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Abstract: This article presents the formulation of a novel self-adjusting model-reference-adaptive control 

law to enhance the position-regulation and disturbance-rejection capability of Rotary-Inverted-Pendulum 

(RIP) systems. Initially, the baseline Linear-Quadratic-Regulator (LQR) is augmented with a stable 

online gain-adjustment law that modifies the state-feedback gains online via pre-calibrated state-error 

dependent dissipative and anti-dissipative functions to improve the system’s position-regulation 

capability. To further enhance the controller’s robustness against exogenous disturbances and parametric 

variations, the baseline LQR is instead retrofitted with the proposed self-adjusting model-reference-

adaptive-system that employs Lyapunov theory to formulate a stable online state-feedback gain-

adjustment law. The adaptability and flexibility of the model-reference gain-adjustment law is increased 

by dynamically modifying the adaptation-gains via pre-calibrated Gaussian scaling functions that are 

driven by the system’s state-error variations. The hyper-parameters associated with each control strategy 

are tuned offline by iteratively minimizing an auxiliary quadratic cost function that captures the state-

error and control-input variations. The proposed adaptive control strategies are examined in the physical 

environment by conducting credible real-time hardware experiments on QNET Rotary Pendulum Board. 

The experimental outcomes validate the superior reference-tracking and robustness of the proposed 

adaptive controller even under the influence of exogenous disturbances and modeling-errors. 

Keywords: Linear-quadratic-regulator, self-tuning, model-reference-adaptive-controller, Lyapunov 

theory, Gaussian scaling function, QNET Rotary Pendulum.  

 

1. INTRODUCTION 

The Rotary-Inverted-Pendulum (RIP), or Furuta Pendulum, is 

an inherently unstable system that requires robust-optimal 

control effort to stabilize itself vertically under the influence 

of bounded exogenous disturbances (Li et. Al, 2013; 

Boubaker, 2013). The RIPs are widely favored as a testing 

platform to examine and validate the efficacy of stabilization 

control systems designed for under-actuated electro-

mechanical systems; such as aircrafts, submarines, aerial 

robots, missiles, and rockets etc (Bhatti et al., 2015; Zhang et 

al., 2014). Enhancing the robustness of closed-loop feedback 

controllers for such under-actuated electro-mechanical 

systems, to compensate the influence of exogenous 

disturbances and parametric uncertainties, is a big challenge 

(Grilti et al., 2018; Saleem et al., 2019a). Extensive research 

has been done to synthesize optimal stabilization controllers 

for RIPs (Yu et al., 2008; Mahmoud, 2018). The Linear-

Quadratic-Regulator (LQR) is a state-feedback controller that 

utilizes the nominal state-space model of the RIP system to 

minimize a quadratic performance index that captures the 

variations in state-trajectories and control-input to yield 

optimal control decisions (Sukontanakarn and Parnichkun, 

2009; Saleem et al., 2018a). However, despite its optimality, 

the existence of identification errors and the lack of 

information regarding the un-modeled intrinsic nonlinearities 

in the nominal model prevent the LQR from effectively 

rejecting the external disturbances and load variations 

(Ghertemani et al., 2011; Prasad et al., 2014). Consequently, 

the controller’s performance gets degraded under parametric-

uncertainties which causes the pendulum to collapse. 

Identification of the time-varying nonlinearities is a difficult 

task due to the restraints imposed by the system’s complex 

dynamics (Batmani et al., 2017). The stable adaptive control 

systems are widely favored because of their capability to 

efficiently mitigate the effects of disturbances caused by 

random faults, occurring in under-actuated systems, without 

rendering significant deterioration in the system’s overall 

performance during real-time or mission-critical applications 

(Saleem at al., 2017; Saleem sta al., 2018b; Saleem et al., 

2019b). A well-postulated adaptive system automatically 

adjusts the critical controller parameters, by using analytical 

or logical rules, to enhance the system’s robustness across a 

broad range of operating conditions (Szuster and Hendzel, 

2017; Bhatti et al., 2018).  

The derivative-based auto-tuning mechanisms, and their 

modified variants, have been extensively used for stable 

online dynamic adjustment of controller-gains, owing to their 

quick convergence to local minima (Blanchini et al., 2009; 

Hanwate et al., 2019). A resilient derivative-based online 

gain adaptation mechanism has been proposed in (Fisher et 



al., 2009) to robustify the ship cruise control systems. The 

“Fisher adaptation mechanism” is composed of dissipative 

and anti-dissipative terms that significantly enhance the 

sensitivity of the parameter adjustment law which in turn 

strengthens the controller’s reference-tracking accuracy 

(Balestrino et al., 2011). However, ill-postulated iterative 

algorithms inevitably put a recursive computational burden 

on the embedded processor. The unbounded growth (or 

decay) of controller gains causes integral wind-up which 

leads to actuator saturation and possible system failure. The 

empirical selection of a multitude of hyper-parameters 

associated with the gain adjustment law is also a laborious 

task (Balestrino et al., 2011). The Model-Reference-

Adaptive-Controller (MRAC) also offers robust control effort 

to enhance the pendulum’s position-regulation accuracy and 

tolerance against external disturbance (Subramaniana and 

Elumalai, 2016). It employs Lyapunov theory to analytically 

formulate a stable derivative-based online gain-adaptation 

mechanism that directly modifies the state-feedback 

controller gains, after every sampling interval (Chen, 2017). 

The Lyapunov function minimizes the difference between the 

outputs of the reference closed-loop system (governed by the 

LQR) and the actual closed-loop system to synthesize an 

asymptotically-stable online gain-adjustment law (Bernat and 

Stepien, 2012). The pre-fixed adaptation-gains of the gain-

adjustment law must be carefully selected as they steer the 

convergence-rate of state-feedback gains to the local-

optimum values, after every sampling interval (Cuong et al., 

2013). However, the fixed adaptation-gains fail to address the 

discontinuities associated with the behavior of RIP system 

during its equilibrium-state and perturbed-state (Hassanzadeh 

et al., 2011). Despite the predominantly linear behavior in 

equilibrium-state, the RIPs encounter undesired limit cycles 

caused by mechanical friction that severely affects their 

postural stability. Under the perturbed-state, the intrinsic 

nonlinearities such as actuator’s backlash and force-ripple 

tend to deteriorate the system’s reference tracking 

performance (Hassanzadeh et al., 2011).  

