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Abstract: Roll-to-Roll (R2R) manufacturing is a flexible material manufacturing process with a high
degree of automation and a low degree of cost. But the complex characteristics make the high-precision
register control a critical challenge. In this paper, a reduced-order observer is designed to estimate the
tension fluctuation value, and the estimated value is used to calculate the optimal control quantity through
a linear quadratic regulator (LQR). Combined with the decoupling algorithm, a high-precision reduced-
order observer based LQR control (LQRC) is achieved. Simulations and comparisons confirm that the
register control method has improved the control accuracy and adjustment time. Compared with the
published FDPD, the control accuracy of LQRC is improved by at least 47%, and the adjustment time is
reduced by at least 55%. The LQRC method has smoother control signal and consumes less energy
compared with the FDPD control method. The results indicate that LQRC method has good robustness and

advantages in practical application of industry.
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1. INTRODUCTION

The R2R manufacturing is widely used in the production of
flexible materials because of its low manufacturing cost and
high degree of automation (Jung et al., 2014; Palavesam et al.,
2018; Lee et al., 2019). The typical application of the R2R
manufacturing is the R2R printing machines (Figure 1 is a
schematic diagram of the R2R printing system used in the
industry), and the key criterion is the register error accuracy
(Abbel et al., 2018). The tension fluctuation of the printing
material (called web) leads to the register errors, and the
tension fluctuation is caused by many factors such as
disturbances and velocity changes. The R2R system is a
complex coupling system with multi-inputs and multi-outputs.
A high-precision register control is extremely important for
R2R printing systems, but the control law is not trivial because
of the complex coupling (Lee et al., 2020; Lee et al., 2020).

Figure 1. A R2R printing system used in the industry.

Some literatures have been studied on the register control of
R2R systems. (Yoshida et al., 2008; Yoshida, 2008) deduced
the register errors model and proposed a feedforward PD
control method to eliminate the influence of the upstream

control quantities on the downstream printing units, which
improved the register accuracy of the R2R printing systems.
Using new governing equations to minimize the effect of web
tension on downstream printing units, (Torres and Pagilla,
2018) reduced the propagation of lateral perturbations. (Zhou
et al., 2016) designed a control method for R2R systems for
micro-contact printing to completely eliminate the coupling
effect of the lateral motion of the web, and achieved a precise
control of +200 nm. (Nguyen et al., 2018) proposed a
hyperbolic partial differential equation control method with
two control inputs to reduce the lateral vibration of the web.
An intelligent nonlinear tension and speed controller was
designed by (Kim et al., 2020) to improve the disturbance
rejection performance and offset-free property for R2R
printing systems. (Zhang et al., 2020) proposed a direct-
decoupling PD control method, which completely eliminated
the register errors caused by upstream control quantities. A
fully decoupled PD control algorithm was proposed to
completely eliminate the complex coupling relationship by
(Chen et al., 2020), and therefore improve the register
accuracy.

The application of R2R systems in high-tech products put
forward higher requirements for register accuracy such as solar
thin-film cells and flexible circuit boards (Dou et al., 2018;
Gao et al., 2016; Bariya et al., 2018; Wang et al., 2021).
Optimal controls have rich theoretical support (Kim et al.,
2010; Neilan et al., 2010) and been widely used in various
industries (Buchholz et al., 2013; Zulkowski and DeWeese,
2015). In this paper, a reduced-order observer based LQR
optimal control method have been proposed to estimate the
tension fluctuation value. According to the estimated tension
fluctuation and measured register errors, a linear quadratic
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regulator (LQR) is designed to calculate the optimal feedback
control quantities. Experiments and comparisons proved that
the accuracy and adjustment time of the LQR control method
proposed in the paper have been improved obviously.

The following is the structure of this paper. In section 2, a
reduced-order observer is designed based on the mathematical
model of R2R printing systems to estimate the tension
fluctuation. In section 3, a linear quadratic optimal control is
designed based on the estimated state variables. In section 4,
simulation and comparisons are carried out by Matlab and
Simulink to verify the effectiveness of the proposed LQR
control algorithm. The conclusion is given in section 5.

2. DESIGN OF REDUCED-ORDER OBSERVER

Please use this document as a template to prepare your
manuscript. For submission guidelines, follow instructions on
the paper submission system as well as the conference website.

