after py,., iterations and
it applies to general convex functions. Our algorithm can
be an alternative to the classical methods (e.g. Jacobi
algorithm, dual subgradient method, etc), leading to a new
method of solution.

2.2 Distributed MPC for consensus constraints

Another important problem that arises in such large-scale
networked systems is related to consensus or rendezvous
seeking which has received increasing attention in the
recent literature, see e.g. Dunbar and Murray (2006);
Keviczky and Johansson (2008), etc. In this problem each
subsystem is uncoupled of each other but the coupling is
determined by the consensus or rendezvous point which
may be either fixed a priori or considered as an additional
variable in the control problem formulation.

We consider that the whole network can be decomposed
into M subsystems having decoupled dynamics given by
the following discrete-time state equations:

(k4 1) = Az (k) + Biu' (k) Vi=1--- M.
Similarly as in the previous section, we assume that the
control and state sequence must satisfy local constraints:

r'(k) € Q;, u'(k) €U; Vi=1---M and Vk > 0.

The system reaches a consensus at some time N if each
subsystem is at an equilibrium at time N and the consen-
sus or rendezvous point is also attained (see also Keviczky
and Johansson (2008)). We assume that these two require-
ments can be written mathematically as follows: there
exists equilibrium points («*(N), u"(N)), i.e. satisfying the
local linear equalities

z'(N) = A;z"(N) + Biu'(N)
and the consensus or rendezvous condition is expressed by
the following coupling linear (in)equalities:

M — .
Z Eyz'(N)

A typical example of consensus constraints is Fjz' — Fja? =
aij, which for example might describe relative distance
between vehicles. Note that compared to other settings
(see e.g. Dunbar and Murray (2006)), here we assume
that the performance of the system can be expressed
by a separable convex quadratic stage costs {(z,u) =

Zij\i1 ¢;(x*, u?). We impose the coupling conditions not via

= a. (5)
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a coupling stage cost but rather by a terminal consensus
constraint of the form (5).

The optimal control problem for the consensus or ren-
dezvous settings can be described as follows:

N-1 M M
min y Y o) u) + Yl (@, uy) (6)
=0 i=1 =1

s.t.: :Eé = zt, xf_H :AiforBiuf
€ up el ¥i=0---N, Vi=1---M,

'y = Azl + Biuly, Fizly = a.

M=

i=1

We can solve the optimal control problem (6) in a receding
horizon fashion and thus obtaining an MPC scheme for
the consensus problem. Our goal is to design a distributed
control algorithm for solving the consensus or rendezvous
problem (6) where each agent performs individual planing
of its trajectory and then negotiate with each other locally
in order to achieve the consensus.

We now show that the optimal control problem (6) can be
written as a separable convex problem: indeed, similarly
as in the previous section, let us introduce the following
notation
x\ = [T 2T Wl )T X = QN x UM
N—1
i) = D i, uf) + 0 (2, uly),
1=0
where 1;’s are convex quadratic functions.
Note that the local equalities describing the individual
dynamics ac} 1= Aixf + Biuf and equilibrium constraints
xh, = Azl + Byuly can be rewritten as local equalities
of the form G;x* = a; for appropriate matrices G; and
vectors a'. -
Similarly, the consensus constraints sz\i1 Fa%, = a can
be rewritten as coupling linear equalities of the form
Zij\il C;x* = b for appropriate matrices C; and vector b.
In conclusion, the control problem (6) can be recast as a
separable convex program:

M M
min i(x*) : Cix'=b, Gix' =a; Viy.
xteX; { ; ( ) ; }

Note that we can eliminate the variables xf from the pre-
vious optimization problem. In Keviczky and Johansson
(2008) an incremental subgradient algorithm is used to
solve the optimal control problem (16), which however has
low efficiency estimates of order O( =), where e denotes the
required accuracy of the approximation of the optimum.
In the next section we show that using the distributed
algorithm based on the proximal center method, that
we describe in Section 3, the efficiency estimates can be
improved to O(1).

