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Abstract: Controlling a swarm robot is a way of handling the behaviour of individual robots inspired by
the organization of animal societies. Through local rules and interactions, swarm robotics aims to build
sustainable collective behaviour, with an open and flexible mechanism to coordinate with large numbers of
individuals. This paper proposes a solution for attractive/repulsive functions with clear mathematical
descriptions with Mamdani fuzzy method, which is more flexible and closer to natural logic. Conditions
for stabilizing the convergence process are introduced based on Lyapunov theory with swarm model and
its interaction coefficients. Simulation results verify the important characteristics of the system through

Matlab software.
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1. INTRODUCTION

Characteristics of the swarm robot are using a large number of
relative simple robots to perform tasks that a single robot
cannot do or do not perform effectively. Swarm behavior is
performed based on the mechanism of the collaboration
between individuals. Typical behaviors of swarm robots are
divided into four major groups: aggregation, search, transport,
and obstacle avoidance.

Swarms of animals and insects tend to aggregate in the swarm,
which will help them avoid enemies and deal with the changes
of nature. One of the early applications of robot aggregation
behaviors was proposed in 1994 (Kube and Zhang). In this
research, a mechanism, used to invoke the group behavior,
allow the system of robots to perform tasks without centralized
control or explicit communication. Bruemmer et al. (2002)
addressed issues surrounding deployment and tasking of a
real-world collective of cost-effective, small mobile robots.
This research mentions on the use of social potential fields as
a means to coordinate group behavior and promote the
emergence of swarm intelligence as seen in a colony of ants or
swarm of bees. Correll ef al. (2009) considered a case study
concerned with the inspection of a jet turbine engine by a
swarm of miniature robots. The research summarizes efforts
that include multi-robot path planning, modeling of self-
organized robotic systems, and implementation of proof-of-
concept experiments with real miniature robots. Moreover, the
emphasis of the work is on explicitly incorporating the
potential limitations of the individual robotic platform in terms
of sensor and actuator noise into the modeling and design
process of collaborative inspection systems. Another
contribution proposed a decentralized method for controlling
a homogeneous swarm of autonomous mobile robots that
collectively transport a single palletized load. The small tank-
like robots have no advanced sensory or communication

capabilities as well as information on the position or number
of other robots transporting the small pallet. Instead, all
information needed by the robots is derived from the dynamics
inherent when the system of robots is contacting a common
rigid body (Stilwell and Bay, 1993). Parker described the
design issues of key importance in these real-world
cooperative robotics applications - fault tolerance, reliability,
adaptivity and coherence. The work presents a general
architecture addressing these design issues - called
ALLIANCE - that facilitates multi-robot cooperation of small-
to medium-sized teams in dynamic environments, performing
missions composed of loosely coupled subtasks (Parker,
1996). Another robotic implementation of the cooperation to
retrieve large prey of ants is described in (Kube and Bonabeau,
2000). This is an example of decentralized problem-solving by
a group of robots, and it provides the first formalized model of
cooperative transport in ants.

Balch et al. described the design and implementation of these
reactive trash-collecting robots as a multi-robot cooperating
team. The multi-agent cooperation includes color vision for the
detection of perceptual object classes, temporal sequencing of
behaviors for task completion, and a language for specifying
motor schema-based robot behaviors (Balch er al., 1995).
When researching on the swarm robot, it is necessary to clarify
the mechanism of cooperation and the stability of the swarm.
The stability here is the ability to ensure the formation, the
distance between individuals while moving. Specifically,
individuals in the swarm move together toward a certain target
and they would converge around the target at a certain
distance.

The stability of the robot swarm plays a role in ensuring that
the algorithm is efficient, applicable, and moreover optimal in
cooperation. There are many studies on the stability of swarm
robots presented in (Gazi and Passino, 2003; Wang and Fang,



2010; Chen et al., 2006; Yang et al., 2008). This stability is
mainly based on the attraction/repulsion mechanism between
individuals in the swarm. Each work presents a different
attraction/repulsion function with explicit mathematical
equations. They have specific characteristics, including:
magnitude depends on the distance between pairs of
individuals in the swarm; the longer the distance between the
pairs of individuals, the greater the attraction force, the closer
the distance, the greater the repulsion force and vice versa.