The simplified diagram of two adjacent printing units is shown
in Figure 2. Each printing unit will print a mark and this mark
will run to the next printing unit as the reference. Then the
register error will be detected by a high-precision photoelectric
device (sensor), which is the misaligned distance of two
adjacent marks. The technological nomenclature used in this
paper are listed in Table 1.

Table 1. Nomenclature

r Radius of gravure cylinder

K Elasticity coefficient

w” Angular velocity of gravure cylinder at steady
state

T* Web tension at steady state

l; Web length between No.i and No. (i + 1)

gravure cylinder

T;(t) Web tension between No. i and No. (i + 1)
gravure cylinder at time ¢
w;(t) Angular velocity of No. i gravure cylinder at
time ¢
E;(t) | Register errors between No. (i + 1) and No.i unit
at time t
AT;(t) | Tension fluctuation between No. i and No. (i +
1) gravure cylinder at time t

Aw;(t) Variation of angular velocity of No. i gravure

cylinder at time t

In Figure 2, T; is the web tension which is the sum of AT; and
T*; w; is the angular velocity which sum of the Aw; and w™.
According to the law of conservation of mass, the relationship
among the angular velocity of the gravure cylinder, the tension
of web and the register errors, that is, the differential equation
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Figure 2. The simplified diagram of the adjacent unit of
R2R printing systems.

model of the R2R printing systems is as follows (Chen et al.,
2020):

TR T(ATi_l(t) - AT;(D) +
(1+KT*)r
i

dAT;(t) Ko*r
dt  1+KT*

Define a; = w*r/l;,b; = (1 + KT*)r/Kl; ,c =
Kw*r/(1+KT*).

[d ATl(t) _ w'r

(Awis1 () = By (D)) M

AT (t)

For R2R printing systems, the control variable is the change of
the angular velocity of gravure cylinder. To reduce the register
errors caused by the tension fluctuation, a state observer is
designed to estimate the tension fluctuation value. Make i=1 in
(1), because the first mark printed by the first gravure cylinder
is used as a reference, there are Aw, (t) = 0 and AT, (t) = 0.
Make i=1, i=2, - , i=i-1, so we have x(t) =
[ATI (t)IATZ (t), """ IATi—l(t)JAEZ (t), AE3 (t), """ tAEi (t)]T'
u(t) = [Aw, (1), Aws (t), -+ ,Aw; (6)]T and y(t) = [E, (D),
E;(t), - ,E(t)]", the continuous state space model of R2R
printing systems can be obtained as follows:

V@:M@+mm @
y(©) =C()
_ All A12 . . . .
where A = , because No.l printing unit is the
Az Az

reference unit and it does not participate in the calculation of
tension and error, matrix A;;, A2, Az, Az both are (i-1)

order square matrices:

-, 0 0 - 0 0
a2 _az 0 0 0
0 a —-az - 0 0
A= S : : (3)
0 0 0 —ai_, 0
0 0 0 ai_l _al'_l

Ay =cl(i—1),A =4, =01 —-1)

where B = [By;
square matrices:

B,1]", matrix B;;, Ba; both are (i-1) order



_bz b2 0 0 0
0 —-b3 b 0 0
Bll = _ 3 53 : : ) (4)
0 0 0 b, 0
0 0 0 _bi—l bi—l
B21 = 0(1, - 1)

where C = [C14
square matrices:

C,], matrix C;;, C2; both are (i-1) order

Ci1=0@1—-1),C=1(—-1) (5)

It is known that the observable PBH rank criterion: when the
inputs of R2R printing systems satisfy u(t) = 0, the sufficient
and necessary condition for [AT, (t), AT, (t), - ,AT;_1 (),
AE,(t),AE5(t), -+ , AE;(t)]” to be completely observable
is that the matrix [s] —A €] is full rank. That is, rank
[sI—A C]" =2( —1), where s is the eigenvalue of the
state matrix 4, the (i-1) eigenvalues of the matrix 4 both are
zero, and the other (i-1) eigenvalues both are -a (a#0). It can
be obtained that rank [sI —A C]" =2(i — 1) meets the
observable criterion, so R2R printing systems have complete
observability.