The novel contribution of this article is the systematic 

formulation of a robust nonlinearly-scaled MRAC strategy 

for an RIP system to enhance its position-regulation accuracy 

and disturbance-rejection capability. The LQR is used as the 

baseline control scheme. Initially, the state-feedback gains of 

the LQR are directly modified online by using the Fisher 

adaptation mechanism with pre-configured dissipative and 

anti-dissipative functions (Balestrino et al., 2011). In the next 

phase, the architecture of the self-tuning regulator is evolved 

by retrofitting a state-space MRAC with nonlinearly-scaled 

self-adjusting adaptation-gains. The adaptation-gains are 

dynamically altered, after every sampling-interval, via pre-

calibrated zero-mean Gaussian functions that are driven by 

the system’s state-error variations. This augmentation 

eliminates the performance limitations rendered by preset 

adaptation-gains. It increases the controller’s degrees-of-

freedom which enables the system to quickly and smoothly 

transit from perturbed-state to equilibrium-state with minimal 

fluctuations. Additionally, it enhances the adaptability and 

convergence-rate of the adjusted state-feedback gains which 

enhances the stabilization controller’s robustness against 

bounded exogenous disturbances. The aforementioned 

propositions are justified by benchmarking the performance 

of the proposed nonlinearly-scaled MRAC (N-MRAC) 

against the fixed-gain LQR as well as “Fisher-adaptive” self-

tuning LQR equipped. The comparison is done via credible 

experiments conducted on the QNET Rotary Pendulum 

Board (Saleem and Mahmood-ul-Hasan, 2019). 

The organization of the rest of the paper is as follows. The 

experimental setup and its mathematical description are 

presented in Section 2. The synthesis of baseline LQR is 

presented in Section 3. The formulation of the proposed state-

dependent adaptive controller is presented in Section 4. The 

experimental evaluation of the proposed controllers is 

presented in Section 5. The article is concluded in Section 6.  

2. SYSTEM DESCRIPTION 

The details regarding the hardware setup and mathematical 

model of the system are presented as follows. 

2.1.  Experimental Setup 

The QNET Rotary Pendulum Board, shown in Figure 1, is 

used in this research to experimentally examine the efficacy 

of the proposed control strategies (Ashrafiuon and Whitman, 

2011; Balamurugan et al., 2017; Saleem et al., 2020a). The 

hardware schematic of the system is shown in Figure 2.  

 

 Figure 1. QNET Rotary Pendulum Board 

 

Figure 2. Simplified schematic of RIP  



The pendulum rod rotates freely about the y-axis. The 

pivoted end of the rod is coupled to a rotary encoder that 

measures the rod’s pitch angle, denoted as θ. The rod’s free 

end is coupled with a 0.1 kg counter-mass. The angular 

motion of the rod depends on the rotation of the arm attached 

to it. The rod is rotated via a DC geared servo motor. The 

motor shaft is coupled to an optical encoder that measures the 

variations in the arm’s yaw-angle, denoted as α. The 

clockwise rotation of the rod and the arm is taken as the 

positive angular movement about their respective axes. The 

reference value of θ is fixed at π radians (or 180 degrees), 

whereas, the initial angular position of the arm’s angle, α(0), 

is selected as the reference value of α. The NI-ELVIS II 

board is used as a communication relay to exchange the 

information between the control software and the hardware 

setup at 9600 bps. The ELVIS board acquires the encoder 

data at a sampling frequency of 1000 Hz. The acquired data 

of real-time state-variations is serially transmitted to a 

LabVIEW-based computer application (Saleem et al., 2020a). 

The software application is running on a 64-bit, 1.8 GHz 

embedded computer with 8.0 GB RAM. The application's 

front-end acts as a graphical user interface that aids in 

recording and visualizing the instantaneous variations in 

state-variables. The back-end of the application provides a 

platform to run the control software routine that receives the 

digitized sensor readings, generates appropriate torque 

control signals, and serially transmits the control signals to 

the hardware setup. It is custom-designed by using the 

“Block Diagram” tool of the LabVIEW software. The 

adaptation laws are programmed via C-language codes in the 

Math-Script tool. The modulated control signals are 

transmitted to a driver circuit that amplifies them to drive the 

DC servo motor (Saleem and Mahmood-ul-Hasan, 2019). 

2.2.  Mathematical Model 

The Euler-Lagrange technique is adopted to derive the 

dynamic model of the RIP system (Balamurugan et al., 

2017). The difference of the system’s total potential energy, 

𝑉, and kinetic energy, 𝑇, is evaluated in terms of the states (𝜑 

and 𝜃) and their first-derivatives (𝜑̇ and 𝜃̇), to acquire the 

Lagrangian, 𝐿. The expression of 𝐿 is shown in (1). 

𝐿 = 𝑇 − 𝑉                                                                                      (1) 

The nonlinear equations associated with the system are 

obtained as shown below, (Balamurugan et al., 2017). 

𝛿

𝛿𝑡
(
𝛿𝐿

𝛿𝜑̇
) −

𝛿𝐿

𝛿𝜑
= 𝜏,

𝛿

𝛿𝑡
(
𝛿𝐿

𝛿𝜃̇
) −

𝛿𝐿

𝛿𝜃
= 0                           (2) 

where, 𝜏 is the torque applied by DC motor’s shaft. In this 

research, the frictional forces are ignored owing to their 

negligible effect on the RIP system. The corresponding set of 

nonlinear equations is presented in (3), (Jian and Yongpeng, 

2011). 

