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Abstract: In this paper, the time-delay feedback control is applied to reduce the dynamic vibration of a rectangular thin-plate. The motion of a rectangular thin -plate is formed of two-degree-of-freedom (2-DOF) with quadratic and cubic nonlinearities under external and parametric excitation forces. The analytical solution is obtained by the technique of multiple time scales method (MTSM). The effect of control is studied to show the safety regions in which the system amplitudes decreased at some values of time-delay. The system response is investigated numerically with and without time-delay feedback near-simultaneously internal and primary resonance using the Runge-Kutta fourth-order (RK-4) method (package ode45 in Matlab R2014a). The stability of the nonlinear vibrating system is studied by using the frequency response equations according to the Routh-–Hurwitz criterion. The effects of different parameters on the system behavior are investigated numerically. Also, numerical simulations have a good agreement with the analytical solution.  Finally, making a comparison with previously published work.
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1. INTRODUCTION

In many engineering structures, rectangular thin-plates have been widely used, for example, large space stations and shuttles. These engineering applications received a lot of interest from scientists to study and investigate undesirable vibrations that destroyed these thin-pates. (Zhang, 2001) studied the chaotic motion in thin-plates under parametric excitation and found chaotic motion in the full four-dimensional system. The multiple time scales method used to get frequency response equations under simultaneously internal and primary resonance case. (Guo and Zhang, 2011) studied the attitude of chaotic motions in the nonlinear laminated rectangular thin-plate under parametric excitation forces. The nonlinear ordinary differential equation is solved by the Galerkin discretization approach. The perturbation solution is getting by the multiple timescales method near the 1:2:3 internal resonances. The Runge-Kutta of the fourth-order method used to study the steady-state response at the chaotic dynamic of the laminated plate at the averaged equations. (Zhang et al., 2001) examined the thin plate under external and parametric excitation at local and global bifurcations. The numerical simulation used to get the chaotic motion of the thin-plate. (Kim, 2005) explained the nonlinear vibration of sheet metal plates with interacting parametric and external excitation during manufacturing. The system is represented by one degree-of-freedom with cubic non-linearity terms under combined parametric and external excitation forces. (Lai et al., 2009 )interested in reducing the large amplitude of simply-supported laminated plates and a non-linearly differential equation displayed by one-degree-of freedom (1-DOF) included linear, quadratic, and cubic terms. (Zhang and Li, 2010) used exponential dichotomies and an averaging procedure to the analyzed thin plate under external and parametric excitation to discover the buckled rectangular thin-plate at the resonant chaotic motions. (Sayed and Mousa, 2012) examined the attitude in a laminated plate formed of two-degree-of-freedom (2-DOF) subject to combined excitation and having quadratic and cubic non-linearity terms.
So, for many years the technique for reducing vibrations has been extensively studied in dynamic systems. Therefore, these vibrations may cause the risk of damage, disruption, and demolition for these dynamic systems. So, we can manage these vibrations by using various ways of vibration controls as active and passive control or time-delay feedback control. The delayed feedback is one of the different essential methods for reducing vibrations in the dynamic system. (Zhao and Xu, 2007) studied the nonlinear dynamical system under external excitation and adding delayed feedback control to reduce the vibrations in 1:1 internal resonance. (Amer et al., 2016) added delay feedback control to suppress the resulting vibrations of the Duffing oscillator under parametric excitation forces. Time delay control at some values is applied to reduce vibrations of the nonlinear system.  (El-Ganaini and Elgohary, 2011; El-Gohary and El-Ganaini, 2012) investigated the behavior of the dynamical system under multi-parametric and external excitation forces. The time delay control is applied to manage the chaotic vibrations in the sub-harmonic and primary resonance case. (El-Sayed and Bauomy, 2014) studied the system under multi-parametric excitation forces and added time-delay feedback to reduce the vibrations of helicopter blade flapping. Frequency response equations were obtained by the averaged method at simultaneous sub-harmonic and internal resonance cases. (El-Bassiouny, 2006) analyzed two coupled duffing equations at simultaneous principal parametric resonances with a time-delayed feedback controller. Analytical solution investigated at the first-order approximation and the variation method is examined and studied at the effect of the time delay given decreasing and increasing in the regions of definition. (Liu and Lu, 2009) adding time delay State Feedback to the duffing oscillator system to reduce the vibration at the primary-resonance case. For the duffing system, the stable condition of the solution and the Hopf bifurcation condition found in which the appropriate value of time-delay feedback controller and gains are confirmed and excluded. (Gouskovet et al., 2002) used two interdependent delays for reducing the vibrations of a nonlinear dynamics machining system and found the effectiveness of the continuous cutting instability getting good results. (Wirkus and Rand, 2002 )studied the dynamics of two coupled van der pol oscillators with delay coupling for suppressing the oscillations in the dynamics system. The averaged method used to slow-flow in three dimensions, also the stability analysis for the slow-flow verified. (Saeed et al., 2013) studied suppression of a nonlinear beam vibration by adding a nonlinear time-delay controller and the dynamical system under the influence of parametric and external excitations and the method of multiple time scale investigated to get the perturbation solution and the equations of frequency response at simultaneous internal and primary resonances case.
In this paper, we added the time-delay feedback control to decrease the dynamic vibration and the chaotic motion of a rectangular thin- plate under external and parametric excitations. The multiple scales method is applied to get the approximate solution up to first-order approximation.  The stability analysis is obtained from the frequency response equations and investigated numerically near-simultaneously internal and primary resonance. Also, the outcomes of different parameters on the steady-state response of the system are studied and examined numerically.
2. MATHEMATICAL MODELLING
From the system (Hegazy, 2010),we modified the equations of motion of the thin plate by adding time-delay feedback control as the following: 
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The main system is excited under parametric and multi-external excitation forces  
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 are the amplitudes of two mode for  the system,  time delay of  a linear  velocity feedback control is  defined as  
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which  is added to the system, the thin plate natural frequencies
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 are in-plane forcing excitation, 
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are the transverse forcing excitation, 
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are the excitation frequencies, 
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are the non-linear parameters 
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 , are feedback gains, 
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 is the parameter of perturbation and 
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 .  A block diagram under time-delay feedback control describing the equations (1) and (2) shown in Fig.1.
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Fig.1 . A block diagram for the model
3. PERTURBATION ANALYSIS

