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Abstract: For the discrete-time heterogeneous high-order multi-agent system (MAS) with multiple
leaders, the time-varying output group formation and tracking (TVOGFT) control problem is investigated
in this paper. The followers are supposed to be partitioned into several groups, and are required to form
different formations while track the average of leaders’ outputs. Firstly, in order to estimate the leaders’
states, the distributed observers considering the time-varying communication delay are proposed, and
based on Lyapunov theory, the states of observers are proved to asymptotically reach the average of
leaders’ states. Then, the observer-based control protocols for followers of each group are designed, and
the Algorithm regulating the control protocols is also offered. It is illustrated that the control protocols
can make followers realize the TVOGFT by choosing appropriate formation functions and parameters.
Finally, a MAS consisted of ten followers and three leaders is adopted to illustrates the effectiveness of

the proposed protocols.
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1. INTRODUCTION

For the past few years, the distributed formation control of
MAS has attracted extensive attention due to its widespread
applications in many areas, such as target enclosing (Guo et
al.,, 2010), cooperative competition (Zuo, 2020), load
transportation (Maza et al., 2010) and so on. Compared with
centralized coordination approaches, the distributed
formation control has advantages in communications and
computation performance.

As the basis of time-varying formation tracking (TVFT)
control, there have been some researches about the time-
varying formation (TVF) control for the homogeneous MAS,
where all the agents have the identical dynamical model, such
as second-order (Wang et al., 2020; Wang et al., 2020), high-
order (Dong and Hu, 2016), fractional-order (Gong et al.,
2020) and so on. The adaptive output-feedback approach
(Wang et al., 2019; Wang et al., 2019) and event-triggered
scheme (Li et al., 2019; Li et al., 2021) are usually adopted to
solve the TVF problem.

In the TVFT control of homogeneous MAS, the followers are
required to track leader’s trajectories while form the desired
formation (Hua et al., 2018). The influence factors, such as
time-varying communication delay (Wang and Zhang, 2021),
switching interaction topologies (Dong et al., 2019), input
delay (Jiang et al., 2020), extern disturbance (Yu et al., 2020),
and input saturation (Yu et al., 2020), can affect the
performance of MAS and therefore need to be considered.
The TVFT control with application to multiple aerial vehicles
systems was studied in (Yu et al., 2021).

In the practical application, the agents usually have different
structure and parameters, and the heterogeneous MAS is
more suitable in this case. Since the agents in heterogeneous
MAS have different dimensions, the outputs of agents are

usually needed to achieve TVFT instead of states, namely
time-varying output formation and tracking (TVOFT)
problem. It is generally assumed that one leader (Hua et al.,
2019) or convex combination of multiple leaders (Hua et al.,
2019; Liu et al., 2021) is tracked in TVOFT. The distributed
observer scheme (Hua et al., 2020; Qi et al., 2022) and
adaptive control method (Duan et al., 2020) are often used to
solve the TVOFT problem. When the multiple leaders
communicate with each other, then it becomes formation-
containment problem (Zuo et al., 2019; Gao et al., 2021).

In the aforementioned works, whether the TVF, TVFT, or
formation-containment problem, all agents are controlled to
form only one desired formation. However, when agents are
required to perform different tasks simultaneously, they need
to be divided into several groups and form different
formations (Dong et al., 2017). It needs to be noticed that
TVOGFT is not simple superposition of TVOFT of different
groups due to their communications between groups. In (Li et
al., 2018; Zhou et al., 2021), the leaders were assigned to
each group of followers, and the followers were required to
track the leader which belonged to the same group. By
contrast, the followers were controlled to track the average of
leaders’ states in (Han et al., 2020). The application of
TVOGFT to air ground cooperative control was investigated
in (Tian et al., 2020).