𝜑̈ = −
1

𝑁
(𝑟𝑀𝑝

2𝑙𝑝
2𝑔(cos𝜃)𝜃 + 𝐽𝑝𝑀𝑝𝑟

2(cos𝜃)(sin 𝜃)(𝜑̇)2 + (𝐽𝑝 + 𝑀𝑝𝑙𝑝
2)𝜏) 

𝜃̈ =
1

𝑁
(−𝑀𝑝𝑙𝑝(𝑀𝑝𝑟

2(sin2 𝜃)𝑔 − 𝐽𝑒𝑔 − 𝑀𝑝𝑟
2𝑔)𝜃 − 𝑀𝑝𝑙𝑝𝑟(sin𝜃)𝐽𝑒(𝜑̇)2

+ 𝑀𝑝𝑙𝑝𝑟(cos 𝜃)𝜏)                                                          (3)  

such that, 𝜏 =
𝐾𝑡(𝑉𝑚 − 𝐾𝑚𝜑̇)

𝑅𝑚

 

and, 𝑁 = 𝐽𝑝(𝑀𝑝𝑟
2(sin2 𝜃) − 𝐽𝑒 − 𝑀𝑝𝑟

2) − 𝑀𝑝𝑙𝑝
2𝐽𝑒 

These equations are linearized around the point, 𝜑 = 𝜃 =

𝜑̇ = 𝜃̇ = 0. The following approximations are also used to 

deal with the small displacements of the rod (Jian and 

Yongpeng, 2011; Saleem et al., 2020a). 

sin 𝜃 ≈ 𝜃, cos 𝜃 ≈ 1                                                            (4) 

 The state-space model of a linear system is given by (5). 

𝑥̇(𝑡) = 𝑨𝑥(𝑡) + 𝑩𝑢(𝑡), 𝑦(𝑡) = 𝑪𝑥(𝑡) + 𝑫𝑢(𝑡)           (5) 

where, x is the state-vector, y is the output-vector, u is the 

control input signal, A is the system-matrix, B is the input-

matrix, C is the output-matrix, and D is the feed-forward 

matrix. The state-variables and control input of RIP system 

used in this research are provided in (6). 

𝑥(𝑡) = [𝛼(𝑡) 𝜃(𝑡) 𝛼̇(𝑡) 𝜃̇(𝑡)]𝑇 , 𝑢(𝑡) = 𝑉𝑚(𝑡)    (6) 

where, 𝑉𝑚 is the voltage signal applied to the DC motor of the 

arm. The nominal state-space model of the RIP system is 

identified by (7), (Saleem Mahmood-ul-Hasan, 2019). 

𝑨 = [

0 0 1   0
0 0 0   1
0
0

𝑎1

𝑎3

𝑎2 0
𝑎4 0

] , 𝑩 = [

0
0
𝑏1

𝑏2

],  

𝑪 = [

1 0 0 0
0 1 0 0
0
0

0
0

1 0
0 1

] , 𝑫 = 0                                               (7) 

where, 

𝑎1 =
𝑟𝑀𝑝

2𝑙𝑝
2𝑔

𝐽𝑝𝐽𝑒 + 𝐽𝑒𝑙𝑝
2𝑀𝑝 + 𝐽𝑝𝑀𝑝𝑟

2
, 𝑎2 =

−𝐾𝑡𝐾𝑚(𝐽𝑝 + 𝑀𝑝𝑙𝑝
2)

(𝐽𝑝𝐽𝑒 + 𝐽𝑒𝑙𝑝
2𝑀𝑝 + 𝐽𝑝𝑀𝑝𝑟

2)𝑅𝑚

,  

𝑎3 =
𝑀𝑝𝑙𝑝𝑔(𝐽𝑒 + 𝑀𝑝𝑟

2)

𝐽𝑝𝐽𝑒 + 𝐽𝑒𝑙𝑝
2𝑀𝑝 + 𝐽𝑝𝑀𝑝𝑟

2
, 𝑎4 =

−𝑟𝑀𝑝𝑙𝑝𝐾𝑡𝐾𝑚

(𝐽𝑝𝐽𝑒 + 𝐽𝑒𝑙𝑝
2𝑀𝑝 + 𝐽𝑝𝑀𝑝𝑟

2)𝑅𝑚

, 

𝑏1 =
𝐾𝑡(𝐽𝑝 + 𝑀𝑝𝑙𝑝

2)

(𝐽𝑝𝐽𝑒 + 𝐽𝑒𝑙𝑝
2𝑀𝑝 + 𝐽𝑝𝑀𝑝𝑟

2)𝑅𝑚

, 𝑏2 =
𝑟𝑀𝑝𝑙𝑝𝐾𝑡

(𝐽𝑝𝐽𝑒 + 𝐽𝑒𝑙𝑝
2𝑀𝑝 + 𝐽𝑝𝑀𝑝𝑟

2)𝑅𝑚

 

The modeling parameters of the RIP system are identified in 

Table 1 (Saleem et al., 2020a). 

3. BASELINE LINEAR QUADRATIC REGULATOR 

The LQR is a model-based state-feedback controller. It 

utilizes the system's linear state-space model to deliver 

optimal control decisions by minimizing the deviations in the 

state-trajectories as well as the control input by using an 

energy-like quadratic performance index (Lewis et al., 2012). 

The quadratic performance index is given by (8). 

𝐽𝑙𝑞 = ∫ (𝑥(𝜏)𝑇𝑸𝑥(𝜏) + 𝑢(𝜏)𝑇𝑹𝑢(𝜏)) 𝑑𝜏
∞

0

                           (8) 



Table 1. Identification of RIP system parameter 

Symbol Description Value 

Mp Mass of pendulum 0.027 kg 

lp 
Pendulum center of mass to 

pivot length 
0.153 m 

Lp Length of pendulum rod 0.191 m 

r Length of horizontal arm 0.083 m 

Jm Motor shaft moment of inertia 3×10-5 kgm2 

Marm Mass of arm 0.028 kg 

g Gravitational acceleration 9.810 m/s2 

Je 
Moment of inertia about 

motor shaft pivot 

1.23×10-4 

kg.m2 

Jp 
Moment of inertia about 

pendulum pivot 

1.1×10-4 

kgm2 

Rm Motor armature resistance 3.30 Ω 

Lm Motor armature inductance 47.0 mH 

Kt Motor torque constant 0.028 N.m 

Km 
Motor back-electromotive 

force constant 

0.028 

V/(rad/s) 

Tm Maximum torque 0.14 Nm 

Vrated Motor’s rated voltage ±24.0 V 

Irated Motor’s rated current 5.0 A 

 

where, Q and R are the intermediate-state weighting and 

control-weighting matrices, respectively. The state-weighting 

matrix is positive-definite of the form Q = QT ≥ 0. The 

control-weighting matrix is positive semi-definite of the form 

R = RT ˃ 0. The optimal control law derived via the LQR 

approach is given by (9). 

