CEAL Vol.26, No.4, pp. 15-26, 2024

Trajectory Tracking Control for Disturbed Euler-Lagrange Systems:
A Fixed-Time Adaptive Approach

Zeeshan Anjum***, Zhe Sun**, Hazrat Bilal***, Khubab Ahmed**

*School of Mechanical and Electrical Engineering, Quanzhou University
of Information Engineering, Quanzhou 362000, China;,
**College of Information Engineering, Zhejiang University of Technology,
Hangzhou 310023, China, (e-mail:zeeshananjum139@outlook.com,
sunzhe726@zjut.edu.cn, khubab@hotmail.com).

***College of Mechatronics and Control Engineering, Shenzhen University,
Shenzhen 518000, China (e-mail:hbilal@mail ustc.edu.cn).
Corresponding author: Zeeshan Anjum and Zhe Sun

Abstract: This paper primarily focuses on addressing the challenging problem of trajectory tracking
control for a specific class of Euler-Lagrange systems subjected to uncertainties and disturbances. A
fixed-time tracking control strategy based on sliding mode is introduced, featuring a modified fixed-time
sliding mode variable that exhibits shorter convergence time compared to conventional fixed-time sliding
variable. This sliding mode variable has no singularity and can guarantee the settling-time to be
independent of initial states. Furthermore, attaining the upper bound presents challenges given the
uncertainty surrounding the disturbance. Consequently, an adaptation mechanism is incorporated into
fixed-time nonsingular sliding mode (FTNSM) to devise a continuous adaptive FTNSM control law. This
method entails estimating the disturbance upper bound using adaptive techniques, thus obviating the
requirement for prior knowledge and efficiently alleviating the disturbance's influence on the system
while also potentially mitigating the chattering phenomenon. Lyapunov theory shows that the closed-loop
tracking system is stable and converges in a fixed amount of time. Theoretical analysis demonstrates that
the proposed sliding mode variable, along with the errors, can converge within narrow vicinity within the
specified time frame. Numerical simulations illustrate that despite uncertainties and disturbances, the
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proposed controller effectively achieves trajectory tracking with high accuracy and stability.
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1. INTRODUCTION

As commonly understood, Euler-Lagrange (EL) systems can
effectively represent various practical systems including
robotic systems, quad rotor aircraft, spacecraft and tethered
satellite systems. The operational behavior of these systems is
profoundly influenced by both their operational environment
and the materials utilized in their construction, a fact
supported by reference (Saeed et al., 2020). Additionally,
these systems consistently face a myriad of challenges,
ranging from external disruptions to uncertainties in
modeling, nonlinear dynamics, and delays. Consequently, the
control problem pertaining to EL systems has garnered
significant attention over recent decades. Extensive research
has yielded numerous insights into stability and tracking
methodologies for physical systems, highlighting sliding-
mode control (SMC) (Wang et al., 2021), model predictive
control (Sun et al., 2017), adaptive control (Jin et al., 2017),
observer-based control (Deng et al., 2021), intelligent control
(Qin et al., 2014), and other advanced control techniques as
the most promising solutions. The SMC method, belonging to
the variable structure control family, adapts the control law
structure to the evolving system dynamics over time, as
extensively discussed in (Shtessel et al., 2014). Hence, SMC
stands out as a prominent approach for mitigating system

imperfections. Recently, in (Ren et al., 2019), a specific SMC
law was proposed for EL systems, ensuring asymptotic
convergence of trajectory tracking errors. However, linear
SMC only guarantees asymptotic convergence of system
states, without determining the convergence time. To achieve
faster convergence rates, terminal SMC techniques were
introduced in (Venkataraman and Gulati, 1993), aiming to
ensure system state convergence within finite time.
Nevertheless, terminal SMC introduces singularity issues due
to fractional powers, prompting the development of
nonsingular terminal SMC methods in (Feng et al., 2002) to
circumvent this problem. Additionally, an indirect approach
was devised in (Wang et al., 2009) to transform the terminal
sliding surface into a linear one, thereby eliminating singular
values. Nevertheless, in the utilization of the previously
mentioned terminal SMC or nonsingular terminal SMC
control algorithms, if initial information is inaccessible, the
settling time cannot be predetermined, leading to the absence
of explicit estimates for the reaching time.