In the application of MAS, communication delay is often
considered, which will not only affect the performance of the
system, even destroy the stability of the system (Zhang et al.,
2008; Chen and Li, 2009; Qaisar et al., 2020). In this paper,
for the discrete-time heterogeneous MAS, the TVOGFT
problem with time-varying delay under directed topology is
studied. Firstly, the distributed observers are presented and
the effectiveness is proved by using Lyapunov theory. Then
the observer-based TVOGFT protocols are constructed. It is
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proved that the protocols can make the followers achieve
TVOGFT when formation feasibility conditions are satisfied.
In additional, an algorithm to construct the designed
protocols is also presented.

Compared with the existing researches, the contributions of
this paper are summarized as follows. First, the discrete-time
heterogeneous MAS is considered. The dynamics in (Han et
al., 2020; Li et al., 2018; Dong et al., 2017) were described as
second-order and high-order homogeneous MASs. The
dynamics in (Tian et al.,, 2020; Zhou et al., 2021) were
assumed to be continuous. In (Qi et al., 2022), the system
was assumed to be discrete-time and heterogeneous, but the
followers finally formed only one desired formation. Second,
we assume that there exist multiple leaders. In (Zhou et al.,
2021), the followers were required to follow the only one
leader which belonged to the same group with followers. The
multiple leaders were considered in (Hua et al., 2019; Liu et
al., 2021; Hua et al., 2020; Qi et al., 2022), but the followers
were not divided into different groups. Third, the discrete-
time communication delay is taken into account which is not
considered in (Li et al., 2018; Dong et al., 2017; Tian et al.,
2020).

Next, this paper is arranged as follows. The basic graph
theory and system description are presented in section 2.
Section 3 is the TVOGFT research results, including
observers, TVOGFT protocols and algorithm. The simulation
results are given in section 4. Finally, section 5 is the
conclusion summarizing the whole work.

In this paper, L, .n-wy and 1, represent nyx(N—M) -

dimensional matrix and n; -dimensional column vector with

all elements 1 respectively. 1 denotes an identity matrix with
appreciate dimension, and ® is defined as the Kronecker

product. A =diag{S,S} is a block-diagonal matrix with
Re(4) -Im(4)
Im(4) Re(4)

Re(4) and Im(4) are the real and imaginary parts of

diagonal values S . Matrix 7, ={ } where

complex number 4, respectively. .

2. GRAPH THEORY AND PROBLEM DESCRIPTION
2.1 Graph Theory

The interconnection of a MAS consisted of N agents can be
described by graph G={V,EW} , in which
V ={v,V,,--,Vy } is the node set, E ={eij =(Vi,VJ-)} denotes
the set of edges. W =[w; | e R"*"is the weighted adjacent
matrix, and W; >0if ; €E  or w; =0, w; =0for all i .
When there exists information flow form node ] to nodei,
then node j is a neighbor of i, and all neighbors of i is
denoted by N;. The asymmetric Laplacian matrix is denoted

by L:[IijJNxN , where I :Z,j\‘:ljﬂwij and I =-w; for
i # j . (Godsil and Royle, 2001).

2.2 Problem Description

Considering a heterogeneous MAS consisted of N agents, in
which M agents are defined as followers, the rest N—-M
agents are leaders. The dynamics of followers are described
as

{xi(k+1)=Axi(k)+BiUi(") 212 M )

Y (k) =Cx; (k)

where x (k) eR" , u(k)eR™ , y;(k)eR” are the state,
control input and output of followersi at time instant k ,
respectively. A e R¥™, B, eR"™ , C, e R"™ are known
constant matrices with rank(B;) =m,. Assume that the pairs
(A, B,) are stabilizable and the pairs (C;, A) are detectable.

The leaders are described as

X;(k+1)=Sx;(k)
yJ=M+LM+2,--- N 2
{yxk) = Ux; (k)

where X;(k) e R, y;(k) eR” are the state and output of

leader j at time instant k , respectively. S e R%9,U e R
are constant matrices. The pair (U, S) is observable. And the
eigenvalues of the matrix S are all outside the unit circle.