As can be seen, the above studies indicate that herd behavior
is based on the interactions between individuals in the swarm,
as well as between them and the environment. These
interacting forces are often well-defined mathematical
functions, but without convincing arguments. In addition, due
to the complexity and variability of the swarm robot's
behavior, mathematical models are often difficult to satisfy.

In order to make the robot's operation closer to natural reality,
this paper proposes a new swarm model, in which the
interaction force between individual robots is built on the basis
of fuzzy logic. Fuzzy logic has flexibility in input/output
selection, fuzzy rules, defuzzification, etc. Therefore, using
fuzzy logic to determine attraction/repulsion can be more
generalized than the use of explicit attraction/repulsion.
Simulation results using Matlab software are presented to
verify the operating properties of the robots based on the
proposed method.

In part 2, the attraction/repulsion function for the convergence
problem of the swarm robot is built based on the fuzzy logic
approach. The stability of this approach is proven in section 3.
The results of verification through simulation are presented in
section 4.

2. BUILDING ATTRACTION/REPULSION FUNCTION
FOR CONVERGING PROBLEM

Consider a swarm including N individuals in n dimensional
Euclidean space (n<3). Assuming that each individual is
considered a point and its size and mass could be ignored. The
position of the individual i in the swarm is represented by

]
p' = 2|€ER" (1)
M

The movement of individuals in an identical environment
would depend on the interaction between each individual and
the others in the swarm. An identical environment is one that
is free of obstacles, with no external disturbance affecting the
swarm. When pairs of individuals are far apart, they need to
move toward each other by attraction force to maintain the
swarm, and conversely, when close, they need to move away
from each other by repulsion force to avoid collisions. This
means that the force of interaction between individuals in the
swarm would depend on the distance between pairs of
individuals. Let f be the force of interaction between pairs of i
and j

f=rf(lp’ =l @)

where ||p! — pi|| being the distance between two individuals i

and j. Call oy is actual distance between the pair of individuals,
S0:

o = [P ~p'll =
J(pi -2+ (P}, —ph)? + - + (p) — Ph)? ©)

Let:

a(lp' - 2| = FAlpi-p') _ floy)

loi-pi]| - TS = ga(Gs) - gr(Gs)(4)

where ¢(.) being attraction/repulsion function between
individuals i and j, g,(.) being repulsion force, g.(.) being
attraction force.

Let o% R be the distance between two objects i and j with
the force of attraction and repulsion between these two objects
in equilibrium. This force is represented by

f(o5) = 0if o5 = o
flos) =4f(0s) <0if 0 < 05 < 7% (%)
f(oy) >0if0 < o} < o

Call 3 the difference between the actual distance and the
desired distance:

s = o0, — O (6)

The interaction force between individuals f(oy) is a
nonlinear function that depends on the distance between pairs
of individuals (i, j), so that function f(o;) can be built using
the Mamdani fuzzy system with SISO structure as follows:

- Step 1:
The input signal is
U=705= 05— O )

Assuming that u has the value range of [as, f] €R. Divide u
into 2N¢+1 membership functions, denoted by B¥ with k =
1,2,..., 2N¢+1 as shown in Figure 1.

Hpk (l.l)

uNert

Figure 1: Fuzzification of input signal of the fuzzy controller

The output signal is A= f(o; — o%) = f(u) with its value
range of [aa, fa] (Figure 2). Divide A into 2Ng#1 membership
function, denoted by AXwith k = 1, 2, ..., 2N¢+1. Center of
gravity aX of AXis determine by



<0ifk=1,2,..,N
al=0ifk = N;+ 1 (@)
>0ifk =N +2,...,2N; + 1

- Step 2: Build 2N¢+1 rules IF... THEN... with form:
IFu = BX THEN A = Ak

Hak(A)
Al AN: ANgtl pNgi2 A2NgtHL
o
A
o o aNet1 a?Netl g,

Figure 2: Defuzzification of output signal of the fuzzy controller

- Step 3: Select fuzzy laws and defuzzificate by the weighted

average method, according to Wang (1997), output control

value is determined by

2 Q)
2N¢+1

fw = S

9
byl ®)

With the above three-step fuzzy set design, it can be seen
that the input signal is the distance of the individuals and the
output signal is the interaction between the individuals. This
relationship has the following properties

fw) >0, if o,> o}
fw) <o, if 0< o, <
fw) =0, ifo;, = o

(10)