In order to achieve a desired settling time, the concept of
fixed-time stability was introduced in (Polyakov, 2011).
Unlike finite-time techniques, the fixed-time approach
demonstrates improved convergence performance even when
initial system states are unknown (Zuo, 2015). Fixed-time
stability represents a further advancement from finite-time
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stability in terminal SMC (TSMC), achieved by substituting
the power-one term of the fast terminal sliding manifold with
a power-greater-than-one term, thereby ensuring an upper
bound settling time regardless of initial states. In (Huang and
Jia, 2018), an adaptive controller was developed for
noncooperative spacecraft by integrating the designed fixed-
time TSMC technique with adaptive methods, aiming to
attain fixed-time reachability. Building upon the fixed-time
technique and backstepping technique, (Song et al., 2020)
introduced an adaptive fuzzy controller to guide unmanned
surface vehicles in tracking desired trajectories within
predefined timeframes.

Over the recent years, the fixed-time control methodology
has been increasingly utilized to address control challenges in
EL systems. In pursuit of fixed-time attitude stabilization for
spacecraft, (Gao et al., 2018) explored a fixed-time control
technique based on integral fixed-time sliding mode and
observer mechanisms. Additionally, (Zhang et al., 2021)
proposed an adaptive fault-tolerant control scheme
incorporating fixed-time terminal sliding mode control for
uncertain robotic manipulator systems. Despite its advantage
in enhancing convergence rates, the fixed-time algorithm
may encounter singularity issues akin to finite-time TSMC.
Addressing this concern, (Jiang et al., 2016) presented a
fixed-time control approach for stabilizing the attitude of
rigid spacecraft with actuator faults and input saturation,
although the inclusion of the signum function in the control
law could lead to undesirable chattering. In (Cao et al., 2019),
a singular-free fixed-time sliding mode was developed by
implementing an indirect switching approach near the
singular value.

While existing control schemes have generally achieved
satisfactory tracking performance, only a limited number of
studies have specifically focused on improving transient
response. In (Fallaha et al., 2010), a control scheme based on
an exponential reaching law was proposed for robotic
systems, aiming to reduce reaching time during transient
states. Subsequently, (Mozayan et al., 2016) introduced an
enhanced exponential reaching law to further refine transient
response, although chattering issue persisted in steady states.
Building upon these findings, (Chen et al., 2018) presented
an attitude control method for rigid spacecraft to expedite
reaching time and enhance convergence speed of the sliding
mode surface. In (Tao et al., 2019), a novel double power
reaching law was developed using an inverse trigonometric
function, intending to accelerate state stabilization and
concurrently reduce chattering phenomenon.

Consequently, ensuring rapid convergence in transient state
while mitigating chattering in steady state poses a
challenging task.

Building on the preceding discourse, this study introduces a
trajectory tracking control approach tailored for a specific
subset of EL systems characterized by reduced chattering
and fast fixed-time convergence. The principal advancements
presented in this paper include:

1. A fast FTNSM variable devoid of singularity is devised to
achieve swifter convergence rate compared to the FTNSM

variables referenced in literature (Huang and Jia, 2017; Ni et
al., 2016).

2. In managing EL systems, the existence of inherent
uncertainty and external disturbances presents tangible
hurdles. The effective consideration of these factors holds
paramount importance in ensuring the robust performance of
control systems. To bolster the control system's resilience
against uncertainties and disturbances, an adaptation law is
integrated into the FTNSM. This integration equips the
adaptive FTNSM control law to adeptly address the effects of
uncertainties and disturbances encountered in real-world
scenarios.

3. Thorough theoretical demonstrations indicate that the
proposed adaptive FTNSM control law exhibits several
advantageous attributes, including fixed-time convergence
within confined regions, rapid convergence, mitigation of
chattering, and independence from prior knowledge of
disturbance upper bounds.

The remainder of this paper is organized as follows: The next
section presents the necessary background information and
defines the problem. Section 3 displays the principal findings,
emphasizing an adaptive FTNSM control system for EL
systems that achieves highly accurate trajectory tracking
within a predetermined time frame. Section 4 includes the
presentation of verification through simulation experiments.
Finally, Section 5 offers the conclusion.