The multiple time scales method (Nayfeh and Mook, 1979; Nayfeh, 1981) is used to obtain the analytical solution of equations (1) and (2) up to the first-order approximation following 
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 Since, 
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, (m=0, 1) and the forms of derivatives are
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Putting equations (3)-(6) into equations (1) and (2), and comparing the coefficients of like powers of 
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Order  
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The General Solution of the equations (7) and (8), become
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since, 
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  indicate to the complex functions in 
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are the complex conjugate terms.  Using Taylor series (see Wirkus and Rand, 2002) for expanding 
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Substituting equations (11) and (12) into equations (9) and

(10), we obtain 
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After, revoking the secular terms in equations (13) and (14) the solutions can be given as,
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Since, 
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are the complex conjugate terms.   We can deduce all resonance cases from the above-determined solutions, which can be classified as:

(i) Primary Resonance: 
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(ii) Internal Resonance: 
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(iii) Sub-harmonic Resonance: 
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(iv) Super- harmonic Resonance: 
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(v) Simultaneous Resonance is any collection of the up resonance cases.
4. THE PERIODIC SOLUTION
At simultaneous worst resonance case  
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   we can study the stability by inserting the detuning parameters   
[image: image55.wmf](1,2)

n

n

s

=

as follows,
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Substituting from equation (17) into equations (13) and (14), we get the condition of solvability,
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Using the polar form,
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Where, 
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 are amplitudes of the steady-state and 
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are the motions phases. From equation (20) into equations (18) and (19), and resolve imaginary and real parts, yields
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   Where,  
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4.1 Stability of Fixed Points
For steady-state solutions, 
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,   and fixed points of the above equations (21)-(24) are given by,

[image: image69.wmf]2

112

111112

11

cos()sinsin20

2228

GF

aaaa

a

m

wtyy

ww

--+-=

   (25)

[image: image70.wmf]32

1211

11112111

111

2

2

12

1

3

sin()cos

8422

cos20

8

    

GF

aaaaa

aa

aa

swty

www

a

y

w

---+

-=

  (26)


[image: image71.wmf]2

222

222221

22

cos()sinsin20

2228

GF

aaaa

b

m

wtyy

ww

--++=

     (27)


[image: image72.wmf]32

1222

22221222

222

2

2

21

2

3

sin()cos

8422

c

 

os20

8

     

GF

aaaaa

aa

bb

swty

www

b

y

w

---+

-=

   (28)

Then the steady-state solutions of a rectangular thin plate are obtained numerically by using (package fsolve in Matlab R2014a).