The fuzzy function f(u)is a continuous function that
satisfies the conditions:

- Upper and lower limit:

Amin < f(u) < Amax (ll)
where Apin = at, Apax = a?Ntt
- Applying linearization equation:
k+1_ k k, k+1_ k+1,,k
FQu) = (a a®)utau aftly (12)

uk+1_yk
where u € [ uk, uf*], with k € {1,2, ..., 2N}

Let Gumin and Gymax b€ the smallest and largest value of the
attraction function, G.pin and Gemax be smallest and largest
value of the repulsion function, respectively. From (12), the
limits of the function g( o) are determined as follows

{_GO < Gamin < 9(03) < Gamax néu o > o} (13)

rmin < 9(0%) < Grmax < 0néu 0 < o5 < o4

with

(G = max [M]
amax -y oy2<k<2Np+1 Luktl-uk
Gamin = min [M]
amin = N ep2sk<aNg+1 Luktl-uk
3 ak‘”—ik (14)
Gmwx=1g§§J:mI:§]
Grmin = Mmin [M]
\ rmin T ckeng lukt -y

The properties of (10) can be represented by different
nonlinear functions as shown in Table 1.

Table 1. Types of interaction forces between individual i and j based
on fuzzy logic
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gauss2mf[1.43 -10.9 1.1 -8.3], gaussmf[1.074 -4],
gaussmf[1.056 5.55e-17], gaussmf[0.9482 4],
gauss2mf[0.89 7.9 1.09 11.2]}

A={

gauss2mf[0.12 -1.1 0.12 -0.9],

gaussmf[0.1079 -0.5],

gaussmf[0.0921 6.94e-18], gaussmf[0.1123 0.5],
gauss2mf[0.072 0.87 0.14 1.1]}
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B={
trapmf[-11.7 -10.2 -8.28 -3.89], trimf[-7.96 -5.79 -1.93],
trimf[-6.07 -3.466 0.0792],

trimf[-3.89 -1.67 1.614 4.1], trimf[0 4.206 6.01],
trimf[1.98 6.164 8.07],

trapmf[4.101 8.39 10.9 15.4]}

A={

trapmf [-1.48 -1.03 -0.9 -0.33],

trimf[-0.685 -0.486 -0.3889], trimf[-0.341 -0.2143 -
0.0979], trimf[-0.13 0 0.13],

trimf[0.0979 0.246 0.3571], trimf[0.4048 0.58 0.684],
trapmf[0.347 0.924 1.04 1.48]}

4 1

max

05

-0.3

B={
trapmf[-11.7 -10.2 -9.97 -9.815], trimf[-9.7 -9.23 -7.698],
trimf[-9.39 -7.486 -2.248],

trapmf[-7.638 -3.04 -0.88 2.72], trimf[-2.3 3.62 8.86],
trimf[-1.92 5.06 8.88], trapmf[2.724 8.34 10.2 11.8]}

A={

trapmf[-1.48 -1.02 -0.9 -0.765],

trimf[-0.7646 -0.537 -0.389], trimf[-0.4259 -0.214 -0.0979],
trimf[-0.4259 -0.214 -0.0979], trimf[-0.0926 0.246 0.574],
trimf[0.0714 0.568 0.722], trapmf[0.2354 0.754 0.1 1.44]}

As can be seen from Table 1, the graph of the nonlinear
functions is similar to the graph of the explicit functions
described in (Gazi and Passino, 2003; Wang and Fang, 2010;
Chen et al., 2006; Yang et al., 2008). This means that the
explicit functional forms are special cases of the fuzzy function
constructed by (9) satisfying the condition (10).

3. STABILITY ANALYSIS OF SWARM ROBOTS USING
FUZZY FUNCTION

For a real bio-swarm, the mobility of each individual is finite
and determined by the neighboring individuals, scope of

observation and the communication ability of the individual in
the operating environment. Assume that individual robots are
considered as points and interactions among individuals in the
swarm are the same. Thus, the velocity of each individual in
the flock is determined as follows:

(»'-p")
(2

p' =Xy mwif ([P =) (15)
where w;; € R being the quantity that characterizes the
interaction between the pairs of individuals, with wy; = wy; =
0.