2. PROBLEM FORMULATION AND MATHEMATICAL
PRELIMINARIES

. . . T
Notations. Regarding a specific vector Y =[y1, Yoy ynj ,

sig(y)" = sig® (1),516° (V). -sig® (Vo )]T,

sig® (i) =|yi|" sign(¥;),i=1,2,3,..,n . with sign(.) denotes

where

the sign function anda € R is a constant.  The symbol |°| is

the absolute value of a scalar and ||0|| denotes the Euclidean

norm of a matrix or a vector.
2.1 Mathematical preliminaries

Consider the following system
y=1(y()).y(0)=¥0.7(0)=0 (1)

where Y € R" and f:R" > R" is anonlinear function.

Definition 1. (Tian et al., 2017) System (1) is classified as
fixed-time stable when it exhibits global finite-time stability.
Consequently, it will reach the origin within a bounded

convergence timeT(yo). In this context, there exists a

positive constant Ty, such T (yo) <Tnax -

Lemma 1. (Polyakov, 2011; Rezaei et al., 2024) Suppose
there exists a continuously differentiable Lyapunov function

Vv (y) for system (1), satisfying the inequality:
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V(y)<-aV (y)t -8V (y)* +u, 2

where o, eR",0<q <Lg,>1 and v, e€R". Under

these conditions, the system is practically fixed-time stable.
This means that the system can be stabilized within a fixed-
time to a residual set R, that includes the equilibrium point.

The residual set is defined as:

. L, ]/ql Y ]/qz
R =1yIV(y)<min [m] [m] v

where 0<uv, <1. Furthermore, the upper bound on the

convergence time is given by:
1 1
+
o(l-0) A(d-1)

Lemma 2. (Zuo etal., 2017) Lety, € R fori=123,...,n,

and let0 < v <1. Under these conditions, the following
inequality holds:

Sl z@mj )

Lemma 3. (Zuoetal.,2017) Lety, e Rfori=123,...,n,
and let v, >1.Then, the following inequality holds:

T(yo)<

VY, e R". %)

gwi [ >t [Z|y |} ©)

2.2 Euler-Lagrange systems

Take into account the dynamics of the EL system as
presented in reference (Spong and Vidyasagar, 2008).

6, =M"(@,)(x~Z,(4,,4,)4, ~G,(a,) +14) ™

where the symbol M(q,) e R™" represents the inertia
matrix, which is always positive definite. ¢, € R" denotes
the position vector, while ¢, e R" and ¢, € R" represent the

velocity and acceleration vectors, respectively. T € R" stands
for the actuator inputs applied to the system. The matrix
Z,(q,,d,) eR™" encompasses centripetal and Coriolis

forces. G,(q,) e R" represents the gravity vector, and

Iy € R" indicates the disturbance matrix.

Assume that the model parameters M(Q,) =My(q,)+
AM(,). Z,(9,.9,) =Z,(q,.9,)+ AZ,(9,.9,). and G,(q,)

:GIO(q1)+AGt(q1)' MO(qt)' Zlo(ql’Ql)’ and Glo(ql)
express the nominal values. AM(q,),AZ,(q,.q,).

AG,(q,) express the unknown parts.

and

The dynamic model (7), can be further formulated in a form
given below

4,=M7(,)T+Q(q,.q,)+D. (8)

Q(@,.4,) =Mg*(@,)(-Z,(a,.9,)d4, =G (a,)) shows
the known lumped component of the dynamics of EL system,
and D =M;'(@,)(lg ~AM(a,)d, -AZ,(a,.9,)q, ~AG,(d,))
is the lumped component of the EL system which is not
known. The following shows equation (8) in state-space
form: if we define the state variables to be X; =0, andX, =(,

where

respectively:
{ : 1 : ©)
X2 = MO (Xl)T + Q(Xl, Xz) +D

By using Eq. (9) and by defining trajectory tracking error as
& =x,—-qq, and its derivative as §, =x,—-qy in which
qq € R"denotes the desired trajectory and ¢y e R" its

derivative respectively. The error equation of the EL system
becomes:

él = gz (10)
& =C(Qu+H(E)+D

with C(§) = Mg (x,), H() = Q(x;, X,) — g, U=T.

Assumption 1: It is assumed that the lumped uncertainty

remains within certain bounds, where these bounds are
defined by

D] <o, +by[ja, | + b, . (11)

where by, b;, and b, are positive constant.

3. MAIN RESULTS

In this section, the main aim is to bolster the trajectory
tracking capabilities of an EL system despite uncertainties
and external disturbances while ensuring swift convergence
of the tracking error. Achieving this objective revolves
around the development of an adaptive FTNSM control law.
Furthermore, the fixed-time stability of the closed-loop
system is rigorously validated and substantiated by
theoretical underpinnings.