Assumption 1: The following regulation equations

{Eis - AE, +BF

0=CE -U ®)

have solution pairs (E;,F,),i=12,---,M ,

To achieve TVOGFT control, the M followers are supposed
to be divided into g € N(g >1) groups and the node set of 9
groups is denoted by {Vl,Vz,'--,Vg} which satisfies
Ve =Dk=12--9) , UV, =V and V,NV, =0
k1efy2,---,0}. k=1). Let T be the index of group that
agent i belongs to. The number of followers in each group
i(i =12,---,9)is denoted by n;. The node set of each
group is represented byV; ={=; +LZ; +2,---,E; +n.} with

- T-1 B
E; :Zk:onk ,N, =0,

Assumption 2: {Vl,VZ,-“,Vg} is an acyclic division of the
node set V .

Assumption 3: In each group, there exists at least one
follower which can obtain the information of all leaders,
namely well-informed agent, and the rest are uninformed
agents which can’t receive any information from leaders. For
each uninformed agent, there exists at least one well-
informed agent in the same group which has a directed path
to it.

Base on Assumption 2 and Assumption 3, the Laplacian
matrix L has the following form
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L {'—1 L2:| @ 3. MAIN RESULTS
0 O In this part, the distributed observers using the outputs of
iy M(N-M) neighbors are designed for each follower firstly, and the
where, L e R, L eR : effectiveness is illustrated by using Lyapunov theory. Then,
the observer-based control protocols are presented. And the
L, 0 - 0 algorithm regulating the steps to construct the protocols is
L, L, = 0 also given.
L=| . : : : () i
: : : : In order to estimate the average of leaders’ states, the
Ly Ly = Ly distributed observers are designed as follows
Assumption 4: Each row sum of L; (i > ) equals to 0. & (k+1) = S& (k) - K, Z w, (9 (k=7)=¥5(k—7,)) -
jeN;
Remark 1: L_(i =1,2,---,0) is the interaction topology of & e
||( _g) p ay Z (yl (k Tk -(k—Tk))— (8)
the followers in group i , and L.,( >]) describes the JeN;
N
interaction between the group i and j . When agent i and K, Z V\/ij(yir(k—rk)—yj k-7)),1 =12,---,g
agent j are in the same group, then W; =1if (vj,vi)e E, o
otherwise W; =0 . When agent i and agent j are in the Where ¢&'(k)eR® is the observer state of agent
different groups T and j(i >7), W, =2 if ( i)eE and  i(i=12--M) in group T(i =1,2,---,9), ¥ (k) =UE (k) ,

group T and J interact cooperatively, if (vj WV, ) € E and group

i and j interact competitively, W; =-2, otherwise W; =0,

Lemma 1 (Li et al., 2015): When Assumption 3 holds, all the
eigenvalues of matrix L, have positive real parts.

Lemma 2 (Hu et al., 2019): If Assumption 3 and Assumption 4
hold simultaneously, then —L;*L, has the following form

-L'L, = [alT a; a, ]T (6)

where a; =1,y /N-M

Let hT(k) eRY(i =1,2,---,g) denote the desired state
formation function of agent i in group T (i =1,2,---,9), and
the corresponding output formatlon is

hi (k) =UR () =1.2,---,9).

h (k) —|: 0 (S +1) ! hoT(— +2)1 hoT(— +w)]T )
Y =[yl oyl sy, | for  the
T(T=12-9).

Definition 1: For any bounded initial states and any group
i(i =12,---,9), the TVOGFT control is realized if

Denote

group

Ilm(y (k)—h! (k)——® i y,—(k)j=0 ()

- j=M+1

N
Remark 2: In Definition 1, (lm/(N -M ))® > y;(k) is the
j=M+1
average of leaders’ outputs, which is a special case of convex
combination of leaders’ outputs and can be regarded as the
formation reference function.

y; (k) =Ux;(k), K, e R*"is the constant gain matrix. zis
the time-varying communication delay satisfying

T, <7 STy )

with 7, and z,, being known positive integers.