3. A DUAL DECOMPOSITION METHOD FOR
SEPARABLE CONVEX PROBLEMS

In this section we describe a dual decomposition method,
called the proximal center method, recently introduced in
Necoara and Suykens (2008) for separable convex prob-
lems, in which the Lagrange multipliers are updated ac-
cording to a first-order optimal method. We also present

efficiency estimates of the described method. Throughout
the paper || - || denotes the Euclidian norm. For simplicity
of the exposition of the method we restrict ourselves to
problems with only two agents (subsystems), i.e. M = 2:

(@) +a(a?) o Crat+Cor® —b=0},
(7)

where 1); are continuous convex functions and X; are given
compact convex sets, 1 =1, 2.

¥*=  min
reX;,G;xt=a

Note that the method developed in this paper can treat
also coupled inequalities Cz' +Chx? < b (see Necoara and
Suykens (2008) for more details). This is a very important
feature of our method compared to existing distributed
MPC algorithms which cannot deal in general with cou-
pled inequalities. Moreover, we only require continuity and
convexity for the functions v,;’s (the functions 1;’s do not
need to be quadratic and/or strictly convex).

We assume that the constraint qualification condition
Bertsekas and Tsitsiklis (1989); Necoara and Suykens
(2008) holds for (7). The dual function associated to (7) is
defined as follows:

foN) = min (') +e(a?) + (\, Cra' + Cox® —b),

z;€X;,G;xt=a;

where A denotes the Lagrange multipliers associated with
the equality constraints and (-,-) denotes the standard
scalar product on some Euclidian space. From standard
duality theory, the convex problem (7) is equivalent to
solving an unconstrained maximization problem having
the objective function fy. The usual approach is to apply
the subgradient method (steepest ascent update for the
Lagrange multipliers) to the dual function fy or the
Jacobi algorithm directly to the optimization problem (7)
(see e.g. Uzawa (1958); Bertsekas and Tsitsiklis (1989)).
Convergence of these methods can be guaranteed under
the assumption that the functions ¢;’s are strictly convex.
However, in distributed MPC problems the cost function
is not necessarily strictly convex. In the sequel we will
describe a dual decomposition method for general convex
functions v;’s whose efficiency estimates improves with one
order of magnitude the bounds on the number of iterations
of the classical dual subgradient method (see Necoara and
Suykens (2008) for more details).

For given compact sets X; we can choose finite and positive
constants Dy, such that

Dx, > max Hx’LHQ fori=1,2.
' eX;

Let us introduce the following family of functions:
fe) = min  y(z') +4a(a?)+
zeX;,Gizi=a;

(A, Crat 4+ Coa® = b) + (||| + [|2°]%),  (8)

where ¢ is a positive smoothness parameter that will be
defined in the sequel. Note that by adding the smoothness
term c(||zt]|%+]|22||?) the objective function in (8) remains
separable in 2%, i.e.

iClEXerg?xlzal[wl (J;l) + <)\, 011'1> + CHI,IHQ]
+ o omin,  [ea(e®) + (A Car®) + cfle??)
22€X2,Gax%=as
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Denote by 2%(\) the optimal solution of the minimization
problems in z* in (9). Then, it can be proved? that the
function f. is concave and continuously differentiable at
any A. Moreover, its gradient

Vi(\) = Crzt(\) + Coz?(\) — b
is Lipschitz continuous with Lipschitz constant
LI, NICel
Lo="—+—-—.
2c + 2c

The following inequalities also hold:
fe(A) = fo(A) = fe(A) —e(Dx, + Dx,) VA

We now describe a distributed optimization method for
(7), called in Necoara and Suykens (2008) the prozimal
center algorithm, that has the nice feature that the coor-
dination between the agents involves the maximization of
a smooth convex objective function (i.e. with Lipschitz
continuous gradient). Moreover, the resource allocation
stage consists in solving in parallel by the each agent of
a minimization problem with strongly convex objective
using only local information. The new method belongs
to the class of two-level algorithms Cohen (1978) and is
particularly suitable for separable convex problems where
the minimizations over z%’s in (9) are easily carried out.

We apply Nesterov’s accelerated method (see e.g. Nes-
terov (2004, 2005)), based on first-order information, to
the unconstrained maximization problem whose objective
function is the concave function f. that has a Lipschitz

continuous gradient:
max fe(N). (10)

The proximal center algorithm can be described as follows
Necoara and Suykens (2008):

Algorithm 1:

for p > 0do
1. given )\, compute in parallel
x| =ar min () +
p+1 gziGXi,Giﬂ:ai l/}z( )

2. compute Vf.(Ap) =
3. find

(Ap, Cia’) + cla])?