4.2 The Linear Solution Analysis
For determining the stability of the linear solution of equations (18) and (19), we introduce the following forms: Let 
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  Expressed in Cartesian as:
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Where, 
[image: image76.wmf]n

p

   and   
[image: image77.wmf] 

n

q



 EMBED Equation.DSMT4  [image: image78.wmf], 1,2

n

=

 are real values. Substituting the above forms of 
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  into the linearized form of equations (18) and (19), we get 
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Substituting equation (29) into equations (30) and (31) and by making a comparison between imaginary and real parts, then we obtain the following system of equations.
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For the linear solution, the conditions of the stability are obtained from zero characteristic equation.
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The Eigen values are given by   
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The linear solution is stable iff  
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4.3 Stability for a nonlinear solution

We calculate the stability for a non-linear solution, as follows
Let, 
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The equations (38)-(41) can be written as follows,
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where 
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Where
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where,
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are the coefficients of equation (44) and given in the appendix. . According to the criterion of the Routh-Hurwitz, the stability of the periodic solution is satisfied if the real parts of all eigenvalues of Jacobin equation (44) are less than zero otherwise be unstable and investigated as follows.
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5. RESULTS AND DISCUSSION  
Time delay feedback control is studied to reduce the vibration of rectangular thin-plate and the RK 
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order applied to get the numerical solution at a non-resonance case and considered as a basic-case as shown in Fig.2 From this figure, the amplitude response for 
[image: image111.wmf]x

is about (0.085) and for  
[image: image112.wmf]y
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) from this figure we can say that the amplitudes of the system are increased to about (0.85) 1000% and (0.3) 1300 % respectively, compared with the basic case which illustrate from Fig.2.  Fig.4 Shows the behavior of the system via time delay feedback control at Simultaneous internal and primary resonances case 
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which shows that the 
response of system are decreased to about (0.048) for amplitude 
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Fig.3. Simultaneous internal and primary resonances case without control at 
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Fig.2 Non resonant time history
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Fig.4. Simultaneous internal and primary resonances case 
with control at 
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5.1 Effects of time delay on the system
The behavior of the system via time-delay feedback control is investigated numerically. Figs.5a and 5b illustrate the main system amplitudes via a time delay of 
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in which the vibrations decreased at some values. The main system amplitudes of the first mode 
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 and the second mode 
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) for two modes, respectively as shown in Fig.4 and this region called " safe region for vibration" After this range, the response of the system is increasing as shown in Fig. 3 and Fig.5.
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Fig. 5 The behavior of the system via time-delay feedback control
5.2 Effects of Gains and Nonlinear parameters
 Figures 6a and 6b illustrate the effects of gains
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, the increasing values of gains cause monotonic decreasing on the steady-state amplitudes for two modes and leading to cause saturation phenomena. Figures.(6c)-(6f)  show the effects of different non-linear parameters 
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, which appear more increasing of the nonlinear parameters are  leading to monotonic decreasing on the steady-state amplitudes for two modes
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, respectively.
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Fig. 6 The behavior of the system parameters via time-delay feedback control
5.3 Frequency response curves 
We will study the solutions of frequency response curves at
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Figure. 7 appears the response of steady-state amplitudes for the system without adding control. For increasing values of the transverse forcing excitation 
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 produced increasing in amplitudes 
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respectively, and exists unstable regions which caused chaos in thin-plate as shown in Fig 7a. Increasing values of the transversal excitation playing an essential role in the performance of the system response that may be destroyed by increasing excitation forces.  
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 Fig. 7 The Steady-state amplitudes   of 
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Fig.8a  represents  the basic cases on frequency response curves 
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 Fig.8b indicates for increasing values of the excitation forces 
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 are increasing. Figs. 8c,8d ,and 8e  show  for increasing values of the natural linear frequency 
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, the damping linear coefficient 
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and the gain 
[image: image158.wmf]1

G

are leading to steady-state amplitude of the  system response is monotonic decreasing.
Fig. 9a   considering as a basic cases on frequency response curves 
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 .Fig. 9b indicates for increasing values of the excitation forces 
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is leading to the steady-state amplitude
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is monotonic increasing.  Figs. 9c,9d, and 9e show for increasing values of the natural linear frequency 
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, the damping linear coefficient 
[image: image164.wmf]m

and the gain 
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are leading to steady-state amplitude  of the  system response is