Denote

M =[Em,00.8 0. &, 0]
&M =[EW.ET M0 | ,

Xe (k) = X0 106, X3 (K), -5 ()]
observers (8) can be rewritten as
Ek+D)=(1, ®S)E() - (L ®KU)E(k—7,) -
(L, ®KU)xc(k-7,)

Lemma 3 (Mahnoud, 2004): For any real vectors &, b and
any matrix Q >0 with appropriate dimension, then

then the distributed

(10)

+2a'b<a’Qa+b'Q'b (11)

When Assumption 3 holds, there exits nonsingular matrix
Z *satisfying Z'L,Z = J , where J is the Jordan form of L.
Denote 4, (i=12,---,M) is the eigenvalues of L , and define
A, =min{fRe(A)}+juz |, A, =max{Re(A)}+ja

H=max{Im(4)}. Then Lemma 4 is given as following.

Lemma 4 (Xi et al., 2001): Assume D,, P, P, are real

symmetric  matrices, if @, +Re(4)®, +Im(4)®, <0
(i=12,34) , then @D, +Re(4,)®, +Im(4)PD, <0
(i:LZ,"',M)O

Theorem 1: Suppose Assumption 3 and Assumption 4 hold,
the  distributed observers (8) with time-varying



CONTROL ENGINEERING AND APPLIED INFORMATICS

50

communication delay will converge to the average of
states, that is

fim (&7 (k) (1, /(N-M))® X, x,(K)) =0,
7=12-g.

if there exist positive definite symmetric

leaders’

12)

matrices

P.Q.Q,,Q;, R, I'"and matrices D, D,,T,, T,, ¥,, ¥, satisfy

_@11 012 Tl @14 015 016 @17 @18 @19 @110 ]
* @22 TZ @24 @25 @26 @27 @28 @29 @210
+ % @ 0 0 0 0 0 0 0
* « % @, 0 0 0 0 0 0
* * * *x Oy 0 0 0 0 0
<0
* * * * * @y 0 0 0 0
* * * * * * @, 0 0 0
* * * * * * * -P 0 0
* * * * * * * * -R 0
L * * * * * * * * * _I"_
(i=1234) (13)
where 0,=-P+(p+)Q +Q, +Q, + ¥, +¥/
6,=¥;-¥,-T,+D, , 6,=-D, , 0,=\pD, |,
O, = \/;Tl ' 0, =y ¥, ) O, = AP )
T T
@19:\/;(/18_') R ' 0110:\/TM(AS_I) r '
0, =-0Q-Y%, —'1’2T -T, —T2T +D, + D2T , 0, =-D,
0, = \/; D, ' Oy = \/;Tz , 0, =¥,
0y = _(J’Z Ay )'P , 0, = ‘\/;(72} Ay )'R ,
@210 M (711 KU ) r b o,=-Q, , 0,=-Q, ,
O,=—(R+I'), 0,=-R, 0, =-TI', p=1,, -7,
Proof: Let é(k) =€(k)—(-L"L, ® 1) x (k), then
Ek+D)=(1, ®S)EK)-(L, ®KU)é(k-7,) (14)
Denote #(k) =(Z’1 ® |q)5(k) , then
nk+1)=(1,, ®S)nk)-(I®KU)nk-1,) (15)
Considering the following systems’ stabilities
17, (k+1) =Sy (K) - A4 KUy (k—7,),i=1,2,---\M (16)
Let7, (k) =[Re" (n,(k)) Im" (,(k))] . then
7 (k+1) = A, (K) =y, Aot (K—7,),1=12,---,M (17)
Denote o, (k) =#,(k+1)—#;(k)(i=12,---,M) , and choose

the following Lyapunov functional candidates

vi(k):ivij(k),i =12,--,M

where,

V) = (9P, (),

Vi (k) = z W (00, (),

Vit = 3 004 0+ 3 7004 0,
Vi () = Z > i 0Qi 0.