3.1 FTNSM surface design

To enhance convergence characteristics, the ensuing FTNSM
variable is formulated as follows:

=G, +;((§1)(a1sig(§1)® +0,0 (Cl)) (12)

.
where 6 =[0;,0,,..,0,] eR",

2(&)=1+2A, arctan (Ab e
denote adjustable positive values,
© =(Y2)+(0,/20,)+((0:/20,)-(Y2))sign (& 1)

with ®; and ©, denote positive odd integers which satisfy

A ) /;z with A, A, and A,
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0, >0,, a, =diag(a,, ..., ) and
0, =diag(ay, &y, ..., ) are positive diagonal matrices,
6, () =[04,04210u ]T e R" with oy is defined as

93

siga(gﬂ) if 5,=0 or(&i #0,|¢y] = Agi)
JuGu + jZiSign(é’li)é/f, if 5, #0, gli‘ <A,

Ogi =

(13)

where ®, and O, denote positive odd integers which satisfy

®,>0;, and j; and j, are formulated in a form
. 0,/0,)-1 0,/0,)-2
ki :(2®4_®3/®4)A£—i o s Jai :(®3_®4/®4)Agi o
to guarantee the continuity of the sliding mode variable (12) .
A_, represents a positive constant with value greater than

zero. Furthermore, &, in the above (13) is used to show the
ithelementof 6, i =1,2,...,n and the & is stated as follows

o=C,+x (Cl)[ﬂlsig(Cl )’ +%Sig(€1)‘:’jj (14)

Theorem 1. Take into account the EL system described by
equation (10), once its states reach the FTNSM surface, i.e.,
6=06=0, then {,=0 and §, =0 can be attained in fixed-

time regardless of the initial values of the system states. The
upper bound on convergence time is given by

T < max{(a“ln(l+a“j+®z}
isisn | o, (@4 - @3) Qy; a; (@1 - @2)

Proof: Please refer to “Appendix A”.

(15)

Remark 1. The function ¥ (Cl) within FTNSM variable (12)
plays a role in modulating the convergence rate, spanning
from 1+ A, to 1. As the states depart from the origin, ¥ (Cl)

tends towardsl+A,, thereby amplifying the convergence

rate. Conversely, when states approach the origin, )((Cl)
converges to 1. This functionality enhances convergence by
dynamically adapting to the proximity of the states.
Furthermore, a new variable power term ® is incorporated

into FTNSM variable (12), adjusting according to the
system's states. In close proximity to the origin, the nonlinear

term Sigel/ 62 ((1) is replaced by a linear term, resulting in a

notable improvement in convergence. Thus, the proposed
FTNSM variable exhibits superior convergence performance,
whether the states are distant from or near the origin.

Remark 2. (Huang and Jia, 2017) introduced a fixed-time

sliding variable represented as 6=, +asig(g, )Ol/ % 4

a,0, (Cl) , with individual components given by
G, =y + oy Sig% (&) +aysig®™ (£,) . They derived
the upper bound of convergence time  as

T, = max {(®4/a2i (e, _®3))+(®2/0‘1i (©,-0, ))} :

I<i<n

Another swiftly converging fixed-time sliding variable,
o =C,+ay gli(ﬂ2)+(®1/2®z)+((®1/2®z)*(1/2))“9”(\41.\*1) + a0, %% was
examined in (Ni et al., 2016), with its upper bound of
convergence time is given by T, =max {(64 a, (©,-0,))

I<i<n

In(1+ (e /o)) +(©,/ ey (@l—®2))}. As In(1+ay /)

<a,[ay it follows that T <T,. Additionally, the
development of the function )((Cl)leads to the observation
that T <T,, that

parameters, the proposed FTNSM variable achieves the
swiftest convergence rate.

3.2 Adaptive FTNSM control law design

indicating under identical design

Differentiating Equation (12) with respect to time and
employing Equation (10), yields the following result.