Clx;)-i-l + 0299;2)4-1 —-b

L.
up:argmfux<Vfc( 7")‘_)‘11"2

4. find

)‘P)a A— )‘p> -

+
vp = argmax <A + Z S TL)A = V)

— ptl 2
5. set App1 = p+3up + p+3UP

Note that the maximization problems in Steps 3 and 4 of
Algorithm 1 can be solved explicitly and thus computa-
tionally very efficient. The main computational effort is
done in Step 1 of Algorithm 1. However, in some applica-
tions, e.g. distributed MPC, Step 1 can be performed also
very efficiently (see Section 4), making it suitable for online
implementation. The proximal center algorithm can be ap-
plied in decomposition since it is highly parallelizable: the
agents can solve their corresponding local minimization
problems in parallel.

2 The proof follows from standard convex arguments and can be
found in Necoara and Suykens (2008).

We now show that the solution generated by our dis-
tributed proximal center algorithm converges to the so-
lution of the original problem (7) and we provide also
estimates for the rate of convergence: after p iterations
we obtain an approximate solution to the problem (7)

2(1+1)
*Z

(p+1)(p+2)
fori=1,2, Wthh satisfy the following duality gap

xi+1 and \ = Ap

[1(2") + 12(7)] = fo(A) < e(Dx, +Dx,)—
2L,

m}z\ix[ bt )QH)\H +{Cy 2" 4 Co2? — b, )\ﬂ
Theorem:
Taking Cc = m and

1

p+1=2V/(|C1[? +[|C2[*)(Dx, + Dx,) -

then after p iterations
— [N Crd" + Cod? = bl| <y (@) + ¢2(3)] - f*<e

and the constraints satisfy

[C121 + Coi® —b]| < €([IX"] + VIIA*[2 +2),

where A* is the minimum norm optimal multiplier.

Proof:
It follows immediately that

2L
__eHe A 2 ~1 ~2 — b)) =
IIl)E\l,X (p+1)2H H + <01£L' + Co ) >
+1)?2, . R
%chl + Cri? — b2,
We obtain the following bound on the duality gap:
[$1(2") + ¥2(8%)] = fo(A) <
+ .

¢(Dx, + Dx,) — (p8 ) [|C1 &+ CQIE2 — b”2 <

C(DX1 + DX2).

It follows that taking ¢ = ﬁ, the duality gap is less
2

X+
than e.
For the constraints we get that
HCl.fl + ngQ - b”

satisfies the second order inequality in y (see Necoara and
Suykens (2008) for more details):

(p+1)° W

8L,

Therefore, |C1 2! 4+ C2% — b|| must be less than the largest
root of the corresponding second-order equation, i.e.

e(p+1)2 ) 4L,
2L, ’(p+1)%
After some long but straightforward computations we get

that after p iterations, where p defined as in the theorem,
we also get the following bound on the constraint violation:

[Cra" +Co® —b|| < e([|N*]| + V/[|A*]]2 +2),

where we recall that A\* is the minimum norm optimal
multiplier. O

=Xy —e<o.

[Crat+Coz®—b|| < (N [|+4/ 1A% 12+

From the previous discussion we can conclude that the
complexity of Algorithm 1 for finding an e-approximation
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Fig. 2. Setup of coupled oscillators

of the optimum for the centralized MPC problem (2) is of
the order O(%), better than most non-smooth optimization
schemes such as the dual subgradient method that have an
efficiency estimate of the order O(%) (see e.g. Nesterov
(2004)). The main advantage of our scheme is that it is
fully automatic, the parameter ¢ is chosen unambiguously,
which is crucial for justifying the convergence properties
of Algorithm 1. Moreover, the algorithm is suitable for
solving distributed MPC problems since the control in-
puts to each subsystem can be computed based on local
information and the information that the agents must
exchange is limited. Finally, our method can also take into
account coupled inequalities (see Necoara and Suykens
(2008) for more details) which arise very often in these type
of applications (they represent in general shared resources
between agents).