Va= 35 S o MRo ),

V0= 3 3 ol (1w, (1)

Then, along the solution of (17) there exist
AV, (k) = & (k) (4 PA =P ), (k) ~
241 (K)A5 Py, Ay ity (K—7,) -
i (k=2)(7, 40 ) Py, Aol (K=7,)
i (K)Qup, (K) —1; (k—7,)Qufp; (k—17,) +

3 A0 0
MV (0 =i (0 (K7 (k7 )Qui (k—7,)+
iy (K)Quff; (k) — 7! (k=17 )Quff, (k—17,,)

2 (O ()

I=k+1-7y

AV, (k) <

AV, (K) = pii! (K)Quff; (k) —

k-7, -1

AVis (k) = po] (K)Ro, (k)= > o (1)Rw; (1)

I=k—7y

AV (K) =7y 0] (K)o, (k) - ki o (NIv, (1)

I=k-7py
Because

S TR ) -
_kfv ()Ro, (l)—kilv?(')R"i M

I=k—7y I=k—7

=S o ()=
_kflof Oro ()= S

I=k—7y I=k—7

o ()T, ()

(18)

19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)



51

CONTROL ENGINEERING AND APPLIED INFORMATICS

Denote ¢,(k) = [ (K). & (k=7 ). (k—z,). 7 (k=7,)]

p=[p] D] 0 0] . T=[T/ T/ 0 o],

w=[v' v 0 O]T. By using Lemma 3, then

S Orms2 Y o awg 0+
RO EIC

<2 ()P a7, (K)+ 27" ()P, 7, (K—7,)—
25 (k—7)P 5, (K)-25] (K—7,)¥, 1, (K—7,) +

(92 e A (27)

k-7, -1 k-7, -1

=2 o Re (<2 Y o] (NTT¢ (k) +

k-7, -1

Z ¢ (TRITTE (k)

<2q8 (k=7 )T, () + 243 (k= 7,)T, ' (k—7,) -
z'li (k_Tk)Tl ; (k)_zﬁi (k_Tk)Tz i, (k—-7,)+

P& (TR, (K)
k-7, -1 -7, -1

- > v (), (|)—

I=k-7y I=k—
k-7, -1 -7, -1

2 Z v, (ND"¢(K) + Z {iT(k)D(R+I‘)'1 D¢, (k)

<2f1" (k—7,) D/, (K)+ 24 (k—7,)D; df; (k—7,) —
2} (k—7,,)D/ 7, (K) 27 (k—7,,)D, if, (k—7,) +
P& (K)D(R+T)" D¢ (k)
Base on (18)~(29), then
AV, (k) <
&T(K)(2+pDR+T) D"+ pTRTT +7, YT ¥7) ¢, (k)
(30)

(28)

viT(I)Rvi ()=

(29)

2, @, T1
* 9, T,
* —Q2

* k k

-D,
-D,
0 1
-Q
Q, = ALPA —P +(p+1)Q +Q, +Q, + ¥, + ¥ +
oA - I)TR(AS - +7y (4 - I)TF(AS -,
Q, =4 Py, Ay —p(As — ' R7 A YT -
Tm (As_I)TFyAAKlu +D,,

where 2 =

2, = (y;H AKlu )T P}’,g AKlU _Ql + p(y,ii AK1U )T Ryzi Ay vt
Tm (?’41. Ay )TFM Ay -, -¥, -T,-T, +D, +D;.

Applying Schur complement, based on Lemma 4, when
formula (13) holds, then systems (17) are asymptotically

lim &(k) = lim(&(k) - (-L,'L, ®1,))
According

stable, which means
Xz (k))=0 to Lemma 2,

lim (&7~ (1, /(N-M))®3 ", X, (K)) =0 The proof
is finished.

there exists

Remark 3: In distributed observers (8), the leaders’ outputs
are using to estimate the average of leaders’ states. Compared
with leaders’ states, the outputs are easier to measure.