& =CQu+HE)+D+ 7(5,)osig (&) + a0, ()

+ 2(6)(@adiag(|C, [ ) + 0, (6,) 1o

where the ith component of vector 6, is expressed as

follows:
(C I - _
—\gules &, if o, =00r(0;, #0,[5 2 A,

o el Erokilzan)
hiCa +2]Jy ‘é/li‘é/zi' if 5, 20, Qi‘ <A,

Under Assumption 1, it follows that

1Dl b, + b |+, o "

<h +h,G
where Iy =by and h, =max{by,b,}are positive constant
which are not known, G = |q, | +|ja,]" -

With the goal of achieving precise trajectory tracking, the
subsequent adaptive FTNSM control law is formulated as

u=u,+Uu, (19)
where
U, =—CHOHE) -C () #(5,)(asig(&)” + a0, (C))
: o1 (20)
- C_l(Q)Z(Q)(@‘lld'ag (‘gn‘ )Cz +0,6, (§1))
u, = —C’l(Q)Q(c)(%sig(cy +a,sig(e)” + (156) an
- C_l(C)“v
Qo) =1+¥Y-V¥ exp(—v||c||”) (22)

where

¢ = (1/2)+(¢1/2¢2)+((¢1/2¢2)_(1/2))Sign ("6"_1)

with ¢ and ¢, denote positive odd integers which satisfy
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h>e,

positive values. U, =[U,,U,...,U

1 vn

andO<¢p<l1l. a,,a, 0, Y,y and u denote
]T is used to represent the

adaptive control component, defined as

|Z—‘|(ﬁl+ﬁ26), lo,| 2T,
u, =1 i=1..,n (23)
A A ~ 2
%(mhzc;) . |o|<T,

Here, I'stands for a small constant. The adaptation laws are
then governed in the following manner:

ﬁl =0 (”G" _alﬁl)’

R . (24
h, =, (JoG - o,h, ).

A

Specifically, h; (i =1,2) denotes the estimated values ofh, .
Additionally, ¢,,¢,,0, and 0, denote positive values.

Theorem 2. When applying the adaptive FTNSM control
strategy outlined in (19) with the adaptive update laws in (24)
to the EL system (10) under uncertainties and external

disturbances, the closed-loop system attains practical fixed-
time stability.

Proof. Please refer to “Appendix B”.

Remark 3. One complexity of the proposed approach lies in
tuning the control parameters ©;,0,,a,,0;,a,,0s, ¢,0,,9,
(,,0,,6, and 0,, 1=12,3,4 to achieve both high pointing

accuracy and acceptable control effort. It is essential to
consider the following guidelines when selecting these gains.

I.  The settling time expressions show that the
parameters ©,,d,,4,,¢ have a significant impact on

the system's convergence rate and accuracy.

Il Parameters J; and Jy assure the continuity and
differentiability of the functiono, . When o; #0
and [¢y] <A

terminal sliding mode (TSM) to a general sliding
manifold, thereby avoiding singularity issue in the

case of 0,#20 and ¢, =0. Additionally, by

choosing a sufficiently small A,

the error states seamlessly shift from

oi!

that satisfies
|§1i|2Aai, as the sliding mode variable o
approaches zero, the error §;; will converge along

6. Consequently, the convergence of ¢; within a
fixed-time can be guaranteed.

III. Increasing the values of ay,@,,a;,,,a; can
improve convergence rates, but it may also result in
larger overshoots and more control effort.

IV.  The adaptive gains ¢, and ¢, influence the speeds
at which uncertain parameters converge. These

adaptive gains are usually chosen to be larger in
order to attain a faster rate of convergence.

However, excessively large adaptive gains can
negatively impact the performance of the control
system.

V.  To make the estimated bounds h1 and ﬁz closely
follow the FTNSM surface, 6, and o, are typically

chosen to be small. However, excessively small
values may reduce the convergence speed of these
bounds. Thus, finding an optimal balance between
the size of the bounded region and the convergence
speed is crucial.

To obtain the necessary convergence rate and control
precision, it is critical to choose these control gains correctly.
However, there is no set technique for picking control gains;
they are usually picked through trial and error until adequate
control performance is attained. As a result, finding a tuning
mechanism to alter control gains for optimal system
performance is an important challenge and one of our future
research goals. Figure 1 illustrates the structural block
diagram of the proposed control mechanism while Figure 2
presents a flowchart outlining the control process.

4. ANALYSIS OF SIMULATION FINDINGS

In order to validate the effectiveness of the proposed adaptive
FTNSM control algorithm, numerical simulations have been
performed on a planar two-link manipulator in this section.
The dynamic formulation for the two-link manipulator is
delineated in reference (Boukattaya et al., 2018).