4. EXAMPLE
4.1 Problem description

In this section we explore the potential of the Algorithm
1 described in Section 3 in solving a distributed MPC
problem corresponding to coupled oscillators. The network
is a ring of 20 coupled oscillators that can move only on the
vertical axis and the goal is to stabilize the network around
the equilibrium, which in this case is the horizontal axis
passing through origin. The setup is shown in Figure 2.
Each oscillator is considered as one subsystem and is
influenced by two neighbors next to it, i.e.

NG)={i—1,4,i+ 1} Vi.
The continuous dynamic equations of each subsystem 7 are
considered to have the following form:

mp' = kip' — fop'+ha[p"™ — P+
+ka[p™ = p'] + i,
where p' denotes the position of oscillator i, u* denotes

a vertical force applied mainly to subsystem ¢ and the
parameters are defined as

k1: stiffness of vertical spring at each oscillator
ko: stiffness of springs that connect the oscillators
m: mass of each oscillator

fs: friction coefficient of movements

From a given initial state the system needs to be stabilized
subject to the following state and input constraints:

Qi ={a": |l <2}, Ui = {u’ : |Ju’] <1},

where we recall that || - || denotes the Euclidian norm. Note
that in our decomposition method we can consider any
compact convex sets {2; and U; not necessarily FEuclidian
balls. This choice is made only to illustrate the computa-
tional advantages of our method in this case.

We choose for each subsystem i the state vector ' =
[p' pi]T and input u’, that means each state contains
the position and velocity variables of the corresponding
subsystem. By choosing sampling time 75 and do dis-
cretization, we get discrete linear coupled dynamics for
each subsystem which has the formula of general case
described in (1).

For this example we formulate the distributed MPC prob-
lem as described in Section 2, with the specific values:

ei(xivui) _ xZTQZxZ + UiTRi’lLi, g{(xz) _ LL’ZTP»LLL’Z

P=Q = {1008},&1 Vi=1..M

Qi = {a': ]2’ <2}, Ui = {u’: 'l < 1}
T, = 0.01s, M =20, N =20, pmax = 500
k‘l = 0.47 k/’g = 0.3, fs = 0.4,Ts = 0.05,m =1.

Note that with this choice of @); we are only interested
in penalizing the position of each oscillator. Therefore the
stage cost ¢; associated to each subsystem 7 is not a strictly
convex quadratic function in both states and inputs. This
situation is encountered in many MPC applications.

Constructing the variables x?, the sets X; and the matrices
C;, b as described in Section 2, the centralized MPC
problem for this example can be rewritten as:

M M
miﬁ {Z xTQx": Z Cix' —b =0}, (11)
xteX; © :

=1 =1
where Q, = diag(Q;, - ,Qi, Ri,- -+, R;) with N terms of
Q; and N terms of R;. Note that X; C {x : ||x]| < r;},

where 7; = VN -22 + N - 12,

4.2 Computational complezity

We apply Algorithm 1 to solve the separable convex
problem (11). Note that the sub-optimization problems
occurred in Step 1 of Algorithm 1 can be solved very
efficiently, due to the structure of (11) (we must solve
quadratic programming with quadratic constraints prob-
lems (QPQC) with a special structure). Below we describe
a fast algorithm to solve this type of QPQC problems.
Following Algorithm 1, we must first add the smoothness
term ¢ M [x[|? to the Lagrangian of (11). Note that
in this example Dx, = 7“12. For each iteration p, where
1 < p < Pmax, we must solve in Step 1 of the Algorithm 1
the following minimization problems:
M
min x7Q;x" + (\,, Cix") + ¢|x'||?,

—1 x'eX;

where the Lagrange multipliers A, was computed at previ-
ous iteration p — 1. Observe that each minimization prob-
lem is a convex program with separable and strictly convex
cost and decoupled constraints. In fact, since Q, has a
diagonal structure and the variables x’ are coupled via
the linear term C;x* for each i, we can further decompose
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each minimization problem into 2N QPQC problems with
a particular structure:

min =7 Qz + (g, z),
Izl <r

(12)
where @ is a positive definite diagonal matrix (for our
example Q = Q;+cl, for the state variables z} or Q = R;+
c for the input variables u}). Here z represents the state or
control variable at one step and ¢ contains two or one entry
of the vector C'\, that corresponds to x. Using duality
theory we can show that the optimization problem (12)
can be solved efficiently:

max minz’ Qx + (g, z) + pu(||z)* — %)
p=0  x

or equivalently

maxminz? Hx + (g, x) — pr, (13)
x

n>0

where H,, = @ + pl is a diagonal matrix and thus its
inverse can be computed immediately. Replacing = with
H;'q in (13) we obtain a maximization problem in the
scalar variable p whose optimal solution can be computed
easily by solving a fourth (for the state variable z) or
second (for the input variable u}) order scalar equation
(e.g. we can solve it quickly by bisection algorithm or
analytically). Therefore, our algorithm has the advantage
that at each iteration p we must solve M N QPQC’s of
dimension n,(= 2 for this particular example) and M N
QPQC’s of dimension n, (= 1) as in (12). Note that
with the Jacobi algorithm we must solve M QPQC’s of
dimension Nn, + Nn, and with Nn, additional equality
constraints (see (4)).

From the previous discussion we can observe that in gen-
eral the proximal center method applied to distributed
MPC problems with quadratic stage costs leads to decom-
position in both “space” and “time”, i.e. the centralized
MPC problem can be decomposed into small subproblems
corresponding to the spatial structure of the system (M
subsystems) but also to the prediction horizon (N the
length of the prediction). Note that this is not the case
with Jacobi algorithm.

Once the optimal p* is determined, we substitute its
value into H M_*l and find the optimal solution of (12):

*

¥ = —H ;*lq. Following the same reasoning as above it
is easy to see that the maximization problems in Steps
3 and 4 of Algorithm 1 can be solved explicitly and
thus computationally very efficient. We also solved the
centralized MPC problem (11) with the same parameters
(in particular the same maximum number of iterations
Pmax = 500), using the Jacobi algorithm described in
Venkat et al. (2007). The simulation results will be given
in the next section.

4.8 Simulations

We compare the two algorithms (proximal center algo-
rithm and the Jacobi algorithm) by looking at how the
position of the 10th subsystem evolves and how the global
cost of the full system decreases during simulations.

Figure 3 displays the position of the 10th subsystem over
the simulation period. Note that the position of the 10th
oscillator converges to the equilibrium faster using the
proximal center algorithm than using the Jacobi algo-

15 T T
Proximal center alg.
— — —Jacobi alg.

Position of the 10th oscillator

-15 . . . . . . .
0 5 10 15 20 25 30 35 40

Fig. 3. Evolution of position of the 10th subsystem: full-
line proximal center method (Algorithm 1), dashed-
line Jacobi algorithm Venkat et al. (2007).

Residual cost of full system at each step
1000 T T T T

Proximal center alg.
900\ — — — Jacobi alg.

Cost of global MPC at each step

20 25 30 35 40

Fig. 4. The global cost: full-line proximal center method
(Algorithm 1), dashed-line Jacobi algorithm Venkat
et al. (2007).

rithm. Figure 4 displays the global cost calculated at each
step over the simulation period. We note that for the same
number of iterations pmax = 500 our algorithm produces
a better cost than Jacobi algorithm. Computationally,
with our non-optimized matlab code we found out that
Algorithm 1 is also faster than Jacobi algorithm.

5. CONCLUSIONS

The proximal center decomposition method developed in
Necoara and Suykens (2008) is applied to distributed MPC
problems for dynamically coupled subsystems but with
decoupled cost and constraints or to consensus control
problems. However, our method can be adapted easily
to include also coupled constraints that represents shared
resources between agents. Control of networks of vehicles,
production units in a power plant are few examples that
can fit into this framework. It was shown that the central-
ized MPC problem for this type of networked systems can
be rewritten as a separable convex program for which our
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algorithm can be applied. The algorithm involves every
subsystem (agent) optimizing at each step an objective
function that is the sum of his own local objective function
and a smoothing term while the coordination between the
subsystems is performed via the Lagrange multipliers cor-
responding to the coupled dynamics. We proved that the
solution generated by our distributed proximal center algo-
rithm converges to the solution of the centralized problem
and we provided also estimates for the rate of convergence.
It was also proved that the main steps of the algorithm
can be computed efficiently and thus making this method
suitable for online implementation of the corresponding
distributed MPC scheme. The simulation results confirm
that the proposed distributed MPC method works well in
practice.
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