Remark 4: System (15) and system (16) may not be
equivalent, but when system (16) is stable, system (15) is also
asymptotically stable.

Based on the distributed observers (8), the TVOGFT protocol
uiT (k) for follower i of group 7 is designed as follows

U (K) = K X] (K) + Ky, (€ 00+ 1 () 417 (K)(T =12+, 0)
(31)

where K, e R™" , K, eR™ are constant matrices.

r’ (k) e R™ is the compensation input.
Because rank(B;) =m;, , there exists a nonsingular matrix
Y, :[éiT,BiTT satisfying B B, =1 , BB, =0 , where

B eR™", B eR™™ . The Algorithm to construct the
protocols (31) is given in the following.

Algorithm 1: the control input (31) for the follower i of group
i(i =1,2,---,9) can be constructed as below.

Stepl: Solve regulation equation (3) for solution pairs
(E, F)i=12,

Step 2: For the given hf(k) , verify the following equation
BE, (Sh' (k)-h' (k+1))= (32)
If (32) holds, continue Step 3. Otherwise, the Algorithm stops.
Step3: Calculate T/ (k) as

r' (k) = -B,E, (Sh;’(k)—h;’ (k +1)) (33)

Step 4: According to Theorem 1, determine the appropriate
matrix K, to make formula (13) hold.

Step5: Choose K, to make all the eigenvalues of
(A +B K ) are within the unit circle, Ky = F, —K,E, .

Remark 5: In step 4 of Algorithm 1, the number of formula
(13) for determining K, is independent of the number of
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followers. In other steps, it is necessary to calculate the
corresponding data for each follower, including (E;,F), Bi,

B, r' (k) Kyand Kg(i=12:--,M), and the execution

time will be extended with the increase of the number of
followers.

Then Theorem 2 is given to illustrate the effectiveness of
protocols (31).

Theorem 2: Suppose Assumptions 1~4 hold. When time-
varying function rf (k) satisfies (32) and formula (13) holds,

then the followers (1) can realize TVOGFT under the
proposed protocols (31) with parameters determined in
Algorithm 1.

Proof: The followers with protocols (31) can be written as
X (k+1) = (A +BiKy, ) x| (K)+ BKy (& )+ (k) +
Br' (k),7 =12,---,g (34)

N

Denote (k) =(Y(N-M))X 0, %K), & (k) =& (k)-
() g (k) = (K)—E; (W (k) +€(K))
Notice that &(k +1) = SE(K), then

g (k+1) = (A +BKy )4 (K)+B K& (k) +Bir (k) +
(A +BiKzi)EihiT(k)+BiK3ihiT(k)_EihiT(k+l)+

(A +B,Ky ) E(K)+ B Ky E(K) - E, SEK) (35)
Choose Ky =F, —K,E;, then (35) can be rewritten as

¢ (k+1) =(A +BKy g (K)+B K& (K)+Br (k) +

E Sh' (K)-Eh (k+2) (36)
When R (k) satisfy (32), then

B,E, (Sh' (k)—h (k +1))+ BBr (k)=0 (37)
According to (33), then

BE, (S (k) - (k+1))+BBr (k) =0 (38)

. ) A L
Combining (37) and (38), since Y, =[Bf, Bf} is
nonsingular, so

# (k+D)=(A+B Ky )¢ (K)+B K& (k) (39)
When formula (13) hold, then méf(k) =0 . If choose K,
to make all the eigenvalues of (A +B /K, ) are within the

unit circle, then 1i_r}r;ﬁ(k) =0, which means
fim (%] (k) E, (W (k) +¢(K))) =0 (40)

Because C,E, =U , so

fim (C,x (k) ~C,E, (/ (k) +&(K))) =

m[yii (k)—h;(lo—ﬁ N7 (k>J:0 (41)

j=M+1

which also indicates

Eijpc(y‘(k)—hi(k)—(%/(N M)e Y vj(k)}o (42)

j=M+1

According to Definition 1, the control goal is achieved under
the proposed protocols (31). The proof is finished.