𝑢(𝑡) = 𝐾𝑙𝑞𝑟𝑥(𝑡)                                                                        (9) 

such that, 𝐾𝑙𝑞𝑟 = −[𝑘𝛼 𝑘𝜃 𝑘𝛼̇ 𝑘𝜃̇] 

where, 𝐾𝑙𝑞𝑟  is the pre-fixed optimal state-feedback gain 

vector, 𝑘𝛼  is the proportional-gain associated with 𝛼 , 𝑘𝜃  is 

the proportional-gain associated with 𝜃, 𝑘𝛼̇ is the derivative-

gain associated with 𝛼̇ , and 𝑘𝜃̇  is the derivative-gain 

associated with 𝜃̇. The gain vector, 𝐾𝑙𝑞𝑟 , helps in the optimal 

placement of the system’s poles to yield an optimal control 

effort. The gain vector is evaluated via the expression in (10). 

𝐾𝑙𝑞𝑟 = 𝑹−1𝑩𝑇𝑷                                                                         (10) 

where, 𝑷 is a symmetric positive-definite matrix. The matrix 

𝑷  is evaluated offline by solving the Algebraic Riccati 

Equation given by (11). 

𝑨𝑻𝑷 + 𝑷𝑨 − 𝑷𝑩𝑹−𝟏𝑩𝑻𝑷 + 𝑸 = 0                                      (11) 

Selecting a unique set of state and control weighting-factors 

is an ill-posed problem (Saleem and Rizwan, 2019). The 

control-weighting-factor 𝑹  of 𝐽𝑙𝑞  is normally selected as 

unity to economize the overall control-input expenditure. In 

this research, the coefficients of the state-weighting-matrix 𝑸 

of 𝐽𝑙𝑞  are tuned by iteratively minimizing the auxiliary 

quadratic cost-function, shown in (12), to attain a unique set 

of weighting-factors that deliver optimum position-regulation 

accuracy (Saleem et al., 2020a). 

𝐽2 = ∫ [(𝑒𝛼(𝑡))
2
+ (𝑒𝜃(𝑡))

2
+ (𝑢(𝑡))

2
]  𝑑𝑡

∞

0

                  (12) 

where, 𝑒𝜃(𝑡) = 𝜃(𝑡) − 𝜋, 𝑒𝛼(𝑡) = 𝛼(𝑡) − 𝛼(0) 

The physical limitations associated with QNET RIP system, 

discussed in (Saleem Mahmood-ul-Hasan, 2019), are also 

taken into account while refining the selected weighting 

factors of 𝐽𝑙𝑞 .  

• Rod regulation: |𝑒𝜃(𝑡)| < 0.35 rad.  

• Arm regulation: |𝑒𝛼(𝑡)| < 2.97 rad. 

• Control input limit: |𝑉𝑚(𝑡)| < 20.0 V. 
 

The range of values of 𝑒𝜃, 𝑒𝛼, and 𝑉𝑚 defined in the criterion 

above are experimentally identified. Owing to the pendulum 

dynamics, the rod collapses if 𝑒𝜃 exceeds the defined range. 

Similarly, if 𝑒𝛼  violates the defined range, the power-chord 

and data-cable of the rotary encoder coupled with the rod’s 

pivot obstruct the rotational movement of the arm causing the 

rod to collapse. The control input is kept within ±20.0 V to 

avoid over-heating or unnecessary wear-and-tear of the 

motor's winding. The RIP is erected manually and the 

weighting-factors are calibrated iteratively until the desired 

performance objectives are achieved. The optimized 

weighting-matrices used in this research are given by (13).  

𝑸 = [

38.2 0 0   0
0 52.6 0   0
0
0

0
0

5.3 0
0 2.1

] , 𝑹 = 1                             (13) 

The gain vector, 𝐾𝑙𝑞𝑟 , is calculated offline as shown below.  

𝐾𝑙𝑞𝑟 = [−6.21 130.56 −4.22 17.83]                         (14) 

4. SELF-ADAPTIVE CONTROL SYSTEM DESIGN 

The online gain-adjustment enhances the system’s immunity 

against bounded disturbances as well as its reference tracking 

accuracy. This section presents the detailed design procedure 

of two self-adaptive multivariable control strategies. 

4.1. Fisher-adaptive Self-tuning Regulator (F-STR) 

The process of online gain-adaptation is initiated by 

employing the “Fisher” adaptation mechanism with pre-

calibrated dissipative and anti-dissipative functions (Fisher et 

al., 2009). It flexibly modifies the controller’s state-feedback 

gains online which enable the controller to respond to a wide 

range of operating conditions in practical under-actuated 

systems (Balestrino et al., 2011). The Fisher-inspired 

adaptation law does not require a priori knowledge of the 

system’s model. Instead, it initiates from the nominal preset 

values of gains and then iteratively modify them online on 

the basis of real-time state-error variations. The adaptation 



functions used in this research are expressed as follows 

(Balestrino et al., 2011). 

𝑘𝛼̇(𝑡) = −𝛾𝛼 . 𝑘𝛼(𝑡) + 𝛽𝛼 . |𝑒𝛼(𝑡)|2                                        (15) 

𝑘𝜃̇(𝑡) = −𝛾𝜃 . 𝑘𝜃(𝑡) + 𝛽𝜃 . |𝑒𝜃(𝑡)|2                                        (16) 

𝑘𝛼̇̇(𝑡) = −𝛾𝛼̇ . 𝑘𝛼̇(𝑡) + 𝛽𝛼̇ . (𝑒𝛼(𝑡). 𝑒̇𝛼(𝑡))                            (17) 

𝑘𝜃̇̇(𝑡) = −𝛾𝜃̇ . 𝑘𝜃̇(𝑡) + 𝛽𝜃̇ . (𝑒𝜃(𝑡). 𝑒̇𝜃(𝑡))                             (18) 

where, 𝛾𝑥  and 𝛽𝑥  are decay-rates and inflation-rates, 

respectively. The dissipative parts of these functions are 

represented by −𝛾𝑥 . 𝑘𝑥(𝑡). They decrease the rate-of-change 

of the corresponding gain exponentially with the decay-rate 

𝛾𝑥  under low error conditions in order to damp the 

oscillations and minimize control energy consumption. It also 

prevents the integral wind-up. The anti-dissipative parts are 

represented by 𝛽𝑥 . |𝑒𝑥(𝑡)|
2  or 𝛽𝑥 . 𝑒𝑥(𝑡). 𝑒̇𝑥(𝑡). They enlarge 

the corresponding gains under large error conditions, and 

vice-versa, to manipulate the stiffness or softness of control 

effort as the response diverges or converges towards the 

reference, respectively (Balestrino et al., 2011). The adaptive 

functions can be represented in the form of a first-order 

differential-equation as shown in (19). 