Let W = [w;] € RN*Nbe the interaction matrix between
individuals. Assuming that w;; = 0, if wy; = 0. This means that
the interaction between the pair of individuals does not exist,
and w;; # 0 means that there exists a interaction between
individual i and individual j. For (15), to simplify the
calculation, it is possible to approximate w; = 1 with j=1,
2,...., N.

Let L=[l;]eR™N be the Laplace representation of the
interaction matrix W, in which

lljz{

L is the Laplace matrix whose sum of elements on a row or on
a column is always 0.

N =i (16)
j=1,j=i Wij Il =]

The center p§, of the swarm is defined by:

1 .
py =~ XL p! a7

Take the derivative of p¢, with respect to time

P =52 2 mwia ([0 - P @ —ph
= - S wilg (e = DG - pY + g(llp* -
p’'[@' —pH] =0 (18)
Formula (18) shows that p$, of a swarm described by the
model (15) with attraction/repulsion function g(.) as given in

(9) is always identical with every t and does not depend on the
interaction between the pairs of individual in the swarm.

Theorem: The individuals of the swarm are described as (15)
with an attraction/repulsion function built according to the
control law (9), satisfying condition (10), over time, all
individuals of the swarm will converge and maintain in the
restricted area

2 =zl ~P'|I* < 2)

in which g, = o /% , With 1,, 4,, being smallest and
w2
largest individual values of L, respectively.

(19)

Prove theorem:

Let el, be the difference between the position of the robot i and
the center:

(20)

i — i c
ew =P — Pw



Take the derivative of the position deviation el, in (20) over
time:
=p'—py =p' (21)
Select Lyapunov function for individual i:
1 P2
w=jllebll” = Jelel (22)

Take the derivative of V;,, function over time, the result is

Viw = elvely = p'Tel, = L, wyg([[p’ — p'||) (' — pHTel,
(23)
Definition of total potential function Lyapunov:
1
=TI\ Viy =S5 el el (24)

Taking the derivative of V,, with respect to time t

i=1j
-1 N

=Z > wila(lp =)@ - p7els

i=1 j=i+1

N

wi;ig(|lp? — pY|) (@ —p)7el,
=1

+g(lpt =) @' = p)7e}]
N-— N
) 2. oo’ =Dl 'Y
i=1j
N N
. . . .2
EZZwi,-g(an —p DI’ -7
i=1j=1

. . . 2
=== > wyg(lp’ — DI’ - p'l
S1
1 ; ) . )
2> waale! o D! -1
S2

[N

| b—\

=2 [Zs,wig(lp? = o IDlp’ = p[1° + 2, —wi g (Ip —

oDl =o'l = p'l* | =3 [Zs, w gl = o Dllp’ -
L2 . . . . . 12

P'll° = Zs, ~wya (o’ = p'IDle’ = vl = pilI° |

=[5 wyg(lp’ =2 DlIp =o' I* + 25, ~wign(llp’ -
P’ — Pl | - 225 wig (o — 2 I)llp? — I -

%5, ~win(llp’ = oDl = p*|I” | (25)
Set:
v = =3[ wya(lle’ = Dllp’ - v'lI°] -
2 [Zs—wif (e = Dl =2 IF]  @8)

[z wualle’ =o' DI’ - 2% +
=2 —wyr (e = DI =207 ] @7)
Combine (26), (27) to (25):
Vo=V, =V, (28)
The result is
s, ~wy (1P = ' DIP? = 2° < Amin Zs, wis o = pII”
s, wiyg(Ip! = o DIP? = 2'I° = Gamin s, wisllp? =

(29)
Hence from (27), the following relation is determined
2 325, wyg(Ip = Dlle’ ~pll° -
: 12
%Zsz WiiAmin|lp” = 2|
(30)

The right-hand side of the inequality (30) can be rewritten as
follows:

Wug(llp" —p DI = plI* =3 Zs, WiAminllP! = Pl

f J-pi|)- min J—pt j i||?
= -Z (l» '|I|I3Jj;i” [ ”pj'_ Pl
= —;Zsz{—f(llp’ -p'[) +Ammllp’ -
. ( J— ) ( j—
l”} ”ppj_pplll l]”p] -p ” ||zj - ||
= = Zs,{~f([lP" = P'I]) + Aminllp? — p'[[}17wy | — p']| 1
(31)
Note that:

B = max{~f([|p’ = p'll) + Auwinllp’ = P'll} = Amino? (32)

Combine (31) and (32) infer that (30) is equivalent to:

1 *
Vy 2 = Apin 0 T1 D)r e 17w 1 (33)
From (33) infer that:
2 ZAmmO_s ?]:1 Zﬂy=1,j==i 1T-Wij- 1 (34)
Return to formula (26), the result is
1 . . . ‘2
V; < =%, wiig(lp” = ' Dllp’ = plI” -
1 i 112
EZSZ WijAmin”p] - Pl” (35)
Set ay, = min{Gamm,Amin}
So:
1 : 112
Vl < __aw Zslusz Wl.j”p] - pL” =
awZ LiX)rj= @ — 0wy () —pY)  (36)

From (16), the following equation is determined

I N (P — P Twy () - p) = el (L® ey, (37)



and

%zgvzlzgvzlﬁi 1"w;1=17(LOI,)1 (38)

in which
e, =p —p' =/ —pS) — 0 —pg) = e, — e,

In (37) and (38), the notation ® is Kronecker product, L& I, is
the matrix of NNxNN dimension created from NxN block, in
which block (i, j) is the matrix I;l,, specifically as follows:

lllln llZIn llNIn
L® In - 12.:!..171 lzlznln lZIYHIn € RNNXNN (40)
lNIIn lNZIn lNNIn

Combine (36), (37) and (38), the result is

V, < —a,el (L®1,)e, (41)

When interaction matrix is symmetric and there exists a link
between the robots, all the values of the matrix L are denoted
by 4, h=1, 2, 3,..., n and satisfy:

0= <A, <<, 42)

A, Az, ., Ay IS the solution of the system of equations:
det(L — AI) = 0, 4, is the smallest of the non-zero values of
the matrix L, | is the unit matrix.

Hence, from (41), following relationship is formulated

V< _awe\’ﬁrw(L@In)ew =< _awﬂvzllew”2 (43)
Combined (34) and (43), the result is
V==V < —aydolleyll? + Apin it Il (44)
From (44) infer that to make ¥, < 0 then:
Apin 0520
2y min®s “'n
lewll? > ===
Set:
_ _+ [Amin*n
0 = o [Amir's (45)
then:
b7 - vl > o2 (46)

Theorem is proven [J

From (46) draws the influence of the parameters to the
convergent limit of €2, of the swarm:
- When increasing Ap,j,means increasing the repulsive
force, which will increase the convergence limit of the
swarm.

- On the contrary, if increasing «,,, the convergence limit
of the swarm will be decreased.

4. SIMULATION RESULTS
4.1 Fuzzy attraction/repulsion function simulation

As discussed above, the f(.) is a nonlinear function depending
on the distance between the robots, so it is possible to calculate
approximately of the f(.) based on the Mamdani fuzzy model
by the structure SISO as shown in Figure 3:

Attraction - Repulsion|
Fuzzy Function

(Mandany)

Distance input Attraction/Repulsion

output

Figure 3: The fuzzy structure of the attraction/repulsion calculations
between robot individuals

- Input signal is u = o5 — o;, U = [-10, 10] €R, divide u
into 5 spaces BX as figure 4a.

- Output signal is A = f (a5 — o3) with the value range of
[-1, 1], divided into 5 spaces A¥ as figure 4b.

- Build 5 laws with form:
If u=BX Then A = A¥ with k=1, 2, ..., 5.

- Select law MAX-MIN, defuzzification by the weighted
average method.

B1 I I E!IE I E!I3 ' E!I4 I I BS
: - (@
1 I I AZ I I AIS I I Ad I I Aj
1 T 1 1 1 1 |. 1 1 1
TR (b)
Figure 4: Function of input signal (a) and of output signal (b) of
fuzzy set f(u)

With the solution of the design of fuzzy sets to calculate
interactive force between the individual robots as the above
steps, the relation between the input/output signals of the fuzzy
set f(.) is obtained as shown in Figure 5.
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Figure 5: The relationship between the input and output signals of

the fuzzy set f(.)