4. NUMERICAL SIMULATION

In this section, a MAS consisted of ten followers (labeled
1~10) and three leaders (labeled 11~13) is considered, whose
interactive topology is shown in Fig.1. The ten followers are
divided into two groups, where followers 1~6 belong to
group 1, and the others belong to group 2. The agent 2 and
agent 7 are well-informed agents of each group which satisfy
Assumption 3. Furthermore, group 2 can receive information
of groupl, and the interactive weight satisfies Assumption 4.

TN
\:,L}/

TN

A 12)

/// \\7/
(D2 ~ D
(L2~~~ (130 w(7)«— (38

j - \ N/ N/ N/
(A N
3 \i‘,/' T I
T~/
o e e
™~ o N AN
5 (6 )—
N/ \_/
Group 1 Group 2

Fig.1. Interaction topology of MAS.

The parameters of three leaders are assumed to be

cosT sinT
S:I2®{ 11 } , U=1,8[1 0] . Considering

the heterogeneous dynamics of the followers with

AizAZZIZ@{COST sinT} | BlzBZZIZ®|:2:| |

0 0
cosT sinT O
C,=C,=1,8[1 0] , A=A=1,8 0 0 1],
0 1 O

. C,=C,=1,®[L 0 0] |
[cosT sinT 0 00
A=A=1,8® 0 0 1|, B=B;=1,®1 0
0 1 0 01

,C;=C,=1,8[1 0 0], A7=A8=I2®{COZT S'an]
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0 s 010 L
B7=BS=|2®M , C,=C,=1,8[1 0] , BS=BS=|2®{O 0 J , B, =B,=1,8]1 0] |,

cosT sinT 0 00 B,=B,=1,9[0 05] , B,=B,=1,9[1 0 0] ,
A=A=1,8 -1 2 1|, B=B,=1,®1 0|, _ . 010
0 -1 -1 0 1 Bg:Blo_|2®|:0 0 J , it can be illustrated that

C,=Co=1,®[1 0 0]

The followers in group 1 and group 2 are expected to form
different formations, which are defined by the following
time-varying formation functions

cos(KT + % )

. i—1
—sin(kT + —=
( 3 )

ht(k) = =128,
sin(kT +—= 1)
3
cos(kT +ﬂ7z)
L 3 J
cos(kT +ﬂ7r)
2
—sin(kT + =" 7)
h?(k) = 0.5* 2 17-7.89,10.

sin(kT +%7r)

cos(KT + ﬂﬂ)
L 2 J
According to Algorithm 1, the pairs (E;,F)(i=1,2,---,10) are

calculated by Assumption 1 as E =E,=1,®lI,

10
F=F=1,8-11 , E=E=1,801 ,
00
10
0 -1
|=3=|:4:|2®{1 J , E=E,=I,®|0 1|
00
-1 1
FF=F=1,® 0 -1 , E,=E,=1,®]1, ,
10
F,=FR=1L®1 1 , E=E,=1,8/0 1 ,
00

0 -1
F=Fo=18 |

By choosing matrices

B,=B,=1,®[0 1]

B, - B,

001 - -
L® ) 1 o] B;=B;=1,®[1 0 0] ,

h (k)(i =1,2) satisfy (32) for each follower. Then the
compensation input rf(k) can be calculated according to
formula (33) in Algorithm 1.

In step 4 of Algorithm 1, on the basis of Theorem 1, when
0.1
K, =1, ®[O 3} , formula (13) hold, and the error system(14)

is asymptotically stable. The observer errors of ten followers
belonged to group 1 and group 2 are shown in Fig.2 and Fig.3,
respectively. The observer errors in the two figures
asymptotically approach Zero, which means

lim(& 00 (1, /(N-M))® 3, %,00)=0(F =1.2) and

indicate the observers (8) are effective to estimate the average
of leaders’ states.
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Fig.2. Observer errors of group 1.
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Fig.3. Observer errors of group 2.