𝐾̇𝑓(𝑡) = −𝑭𝐾𝑓(𝑡) + 𝑮𝑣(𝑡)                                                     (19) 

such that, 𝐾𝑓(𝑡) =

[
 
 
 
 
𝑘𝛼(𝑡)

𝑘𝛽(𝑡)

𝑘𝛼̇(𝑡)

𝑘𝜃̇(𝑡)]
 
 
 
 

, 𝑭 = [

𝛾α 0 0 0
0 𝛾θ 0 0

0
0

0
0

𝛾α̇ 0
0 𝛾θ̇

],  

              𝑮 = [

𝛽α 0 0 0
0 𝛽θ 0 0

0
0

0
0

𝛽α̇ 0
0 𝛽θ̇

] ,          𝑣(𝑡) =

[
 
 
 

|𝑒𝛼(𝑡)|2

|𝑒𝜃(𝑡)|2

𝑒𝛼(𝑡). 𝑒̇𝛼(𝑡)

𝑒𝜃(𝑡). 𝑒̇𝜃(𝑡)]
 
 
 

 

where, 𝐾𝑓(𝑡) is a vector containing the time-varying state-

feedback gains 𝑘𝑥(𝑡) , 𝑣(𝑡)  is a vector containing the 

corresponding error-dependent terms used in each function, F 

is a positive definite matrix containing the decay-rates, 𝛾𝑥 , 

and G is a positive definite matrix containing the inflation-

rates, 𝛽𝑥 . The positive constants, 𝛾𝑥  and 𝛽𝑥 , are carefully 

selected to prevent indefinite increment (or decrement) in the 

gains under long-drifting disturbances which generally lead 

to actuator’s saturation. These parameters are tuned offline 

by iteratively minimizing the 𝐽2  to yield the best position-

regulation behavior. The selected values are shown in Table 

2. The differential-equation solution is computed as follows. 

𝐾𝑓(𝑡) = 𝑒−𝑭𝑡𝐾𝑓(0) + ∫(𝑒−𝑭(𝑡−𝜏)𝑮𝑣(𝑡))

𝑡

0

𝑑𝜏                     (20) 

The preset gain vector 𝐾𝑙𝑞𝑟 , identified in (14), is utilized as 

the 𝐾𝑓(0) in (20). The control law representing the Fisher-

adaptive Self-Tuning-Regulator (F-STR) is given by (21)  

𝑢(𝑡) = −𝐾𝑓(𝑡)𝑥(𝑡)                                                                   (21) 

Table 2. Tuned parameters of Fisher-adaptive functions 

Parameter Range of selection Tuned value 

𝛾𝛼 [0, 1] 0.035 

𝛾𝜃 [0, 1] 0.043 

𝛾𝛼̇ [0, 1] 0.013 

𝛾𝜃̇ [0, 1] 0.021 

𝛽𝛼 [0, 100] 27.4 

𝛽𝜃 [0, 100] 52.5 

𝛽𝛼̇ [0, 100] 12.6 

𝛽𝜃̇ [0, 100] 22.8 

 

The vector 𝐾𝑓(𝑡) yields updated values of the state-feedback 

gains after every sampling-interval. The asymptotic 

convergence of the aforementioned adaptive controller is 

verified via the Lyapunov function shown below. 

𝐺(𝑒𝑥) =
1

2
𝑒𝑥

2                                                                              (22) 

where, ‘x’ represents the state-variables being considered (θ 

or α), and 𝜑 is an arbitrary variable. The right-hand side term 

is clearly positive as it computes the square-of-error in θ or α. 

Hence, the function 𝐺(𝑒𝑥) is positive. The first-derivative of 

the Lyapunov function is expressed below. 

𝐺̇ = 𝑒𝑥𝑒̇𝑥                                                                                      (23) 

It is well known that in the regulation problem, the reference 

position has no impact on the controller design. Hence, the 

state-variable 𝑥(𝑡) = 𝑒𝑥(𝑡). The control law dealing with the 

pendulum angle or the arm angle is thus given by (24).  

𝑘𝑝,𝑥𝑒𝑥 − 𝑘𝑑,𝑥𝑒̇𝑥 = 0                                                                  (24) 

Combining the derivative, 𝐺̇, with either of these control laws 

presents the expression in (25). 

𝐺̇ = (
𝑘𝑑,𝑥

𝑘𝑝,𝑥

) 𝑒𝑥
2                                                                            (25) 

The expression of 𝐺̇, shown in (25), will be negative as long 

as 𝑘𝑝,𝑥 < 0  and 𝑘𝑑,𝑥 > 0 . This condition guarantees the 

stability of the aforementioned adaptive control law. These 

conditions are also verified via the preset state-feedback 

gains shown in (14). The “Fisher” adaptation mechanism 

captures the variations in the magnitude and direction of 

error-dynamics to improve the system’s response-speed and 

strengthen its damping.  

4.2. Nonlinearly-scaled MRAC (N-MRAC) 

This section presents the formulation of an original self-

tuning LQR augmented with a modified Model-Reference-

Adaptive-System (MRAS) (Kavuran et al., 2017). The 

conventional MRAS automatically updates the gain vector 

online by minimizing the error between the outputs of the 

reference model, generated by the LQR, and the actual 

system (Duka et al., 2007; Saleem et al., 2020b).  



Consider the linear system given in (5). It is desired to 

construct an adaptive control law that is capable of 

manipulating the angular behavior of the RIP system to 

imitate the response of the reference model (Chen, 2017). 

The reference model is given by (26). 

𝑥̇𝑟𝑒𝑓(𝑡) = 𝑨𝒓𝒆𝒇𝑥𝑟𝑒𝑓(𝑡)                                                              (26) 

The linear adaptive control law is given by (27). 