The output vectors are [E,(t), E5(t), - -+ ,E@®)]T, which are
the last (i-1) state of the state vectors x(t). Then the (i-1) state
vectors of R2R printing systems can be directly replaced by
the (i-1) output vectors. It is necessary to establish a (i-1)
dimensionality reduced-order observer to reconstruct the
remaining (i-1) state vectors.

Divide state vectors x(t) = [AT,(t), AT,(t), -+ AT, (D),
AE,(t), AE3(t), - -+ , AE;(D]T  into x.(t) = [AT.(¢),
AT, (t), - JAT;_1(0)]" and x,, (t) = [AE,(t), AE5(t), - - )

AE;(t)]". The (2) can be rewritten as follows:

[xa(t)]  [Aun Alz] [xa@ +[Bn]u<t>

xb(t) T 1Az Azl lx, (2) By, 6)
y® =16 Gl [ =2,
xp(t) b
Expand (6) we have:
{xa:(t) = A11%4(t) + Ay (©)+Byu(t) )
y(t) = Az1x4(t) + Az y(£)+By u(t)

Let z(t) = y(t) — A4,y (t)—Byu(t), the subsystem to be
observed is:

Fﬂﬂ=&ﬂdﬂ+&ﬂUH&w@) ®)
z(t) = Az1%4 (1)

u(t) and y(t) are known in (5), soA;,y(t)+B;,u(t) canbe
used as an input in the subsystem, and z(t) = y(t) —
A,,y(t)—By u(t) can be used as a known output in the
subsystem; A, is the state matrix of the subsystem, and 4, is
the output matrix of the subsystem. According to the reduced-
order observer design equation, we can get:

(W = (411 — GA )W+ (By; — GByu
+[(A11 — GA2)G + A, — GAply )
= (A;; — GAz )W + Gy) + Bjju

Xqg =w+ Gy

where G is (i-1)%(i-1) feedback matrix of the reduced-order
observer, and the eigenvalues of the subsystem matrix
(Ay; — GA,;) can be arbitrarily configured through the pole
configuration; w is the intermediate variables to obtain the
reconstructed state vector X,(t) . Combined with x,(t) =
y(t), the estimate of the entire state vectors X(t) can be
expressed as follows:

G [W+Gy
] L y@®)

According to (9) and (10), the structure diagram of the
reduced-order observer is shown in Figure 3.

ﬂﬂ:[ (10)

Figure 3. The structure diagram of reduced-order observer.

Since the whole output vectors of the system can directly
replace half of the state vectors, the error e, (t) between the
real state vectors and the estimated state vectors of the
remaining part is defined as:

eq(t) = x4(t) — X4 (0) (11)

Then take the derivation of (11) and according to (7), (9)
and (10), we can get

€a(t) = %, () — %o (1)
= A11x4(8) + Ay (£)+Byu(t) —w(t) — Gy (t)
= A% (8) + Ay (6)+Bu(0)w(t)
—[(A11 = GAy) (W + Gy) + Byqu]
—G[A21%4(t) + Ay (£)+Bu(t)]
= Ay xq(t) — (A1 — GA)Xa(t) — GAz1xa(2)
= (411 — GAzey(t)

It can be seen from (12) that e, (t) can converge to 0 as long
as the matrix (4;; — GA,;) is configured as a negative
diagonal matrix, that is, the reduced-order observer gain
matrix G should be configured at a suitable position through
the pole configuration. In this paper, the main considerations
are the rapid convergence of the tension estimation and the
good poles. The poles configuration of the reduced-order
observer in this paper is based on engineering practice.

(12)



3. CONTROL METHOD
3.1 LOR control

The state space equation and state feedback control law of No.i
printing unit is:

%, (t) = Aix;(t) + BiAw;(t) (13)

Aw;(t) = —K;%;(t) = =Ky AT;_1 (t) — Ky E;(t) (14)

where X;(t) = [ATi_l(t)] , A = [_fi 8] , B = [l())l] , and

E;(t)
K; = [Ki1 Kj;] is the state feedback gain matrix for No.i

printing unit.