According to Step 5 of Algorithm 1, the matrices
K, (@{i=12,---,10) are chosen as
Ky =K, =1,8[-2 0.01] ,
Ko — K. =1 ®{—2 -01 O }

23 24 2 0 _01 _01 1
K K. -1 ®[0 -0.1 —0.1}

25 26 2 _2 _01 0 ’
Ky, =Ky =1, ®[—2 0.01] ,
Ko =Kyo =1, ®|:0 N 0.01:| ) and Ksi are

0 -01 O '

determined by Ky =F —K, E;(i=12,---,10) . Then control
protocols (31) can be constructed.

After applying control protocols (31) to ten followers
described as formula (1), the time-varying outputs snap shots
at time instants k =500,600,900,1000 are shown in Fig.4,
respectively, where the six followers of group 1 and four
followers of group 2 rotate anticlockwise around the average
of leaders’ outputs, which is labeled by red lower triangle.
Then the followers are said to form time-varying output
group formation and track the average of leaders’ outputs. It
should be noticed that the Fig.1 only shows the network

topology relationship between followers, while the followers’
actual locations are determined by the formation functions.

In order to show that followers can track the average of
leaders’ outputs clearly, the tracking trajectories of followers
of group 1 and group 2 are displayed in Fig.5 and Fig.6
respectively, where the average trajectory of leaders’ outputs
is labeled by blue line. It can be seen that the followers of
group 1 and group 2 track the average of leaders’ outputs
while maintain the desired time-varying formation. For the
sake of simplicity, only the agent 1 and agent 7 are marked in
Fig.5 and Fig. 6, and the other agents are arranged in
anticlockwise order, which is the same as in Fig. 4.

20.5

Agent 4 '

20

19.5+

K Agent 10
E
>
19
185
Agent 1
18 r r v
8.5 9 9.5 10 105
x/m
(@) k=500
-37.5 3 3 T
Agent 34
-38
385 Agent 4 v
Agent 8
E
> Agent 7
-39
Agent 5 Agent 10
-39.5
Agent 6
40 r r r r r r r r r
202 -20 -19.8 -19.6 -19.4 -19.2 -19 -18.8 -18.6 -18.4 -18.2
x/m
(b) k =600
6.5 T T T
Agent 6
6 Agent 5
Agent 1 R
Agent 10
55~
£
>

Agent 8
45

Ag nt 3

1.6 1.8 2 2.2 2.4 2.6 2.8 3 3.2 3.4 3.6
x/m

(c) k=900



55 CONTROL ENGINEERING AND APPLIED INFORMATICS
138 T T T agms T followers can realize the TVOGFT under control protocols
4 with zero error according to Theorem 2.
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To further demonstrate the effectiveness of proposed
protocols, the formation tracking errors of followers

¢ (k)(i=1,2,---,10) in group 1 and group 2 are shown in

Fig.7 and Fig.8, respectively. All the formation tracking
errors of followers finally reach zero, and indicate the

iterative step

(a) Agents 7~8
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Fig. 8. Formation tracking errors of group 2.
5. CONCLUSIONS

For the high-order discrete-time heterogeneous MAS
consisted of multiple followers and leaders, the TVOGFT
problem with time-varying communication delay is
investigated in this paper. The observers to estimate the
average of leaders’ states are proposed by using neighboring
outputs, whose effectiveness are proved based on Lyapunov
theory. Then, the observer-based control protocols enabling
followers to realize TVOGFT and Algorithm regulating the
protocols are presented. The future work will focus on the
group formation-containment tracking control of discrete-
time heterogeneous MAS, in which all agents, including
virtual leader, formation leaders and containment followers,
have different dynamics.
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