𝑢(𝑡) = −𝐾𝑎(𝑡)𝑥(𝑡)                                                                   (27) 

where, 𝐾𝑎(𝑡)  is the self-tuning gain vector that is 

dynamically updated via MRAS. The closed-loop 

representation of the reference and actual system is given in 

(28) and (29). 

𝑥̇(𝑡) = (𝑨 − 𝑩𝐾𝑎)𝑥(𝑡)                                                            (28) 

𝑥̇𝑟𝑒𝑓(𝑡) = (𝑨 − 𝑩𝐾𝑎)𝑥𝑟𝑒𝑓(𝑡)                                                 (29) 

The error between the reference and the actual states is 

computed via (30).  

𝑒(𝑡) = 𝑥(𝑡) − 𝑥𝑟𝑒𝑓(𝑡)                                                              (30) 

The error equation decides the convergence rate of the 

adaptation mechanism. The time-derivative of the error is 

given by (31). 

𝑒̇(𝑡) = 𝑥̇(𝑡) − 𝑥̇𝑟𝑒𝑓(𝑡) = 𝑨𝑥(𝑡) + 𝑩𝑢(𝑡) − 𝑨𝒓𝒆𝒇              (31) 

By simultaneously adding and subtracting the term, 

𝑨𝒓𝒆𝒇𝑥(𝑡) , on the right-hand side of equation (31), the 

expression of error-derivative can be simplified according to 

(32). 

𝑒̇(𝑡) = 𝑨𝒓𝒆𝒇𝑒(𝑡) + 𝜹(𝐾𝑎 − 𝐾𝑎)                                             (32) 

such that, 𝜹 = −𝑩𝑥(𝑡)𝑇 

It is assumed that the conditions needed for precise model 

tracking have been completely fulfilled while simplifying the 

expression of error-derivative. The quadratic Lyapunov 

function, expressed in (33), is used to develop a stable online 

gain-adaptation law that modifies the values of 𝐾𝑎 after every 

sampling interval (Hassanzadeh et al., 2011). 

𝐻(𝑒, 𝐾𝑎) =
1

2
[𝝋𝑒(𝑡)𝑇𝑷̅𝑒(𝑡) + (𝐾𝑎 − 𝐾𝑎)𝑇(𝐾𝑎 − 𝐾𝑎)]   (33) 

where, 𝝋 and 𝑷̅ are both positive definite matrices, whereas, 

𝐻(𝑒, 𝐾𝑎) is positive semi-definite. The matrix 𝝋 is referred to 

as the adaptation-gain matrix. The matrix 𝑷̅  is calculated 

offline using the following equation (Cuong et al., 2013). 

𝑨𝒓𝒆𝒇
𝑇 𝑷̅ + 𝑷̅𝑨𝒓𝒆𝒇 = −𝑸                                                              (34) 

The Q matrix, identified in (13), is used to solve the equation 

(34). Following the mathematical property in (34), there 

would always exist a pair of positive definite matrices, 𝑷̅ and 

Q, if 𝑨𝒓𝒆𝒇  is stable. The time-derivative of the Lyapunov 

function is given by (35). 

𝐻̇(𝑒, 𝐾𝑎) = −
1

2
 𝝋𝑒(𝑡)𝑇𝑸𝑒(𝑡)

+ (𝐾𝑎 − 𝐾𝑎)
𝑇
(𝐾̇𝑎 + 𝝋𝜹𝑇𝑷̅𝑒(𝑡))        (35) 

For 𝐻̇(𝑒, 𝐾𝑎) to be negative-definite, the expression in (36) is 

chosen as the online gain adjustment law. 

𝐾̇𝑎 = −𝝋𝜹𝑇𝑷̅𝑒(𝑡)                                                                     (36) 

This expression proves that 𝑒(𝑡) will eventually converge to 

zero. The simplified expression of the gain adjustment law is 

given in (37). 

𝐾̇𝑎 = 𝝋𝑥(𝑡)𝑩𝑇𝑷̅𝑒(𝑡)                                                                (37) 

The adaptation-gain matrix, 𝝋 , directly influences the 

convergence-rate and sensitivity of the gain adjustment law. 

The matrix is given by (38).  

𝝋 = 𝑑𝑖𝑎𝑔(𝜑𝛼 𝜑𝜃
𝜑𝛼̇ 𝜑𝜃̇)                                              (38) 

The dependence of gain-adjustment law on the adaptation-

gains, 𝜑𝑥, varies with respect to the changes occurring in the 

system’s state-dynamics in order to efficiently respond to the 

state-variations (Saleem at al., 2020). Under perturbed 

situations, a higher value of adaptation-gain is selected for 

quick convergence of adaptation-gains due to the rapid 

variations occurring in the state-dynamics. During steady-

state conditions, a lower convergence rate is required to 

render soft control effort due to the gentle state-variations. A 

larger adaptation gain during disturbed conditions minimizes 

the transient recovery times, whereas a smaller adaptation-

gain during steady-state conditions damps the steady-state 

fluctuations (Hassanzadeh et al., 2011). It is evident that 

preset adaptation-gains lack the flexibility to direct the 

softness or stiffness of the control-input trajectory under 

ever-changing state-dynamics (Saleem at al., 2020).  

Hence, in this research, a smooth transitioning mechanism is 

employed that enables the MRAS to automatically commute 

between different linear optimal controllers, after every 

sampling interval, to stabilize the RIP under steady-state as 

wells as the disturbed-state. For this purpose, pre-calibrated 

nonlinear-scaling functions are employed that smoothly 

increase the adaptation-gains for large magnitudes of error, 

and vice versa. The zero-mean Gaussian functions are 

selected because they are symmetrical, continuous, and 

bounded (Balestrino et al., 2009). The proposed Gaussian 

gain-scaling functions are presented as follows.  