The value of the state feedback gain matrix can be solved by
configuring the poles, but it is difficult to select the appropriate
poles, and it is impossible to guarantee that the poles can
achieve optimal control. Therefore, the state feedback control
method in this paper adopts the Linear Quadratic Regulator
(LQR) to obtain the optimal control. It is necessary to set a
performance function. The performance function of No.i
printing unit is defined as:

1
Ji= Ex rir(tstart)Lixi (tstart)

1 (tend
+5 [ T RIO0RO + d0l ORBw©O)de
t

start

(15)

where L; is a semi-positive definite terminal weighting matrix,
Q; is a semi-positive definite state weighting matrix, and R; is
a positive definite control weighting matrix. According to the
minimum value principle, a 2-dimensional Lagrange
multiplier vector A;(t) is introduced to construct a
Hamiltonian function to obtain the optimal control variable
Awj (t):

Hilw2,1] = 3 [T OQL0 + o] (ORAw, (0]
+A7 [Aix; (8) + BiAw; (1) ]

(16)

H; should also obtain an extreme value under the optimal
control. According to the method of finding the extreme value
of the multivariate function, the partial derivative function of
Aw;(t) is obtained by (16):

oH;

—_— — . . T1.

(17)
Make (17) = 0, since the matrix R;(?) is positive definite and
symmetric, we have:

Aw](t) = =R "B 4;(t) (18)

And 92H;/0[Aw;(t)]?> = R; , R; is positive definite, so (18)
is the desired optimal control which make performance
function J; reach a minimum value.

In the same way, the partial derivatives of 1;(t) and x;(t) can
be calculated by (17):

. oH,
At = = —Q;%;(t)—AT 4;(t)

0x;
£,() = Z—EI; = A%,(t) + Bidaw; (£) (19)
= Ai%;()~B;R; "B 2,(t)
The initial and equilibrium conditions are:
(xi(tstart) = Xo
i’li(tend) = ﬁ %x iT(tend)Lixi(tend)] (20)

= Lixi(tend)
Equation (20) can be solved according to the initial and

equilibrium conditions (17).

We know that Aw; (t) is a linear function of A;(t) from (15).
The transformation matrix P; is a 2x2-dimensional real
symmetric positive definite matrix, then:

2;(t) = Pi(©)%;(t) 21
Substitute (21) into (18):
Aw; (t) = =K% (t) = —R;'B Pi(t)%;(¢) (22)
K, = R7'BlPi(t) = [Ku Kg]

According to (18), the differential equation of the closed-loop
system of No.i printing unit is:

J,C\l(t) = [Al

— BiR; B P,()%()1%:(t) (23)

Equation (23) shows that the optimal control can be realized
by the optimal linear feedback composed of state vectors, then
the optimal control quantity of the state feedback is calculated
below.

Substituting (21) into (19) and eliminating A;(t), we can get:

{Al(t) = —Q(O%()-ATP,(O)%;(¢)

. (24)

At the same time, derivation of equation (18) is as follows:

4,(0) = R(OX(O+P(OR,(D) (25)
Substitute (24) into (25), we get:

—Qi(O2,O—-ATP(O)%:() 26)
= R(O)%;(t) + P,(0)[Ai%:(t) — B;R; ' B P,(1)%;(1)]

After arranging (26), the result is as follows:

R(t) = @7

—Q;(t)—ATP,(t) — P,()A; + P,(t)B;R; 'B] P;(t)

The value of the transformation matrix P;(t) can be obtained
combined with the condition P;(t.,q) =L; . Finally,
substituting P;(t) back into the (19), the optimal control
amount Aw; (t) of No. i printing unit can be calculated.



3.2 Decoupling

Because the upstream control quantities will cause the
downstream register errors, it is necessary to eliminate the
downstream register errors caused by the upstream control
quantities. The decoupling compensation based on the model
of (1) is as follows (Chen et al., 2020):

Awf (s) = F;(s)Aw; (s)
Fs) = (28)

S+ aj_l

where a;_, is the system parameter, a;_; = @' /l;_1; Aw; (s)
is the optimal control quantity required by the No. j printing
unit to eliminate the measured register errors; Awfjc (s)is the

decoupling control amount for the No. i printing unit to
eliminate the register errors caused by the register control
amount of No. j printing unit.