4.2 Simulation of the converging process of the swarm robot

In the simulations: the symbols o, ¢, — represent the initial
position, the final position, and the path of the robot,
respectively (Figure 6). Matrix W is symmetric with wy; =
wj; € [0,1] if j#, wy = 0 if j=i. Assuming that the interaction
matrix W has the following specific values:

W = [w;]
0 070 051 063 014 012 040 0.41 028 0.597
070 0 032 043 098 0.18 0.24 0.76 0.75 0.99
051 032 0 0.83 027 098 041 082 0.75 0.74
063 043 083 0 070 0.69 021 059 0.89 0.86
_|o14 098 027 070 0 031 090 072 0.62 049
0.12 0.18 098 069 031 0 0.18 090 0.16 0.52
0.40 024 041 021 090 0.18 0 0.15 093 0.60
041 076 0.82 059 0.72 090 0.15 0 082 034
028 075 075 0.89 0.62 0.16 093 082 0 0.77
L 0.59 099 074 0.86 049 052 0.60 0.34 077 0 |
(47)
The converging process of the swarm robot is shown in Figure
6.
500 500
400 400------
300 300
200 200
100 100
0 n H H H H
0 100 200 300 400 500

Figure 6: The converging process of the swarm robot with the
communication model when the number of N robots in the swarm

changes
a) N=10, &% = 30
b) N=30, &% = 30

Figure 7 shows the converging process of the swarm including
5 robots with interaction ability w;; between the different pairs
of individuals (i, j).

r0.00 0.75 0.35 0.57 0.157
0.75 0.00 0.52 0.84 0.91
Wis = [w] =035 052 0.00 1.00 0.21| (48)
0.57 0.84 1.00 0.00 0.34
L0.15 091 0.21 0.34 0.00
r0.00 0.32 0.56 0.66 0.137
0.32 0.00 0.50 0.32 0.30
W,s = [wy] =lo.56 050 0.00 071 083 (49)
0.66 0.32 0.71 0.00 0.25
L0.13 0.30 0.83 0.25 0.00
[0 1 1 1 1]
1 0 1 1 1
Wss—[Wij]—|1 1 0 1 1| (50)
ll 1 1 0 1J
1 1. 11 0
500 : ! : : 500 : : :
400 _ 400 .. N :
100 % o) S SO e S
0 : : : : o : ; :
0 100 200 300 400 500 0 100 200 300 400 500
a
500 !
400 feeao e L LR

0 100 200 300 400 500

(©

Figure 7: The converging process of the swarm robot with the
communication corresponding to the interaction matrix W5 (a),
Was (b) and W35 (c)

The simulation results of Figure 8 show that: the converging
process of the swarm robot based on interaction between
individuals.

From Figure 8, commented:

e The actual radius of convergence R is always smaller
than the satisfied calculated radius o,

e As the number of robots in the swarm increases, the
radius of convergence decreases.

o Safe distance o} increases, the radius of convergence
increases.

The simulation results of the swarm robot show that the
solution of building up the attraction/repulsion force between
the robot individuals in the fuzzy logic was achieved: after a



large enough time of moving, the robots in the swarm have
converged around an area with a definite radius. Radius of
convergence depends on the following factors:

- The observation of each individual,

- Number of individuals in the swarm,

- Safe distance between individuals,

- The ability to interact between pairs of individuals.

The above comments are consistent with the content of the
theorem stated above.
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Figure 8: The converging process of the swarm robot corresponding

to the case of that the number of robots in the swarm and the ability

to communicate between individual change

a) N=11, o = 30, 4, = 3.97, 4, = 8.29, 0, = 23.8, R=14.79

b) N=31, ¢ = 30, A, = 13.4, 4, = 21.05, 5, = 15.93, R=11.31
) N=31, % = 50, 4, = 12.6, 4, = 19.93, 5, = 26.6, R=20.95
d) N=51, & = 50,4, = 21.98, 4, = 2.28, g,, = 22.67, R=17.69

5. CONCLUSIONS

This paper develops an algorithm to calculate the attraction/
repulsion force between individual robots in a swarm based on
Mamdani fuzzy model with SISO structure. The theorem on
convergent stability of the system was stated and proven,
which contributed to the theoretical control of nonlinear
dynamics. Matlab simulation results confirm that the proposed
algorithms ensure reliability, improve controllability and
stability of the swarm robot. This result promotes the
application of this type of robot in practice, improves the
ability to solve complex problems, and further enhances the
system's ability to respond to various random external
influences.
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