𝜑𝛼(𝑒𝛼 , 𝑡) = 𝜑𝛼,𝑑𝑠 − (𝜑𝛼,𝑑𝑠 − 𝜑𝛼,𝑠𝑠) exp(−𝛿𝛼|𝑒𝛼(𝑡)|2) (39) 

𝜑𝜃(𝑒𝜃 , 𝑡) = 𝜑𝜃,𝑑𝑠 − (𝜑𝜃,𝑑𝑠 − 𝜑𝜃,𝑠𝑠) exp(−𝛿𝜃|𝑒𝜃(𝑡)|2)  (40) 

𝜑𝛼̇(𝑒𝛼 , 𝑡) = 𝜑𝛼̇,𝑑𝑠 − (𝜑𝛼̇,𝑑𝑠 − 𝜑𝛼̇,𝑠𝑠) exp(−𝛿𝛼̇|𝑒𝛼(𝑡)|2) (41) 

𝜑𝜃̇(𝑒𝜃 , 𝑡) = 𝜑𝜃̇,𝑑𝑠 − (𝜑𝜃̇,𝑑𝑠 − 𝜑𝜃̇,𝑠𝑠) exp(−𝛿𝜃̇|𝑒𝜃(𝑡)|2) (42) 



where, exp(. )  is an exponential functions, 𝛿𝑥  are pre-fixed 

variation-rates of the Gaussian scaling functions associated 

with the respective state-variables. The parameters 𝜑𝑥,𝑠𝑠 and 

𝜑𝑥,𝑠𝑠  represent the adaptation-gains associated with the 

steady-state and the disturbed-state of RIP, respectively. The 

variation-rates are tuned by iteratively minimizing the cost 

function 𝐽2  to deliver a time-optimal control effort. The 

range-space and the optimized value of each parameter are 

provided in Table 3. The values of 𝜑𝑥,𝑠𝑠  and 𝜑𝑥,𝑠𝑠  are 

selected in accordance with the research findings presented in 

(Hassanzadeh et al., 2011). The upper and lower limits of 

each adaptation-gain function are recorded in Table 4. The 

waveform of the adaptation-gain function is shown in Figure 

3. The augmentation of MRAS with self-adjusting 

adaptation-gains allows the controller to flexibly compensate 

the effects of abrupt dynamic changes as the system transits 

from disturbed-state to steady-state, and vice-versa. The self-

adjusting adaptation-gain matrix is presented in (43). 

𝝋̅ = 𝑑𝑖𝑎𝑔(𝜑𝛼(𝑒𝛼 , 𝑡) 𝜑𝜃(𝑒𝜃, 𝑡) 𝜑𝛼̇(𝑒𝛼 , 𝑡) 𝜑𝜃̇(𝑒𝜃, 𝑡))     (43) 

The modified online gain adjustment law is presented in (44). 

𝐾𝑎
̇ = 𝝋̅𝑥(𝑡)𝑩𝑇𝑷̅𝑒(𝑡)                                                                (44) 

The numerical integration of the gain adjustment law in (44) 

provides the following expression for the online adaptive 

modulation of the state-feedback gains. 

𝐾𝑎(𝑡) = 𝐾𝑎(0) + ∫(𝝋̅𝑥(𝑡)𝑩𝑇𝑷̅𝑒(𝑡))

𝑡

0

𝑑𝜏                            (45) 

The fixed-gain vector 𝐾𝑙𝑞𝑟 , identified in (14), is utilized as 

the 𝐾𝑎(0)  in (45). The Nonlinearly-scaled MRAC (N-

MRAC) law is expressed in (46). 

𝑢(𝑡) = 𝐾𝑎(𝑡)𝑥(𝑡)                                                                      (46) 

where, 𝐾𝑎(𝑡) = −[𝑘̅𝛼(𝑡) 𝑘̅𝜃(𝑡) 𝑘̅𝛼̇(𝑡) 𝑘̅𝜃̇(𝑡)] 

The block diagram of the N-MRAC is shown in Figure 4. 

 

Table 3. Selected variances of the Gaussian functions 

Parameter Range of selection Tuned value 

𝛿𝛼 [0, 100] 26.5 

𝛿𝜃 [0, 100] 32.7 

𝛿𝛼̇ [0, 100] 42.1 

𝛿𝜃̇ [0, 100] 45.3 

 

Table 4. Limits of adaptation-gains for N-MRAC 

State Disturbed-state Steady-state 

Limit 𝜑𝛼,𝑑𝑠 𝜑𝜃,𝑑𝑠 𝜑𝛼̇,𝑑𝑠 𝜑𝜃̇,𝑑𝑠 𝜑𝛼,𝑠𝑠 𝜑𝜃,𝑠𝑠 𝜑𝛼̇,𝑠𝑠 𝜑𝜃̇,𝑠𝑠 

Value 2 1 3 2 1 0.1 0.2 0.1 

 

 

Figure 3. The waveform of the adaptation-gain functions 

 

Figure 4. The block diagram of the N-MRAC scheme 

5. EXPERIMENTAL SETUP 

This section presents a detailed experimental evaluation of 

the proposed adaptive control strategies via hardware-in-the-

loop experiments conducted on the QNET RIP setup [28].   

5.1. Experimental Evaluation 

The details of the experimental setup have already been 

discussed in Section 2. The performance of N-MRAC is 

compared with the fixed-gain LQR and F-STR via four 

unique test-cases. The test-cases analyze the position-

regulation, disturbance-rejection, random noise attenuation, 

and modeling-error compensation capability of each of the 

aforementioned controllers. To simplify the visualization, the 

angular responses are deliberately shown in degrees (deg.). 

A. Position-regulation behavior: This test case examines the 

system's position-regulation behavior. The objective is to 

vertically stabilize the pendulum rod with minimum 

deviations while making sure that the arm tracks its initial 

position. The position-regulation response and the 

corresponding control input profile of each controller are 

graphically illustrated in Figures 5, 6, and 7, respectively. 

B. Impulsive-disturbance rejection: The robustness of 

proposed controllers against exogenous disturbances is 

examined by injected a pulse in the control input at t ≈ 1.5 s. 

The magnitude and duration of the applied pulse are -10.0 V 

and 0.1 ms, respectively. The time-domain behavior of each 

controller is illustrated in Figures 8, 9, and 10, respectively.  