Now, the sum of the control amount for each printing unit is:

W (6) = Awi (6) + Z AwRE(t)
=2

1 0 0 - 0 07 Aw3(8)
FR@#) 1 0 - 0 of awi® | 29
_ Fo(t) F5(0) 1 0 0] Awj(t)
FO FBO RO - 1 0||aw,®
F@t) K@) F@) Fi_(®) 1l Aw;(t)

Combining 3.1 LQR control and 3.2 decoupling control, the
structure diagram of the control method proposed in this paper
is shown in Figure 4.
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Figure 4. Structure of proposed control method.
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Therefore, the state space model of R2R printing systems after
decoupling can be written as:

. ARC ARC BRC
y(t) =[Ci1  Ci2]x(t)

where ARC AR ARC ARC BRC BRC both are (i-1) order
square matrices:

—a, 0 0 - 0 0
0 —-a, 0 - 0 0
gz |0 0 —az 0 0
O H H H . : :
0 0 0 -a_, O
) 0 0 - 0 —a_
AR =cl(i—1),A5¢ =45 =0G - D),
b, 0 0 - 0 0
0 bb 0 - 0 0
ch — 0 0 b3 b 0 Q Bé}c — 0 (31)
0 0 0 bi_, 0
0 0 0 - 0 b,
Aw; (t)
Aws(t)
W) = | @i ®
Aw;_4(t)
Aw; (t)

It is easy to see that (30) is a simple non-coupled MIMO
system, where Aw;(t) = —R;*BI'P,(t)%;(t) is the LQR
control quantity designed based on the reduced-order tension
observer.

4. INDUSTRIAL APPLICATION

Model (1) has been validated in (Chen et al., 2020), so it can
be considered as a real situation of R2R printing systems. In
this paper, a seven printing units electronic shaft gravure
printing machine is used as an example to verify the
effectiveness and superiority of the LQRC algorithm. The
system parameters are shown in Table 2, and the poles of the
designed reduced-order tension observer are shown in Table 3.
The feedback matrix G of the reduced-order observer
calculated from the configured poles is:

4399.2 0 0 0 0 0
702.18 4026.4 0 0 0 0
G = 0 702.18 3932.2 0 0 0
0 : 702.18 1269.8 0 0
0 0 0 702.18 1095.9 0

0 0 0 0 702.18 1682

4.1 The closed-loop control

Given an initial disturbance with 3mm to No.2 printing unit,
the register errors of No.2 printing unit to No.7 printing unit
are shown in Figure 5. It can be seen from Figure 5(a) that the
register errors can be reduced to 0.lmm after 42 sampling
cycles and be kept within +0.01mm after 55 sampling cycles.
The adjustment time is only 55 sampling cycles, and there is



no excessive overshoot. Similarly, it can be seen from Figure
5(b) that the decoupling algorithm eliminates the register
errors of downstream printing units caused by the control
quantities of upstream printing units. And the register errors of
No.3 printing unit to No.7 printing unit can be kept within
+0.006mm. This closed-loop register control of No.2 printing
unit to No.7 printing unit proves the effectiveness of LQRC
method.

Table 2. System parameters

Parameters Values
Printing speed 100(m/min)
Web length [; 6.48(m)
Circumference of gravure cylinder r 0.53(m)
Web tension at steady state T* 100(N)
Elasticity coefficient K 2.3x104(1/N)

Table 3. The poles of reduced-order observer

Unit Pole
No.2 printing unit -1.8686
No.3 printing unit -1.7320
No.4 printing unit -1.6975
No.5 printing unit -0.7223
No.6 printing unit -0.6586
No.7 printing unit -0.8732

4.2 Comparisons and Analysis

The comparisons of the LQR control algorithm (LQRC) and
the fully decoupled PD control algorithm (FDPD) [14] are
shown in Figure 6. It can be seen from Figure 6(a) that the
adjustment time of No.2 printing unit of the LQRC algorithm
and the FDPD algorithm is similar, but the LQRC algorithm
has a smaller overshoot than the FDPD algorithm. As for the
performance of the two algorithms in No.3 printing unit to
No.5 printing unit in Figure 6(b), the LQRC algorithm has a 2-
5 times improvement in register errors compared with the
FDPD algorithm. In terms of adjustment time, the adjustment
time of the LQRC algorithm is only 50% that of the FDPD
algorithm. It can be seen from Figure 6(c) that the adjustment
time of the LQRC algorithm on No.6 printing unit and No.7
printing unit is only 30% that of the FDPD algorithm.