monotonic decreasing
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Fig. 8 Frequency response curves for the steady-state        amplitude 
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 at different parameters under controlled system           
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   (c) The effect of natural frequency
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  Fig. 9 Frequency response curves for the steady-state        amplitude 
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5.4 Effects of nonlinear parameters via time-delay feedback
we noted   , after studying the effect of increasing  the non-linear parameter  
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as shown in Fig .10 .We find that, the amplitudes  may be increase or decrease, but this effect doesn't previously  show because these values are very small , for the amplitude 
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 the range from(0.0481995) to(0.0481999) which appeared  in Figs .10a and 10b  and for the amplitude 
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the range from (0.0253359 )to( 0.0253373) as appears in Figs .10cand 10d.
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Fig. 10 The outcomes of the nonlinear parameters under a controlled system
5.5 Validated between the analytical and the numerical solution under the controller
. Figure.11 illustrates there exist  an agreement  at  the numerical solution of equations (1) and (2) compared with the analytical solution given by equations (21)-(24)  at simultaneous internal and primary resonances case 
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 after using time delay feedback control 
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, which  decreased the amplitudes of the main system to be  about (0.048) as appeared  in Fig.11a    for  
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and (0.025) for  
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 as shown in Fig.11b and agreement with  Fig.4. 
(ـــــــــــــــــ Analytical solution, ـــ ـــ ـــ ـــ ـــNumerical solution)
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Fig. 11Validated between the analytical and the numerical solutions 
5.6 Comparisons between Rk-4 and FRC
Fig. 12 illustrates a comparison between the steady-state amplitudes 
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 and 
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 of frequency response curves for the system performance   which are presented from equations equations (21)-(24) (indicated as a red solid line) and their numerical solutions (indicated as black small circles). These evaluation curves have drawn to compare the analytical solutions given by the multiple-scales method and the numerical solution given by the Rk-4th order method to solve equations equations (1) and (2) numerically. We noticed that both solutions have a close agreement. Therefore, we deduce from the analysis of of Figs. 11 and 12that all predictions resulting from the approximate solution fit well with the numerical solution.
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 Fig .12 Comparisons between the solutions of frequency response and rung-Kutta.  (ـــــــــــــFRC,   O   Rk-4)
6. COMPARISON WITH THE PREVIOUSLY                   PUBLISHED WORK
1. Hegazy, 2010 analyzed the chaotic motion and the dynamic performance of rectangular thin-plate under both external and parametric excitation forces without adding any control. The stability analysis is investigated and studied at the worst resonance case that is simultaneously internal and primary resonance case
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 by using frequency response equations and phase plane techniques
3. in this paper, 
(a)   We added the time-delay feedback control to reduce the vibrations and improve the nonlinear dynamic behavior of a rectangular thin-plate under parametric and external excitations. The analytical and numerical analysis of a rectangular thin-plate is obtained at simultaneous internal and primary resonance one
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.

(b)  We succeeded in suppressing the vibrations directly after adding the time-delay feedback control at the mentioned worst resonance as shown in Fig.4. 
(c)  Finally, experimental results exhibited that the time delay feedback is more suitable for the controlling speed and reduced the dynamic vibration. Also, all predictions presented from the approximate solutions are in good agreement with the numerical analysis.
                         7. CONCLUSIONS
The time delay feedback control was added to decrease the high amplitudes of a thin-plate for simultaneous primary resonance one (
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).The analytical solution up to first-order approximation gotten by using the method of multiple scales. We succeed in reducing the vibrations of the thin plate for two modes. Then from the above numerical study, the outcomes can be declared as follows.
 1.  The worst resonance case caused the highest vibrations for a rectangular thin plate to be about (0.85) for the first mode 
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and (0.3) for the second mode
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.
2.   The steady-state amplitudes are decreased to (0.048) for 
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and (0.025) for 
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after adding time-delay feedback control compared with the steady-state amplitudes of the system without the controller.
3.   The controller is very effective, 
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is about 1800 % and 1200   for 
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4. The steady -state amplitudes of the main system decreased 

     in the range 
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 for two modes 
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  , respectively, as appears in Fig. 5.

5. Increasing the transversal forcing excitation 
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and 
[image: image216.wmf]1

F

are leading to an increase in the amplitudes of the main system as shown in Fig.7.

6. Increasing the values of the natural frequencies
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 , 

ww

, and exceeding values of linear damping coefficient 
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are leading to a monotonic decrease in the steady-state amplitudes of the system.

7. The steady-state amplitudes of the system shifted to the       down and decreased when increased the values of Gains 
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 and 
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 as shown in Figs.  8e and 9e.

8. There exist a nice confirmation between the numerical simulation by RK 
[image: image221.wmf]4

th

algorithm and the approximation solution by the multiple-scale perturbation method 
9. For frequency response curves, there are exist validated between the frequency response solutions and RK-4simulation
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Coefficients of equation (15)
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Coefficients of equation (16)
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Coefficients of system of equations (32)-(35)
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Coefficients of system of equations (38)-(41)
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Coefficients of equation (45)
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