 

Figure 5. Pendulum angle response under normal conditions 

 

Figure 6. Arm angle response under normal conditions 

 

Figure 7. Control voltage response under normal conditions 

 

Figure 8. Pendulum angle response under pulse disturbance 

 

Figure 9. Arm angle response under pulse disturbance 

 

Figure 10. Control voltage response under pulse disturbance 

 

C. Noise attenuation: The controller’s immunity against the 

detrimental effects of measurement noise (or mechanical 

vibrations) is evaluated by adding a bounded white noise 

signal in the control input. The injected signal has a signal-to-

noise ratio of +20.0 dB. The resulting fluctuations observed 

in the time-domain response of each controller are depicted 

in Figures 11, 12, and 13, respectively. 

 

 

Figure 11. Pendulum angle response under white noise 

 

Figure 12. Arm angle response under white noise 

 

Figure 13. Control voltage response under white noise 

 



D. Modeling-error compensation: The controller’s immunity 

against modeling-errors is assessed by introducing a step-

increment in Rm via the mechanism shown in Figure 13. 

Initially, the RIP is balanced under nominal conditions. At t ≈ 

1.5 s, a 1.0 Ω resistor is connected in series with the motor 

terminals by changing the position of the selector-switch, 

shown in Figure 14, from A to B. The resulting state and 

control input variations of each controller are graphically 

illustrated in Figures 15, 16, and 17, respectively.  

 

Figure 14. Schematic of the modified RIP setup 

 

Figure 15. Pendulum angle response under modeling-error 

 

Figure 16. Arm angle response under modeling-error 

 

Figure 17. Control voltage response under modeling-error 

5.2. Analysis and Discussions 

The performance analysis is done in terms of the root-mean-

squared value of state-error (RMSEx) in degrees, the absolute 

value of peak overshoot or undershoots (Mp,x) under transient 

disturbances, the time taken by the response to settle within 

±2% of the reference value (ts,x), the average control power 

evaluated in terms of mean-squared-value of the motor 

control voltage (MSVm), and the peak control voltage (Vm,p) 

in the control profile under transient disturbances.  The 

comparative performance assessment of the experimental 

results is summarized in Table 5. The results clearly validate 

the superior robustness and time-optimality of the N-MRAC 

against parametric uncertainness, bounded exogenous 

disturbances, and modeling errors. 

In Test-A, the angular responses of LQR exhibit persistent 

fluctuations around the reference angles. The angular 

responses of F-STR converge relatively faster to reference 

than the LQR, with a relatively lesser amplitude of 

oscillations in the equilibrium position. The N-MRAC 

exhibits the most time-optimal control effort. The arm- and 

rod-angle quickly converge to the reference angles and track 

them with minimal steady-state fluctuations. In Test-B, the 

N-MRAC response exhibits rapid transits with reasonable 

damping to compensate for the effects of impulsive 

disturbances. The N-MRAC demonstrates the minimum 

magnitude of Mp as well as trec after recovering from the 

transient disturbance. In Test-C, the arm and rod vibrate 

persistently throughout the trial when the system is equipped 

with LQR. The responses yielded by F-STR also exhibit 

persistent oscillations throughout the time-window with a 

relatively lesser magnitude of RMSE. The N-MRAC 

effectively attenuates the influence of noise signal and 

manifests minimum RMSE magnitudes in the angular 

responses of arm and pendulum.  

Table 5. Summary of experimental results 

Test Characteristic 
Controllers 

LQR F-STR N-MRAC 

A 

RMSEθ (deg.) 2.31 1.46 0.88 

RMSEα (deg.) 16.61 9.76 6.13 

MSVm (V2) 14.97 10.14 5.33 
 

B 

RMSEθ (deg.) 3.42 2.92 1.60 

|Mp,θ| (deg.) 12.03 7.51 5.12 

ts,θ (s) 1.55 1.26 1.21 

RMSEα (deg.) 20.84 16.68 11.87 

|Mp,α| (deg.) 75.86 53.66 38.02 

ts,α (s) 1.54 1.19 1.15 

MSVm (V2) 15.42 8.63 4.70 

Vm,p (V) -18.42 -12.61 -10.70 
 

C 

RMSEθ (deg.) 2.21 1.76 1.02 

RMSEα (deg.) 19.56 17.47 11.44 

MSVm (V2) 13.83 10.17 6.72 
 

D 

RMSEθ (deg.) 4.38 3.30 2.35 

RMSEα (deg.) 36.58 25.09 17.84 

MSVm (V2) 40.17 21.66 10.56 



In Test-D, the N-MRAC robustly compensates for the 

modeling-error. It overcomes the detrimental effects of the 

induced parametric variations in minimum time while 

effectively damping the fluctuations around the reference 

angle. 

The superior disturbance-rejection capability exhibited by N-

MRAC is attributed to the enhanced adaptability of the state-

feedback gains, rendered by the self-adjusting adaptation-

gains in the MRAS law. This arrangement significantly 

improves the response-speed of the controller and efficiently 

compensates the detrimental effects of bounded exogenous 

disturbances and parametric variations.  

6. CONCLUSION 

This paper presents the systematic formulation of an 

enhanced adaptive-optimal stabilization control strategy for 

RIP systems by employing a resilient state-error-dependent 

self-tuning mechanism. Two online self-adaptive strategies 

are comparatively analyzed; namely, the Fisher-adaptive 

gain-adjustment law as well as nonlinearly-scaled MRAS. 

Each online gain-adjustment mechanism is methodically 

synthesized and then retrofitted with the baseline LQR. The 

F-STR reasonably mitigates the effects of external 

disturbances and modeling-errors encountered by the system. 

However, to further enhance the controller’s adaptability and 

robustness against nonlinear disturbances, a modified MRAC 

is employed. The adaptation-gain matrix of the gain-

adjustment law in MRAC is dynamically modified via pre-

configured state-error dependent Gaussian scaling functions. 

The mutation of MRAS via smooth nonlinear scaling 

functions considerably improves the pendulum’s error 

convergence-rate and strengthens its damping against 

fluctuations. The superior robustness of N-MRAC is 

validated by conducting credible experiments on QNET 

Rotary Pendulum Board and analyzing the corresponding 

results in comparison with other controller variants. There is 

plenty of room for future enhancements. The robustness of 

the proposed control strategy can be investigated by applying 

it to control other electro-mechanical systems. Moreover, 

indirect hierarchical adaptive control strategies can be 

examined for the online modification of the state-feedback 

controller gains to ensure improved stabilization of self-

balancing electro-mechanical systems. 
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