It is known that the violent change of control signal will lead
to a huge impact on the motor, serious bearing wear and energy
waste. The absolute values of each printing unit control
amount of the LQRC and FDPD are summed up respectively,
and the results are shown in Figure 7. The sum of the absolute
values of each printing unit control amount of the FDPD
method is kept at about 21mm, while the LQRC method can
be kept below 13mm. The results show that the LQRC method

i1s more stable and smoother than that of FDPD method, which
is more economical and applicable.
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Figure 5. Closed-loop register control errors of No.2 printing
unit to No.7 printing unit.

300 ¢

- — — E2FDPD
E2-LQRC

250 -
200 -
150 -

100

Errors (0.01mm)

50 -

0 20 40 60 80 100 120
Cycles(n)

@

»— E3-FDPD
E4-FDPD | 4
ES-FDPD

==== E3LQRC
= = E4LQRC
E5-LQRC

Errors (0.01mm)

0 20 40 60 80 100 120
Cycles(n)

(®)



04

= © = EB-FDPD
- + — E7TFDPD
031 EB-LQRC | 7
E7-LQRC
02r
E
.E 01
Q +
S
g 0 £
i}
-0.1
-0.2
03 | | |
0 20 40 60 80 100 120
Cycles(n)
(c)
Figure 6. Comparison of register error between LQRC and
FDPD.
25 T T T T T
2176
2101 21 2099 2116 21.02

Y]
=]
T

sum of absolute value of control volume(mm})

NO.2 NO.3 NO.4 NO.5 NO.6 NO.7
Printing Unit

Figure 7. Comparison of the sum of absolute value of the
control value of each printing unit of FDPD and LQRC (mm).

4.3 Anti-noise performance analysis

In order to analyze the anti-noise ability of LQRC, the bounded
white noise module is used as the noise inputs to No.2 printing
unit to No.4 printing unit. Figure 8 shows the comparisons of
the register errors of No.2 printing unit to No.4 printing unit
with and without noise. It is obvious from Figure 8(a) that the
register errors of No.2 printing unit also drop rapidly to the
range of £0.0lmm in the presence of noise, and the control
curve is close to the curve without noise. It is obvious from
Figure 8(b) that the register errors of No.3 printing unit and
No.4 printing unit can be controlled within +£0.006mm with or
without noise, and the control performances have certain
similarity. The results indicate that LQRC method is robust to
bounded noise disturbances.

4.4 Parameter sensitivity analysis

The web length in equation (1) is a key system parameter and
obtained by manual measurement. So there is inevitably a
certain range of measurement noise. Therefore, it is necessary
to verify the sensitivity of LQRC algorithm to the key
parameter. In this simulation, the web length of No.5 printing
unit and No.6 printing unit are both 6.48m. The web length of
No.5 printing unit is changed within the range of 86%-118%,
and the web length of No.6 printing unit is changed within the
range of 93%-126%. The register errors results calculated by
using the LQRC algorithm are shown in Figure 9. It can be

seen from Figure 9 that although the web length is not very
accurate, the register errors of No.5 printing unit can be
controlled within +0.005mm, and the register errors of No.6
printing unit can be controlled within £0.0025mm. Even if the
web length has measurement errors, it does not affect the
control effect of the LQRC, which shows that the LQRC has
good fault tolerance and robustness to the measurement error
of the web length.
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Figure 8. Comparisons of register errors from No.2 printing
unit to No.4 printing unit with and without noise.
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Figure 9. Comparison of register error to No.5 printing unit
and No.6 printing unit under inaccurate web length /.

5. CONCLUSIONS

In this paper, a reduced-order observer based LQR control is
proposed. Compared with the newly published FDPD method,
the LQRC method has the rapidity of the adjustment time, the
stability of control process, and the relative smoothness of
control quantities. And the control accuracy improves at least
50% compared with the FDPD algorithm. At the same time,
the sum of the absolute value of each printing unit control
quantity is less than 60% that of the FDPD, which means that
it not only impacts less wear and tear on the mechanical
systems, but also saves large energy for productive process.
Experiments and comparison experiments verified the control
accuracy performance, anti-noise performance and parameter
sensitivity. The above analysis results show that the LQRC
method has good robustness and has great advantages in
practical application of industry.
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