M(q,)=[$u m, :|1Z, (quq,):|:;n ilz j|’

21

21 22

G(a)=[o o]

22

(25)

)
Adaptive FTNSM e eLonts q,
control (19-23) Fystems ™

)y

Fig. 1. Schematic
architecture.

illustration of the control system
where g, =[q, 0,] represents the joint angle position
vector of the joints, My =(m +m,)IZ+myl+2m,Ll, cos
(0,,)+ 3, my, =m, =m,1Z +m,L1,cos(q,),m, =myl? +J,,
2, =-2m,Ll,sin(q,,)d,, 2, =—m,Ll, sin(0,, )d,,, 2, = m,ll,
sin(d,,)6,,2,, =0,9, =(m, +m,)gl, cos(q, )+ m,gl, cos
(9,+0,), 9, =m,gl,cos(q, +q,). I.I,,m and m, are the
length and mass of the joints, J, and J, are the moment of

inertia, ¢ is the gravitational acceleration. The two link rigid
robotic manipulator is depicted in Figure 3.
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/ Apply the desired trajectory /

|
Y

Calculate tracking errors

!

Calculate the FTNSM variable

!

Calculate u, (20)
and u, (21)

\ A

Determine the control action using
adaptive law u,

:

Calculate the adaptive FTNSM control
law u (19)

!

Apply to EL system

.

Calculate the actual trajectory

Fig. 2. The operational sequence of the proposed control
system.

Fig. 3. Architecture of a two-link robotic manipulator.

The parameters values are selected as: m, =0.6kg,m, =1.8
kg,l, =1m,1, =0.8m,J, =6kg.m?,J, =6kg.m?, and g =

9.81 m/s?. The nominal values of m, and m, are considered
to be m,=05kg andm, =1.5kg,
Additionally, the nominal values of J, and J, are
J, =5kg.m*  andJ, =5kg.m’

respectively.

considered to be
respectively.

The representation of the disturbance term in the model is as
follows:

2sin(t) +0.5sin(2007t) (N.m)
= 26
cos(2t) +0.5sin(2007t) (N.m) (26)
The system's desired trajectories are chosen as follows:
1 0.2cos(0.7t) +0.2cos(0.5t —0.2)(rad) .-
¢ 1 0.2cos(0.5t —0.2) — 0.2cos(0.7t)(rad) @7)

The simulations utilized MATLAB/Simulink software with
the Runge-Kutta solver and a time step of 1 millisecond (ms).
The simulation experiments were conducted in two different
scenarios. In the first, the proposed adaptive FTNSM was
tested for its effectiveness in tracking the desired trajectory
under uncertainties and disturbances. Its performance was
compared to other state-of-the-art controllers, demonstrating
its superiority in handling such challenges. The second
scenario focused on evaluating the controller's performance
for different initial state values. The parameters for the
adaptive FTNSM controller are selected as: A, =5,A, =2,

A, =30,=9,0,=7,0,=11,0, =13,a, =diag(1.6,1.7),

a, =diag(0.7,1.3),A , =0.01,¢, =9,¢, =7, =0.7,¥ = 0.25,
v=45u=4,0,=09,a,=06,0,=061=001¢, =0, =
1.4,0, =0, =1.5. By combining the results from Theorems

1 and 2, the
T='F+ng215.

settling time can be estimated as

4.1 Evaluation against alternative control methods

In this particular simulation scenario, the presumption is that
the system is accommodating uncertainties and disturbances.
To illustrate the improved effectiveness of the proposed
adaptive FTNSM controller controller in the presence of
uncertainties and diturbances, a comparative assessment is
carried out against contemporary controllers aimed at
enhancing the trajectory tracking performance of robot
manipulators. These controllers include computed torque
control (CTC) (Van et al, 2018) (Van et al., 2018) and
Adaptive Nonsingular Fast Terminal Sliding-Mode Control
(ANFTSMC) (Boukattaya et al., 2018). The design of CTC is
outlined in (Van et al.,, 2018) with specified parameters
K, =200 andKy =20 Additionally, ANFTSMC has been

formulated according to the
(Boukattaya et al., 2018).

research conducted by
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o =8+ o[ sign(g,)+ e, 6| sign(c,) (28)
u= —C(§1)1EH )+~ [ [ (2+ enale] " )sign(&,)
1 \DL azﬂ 2 1 1 2
+ k.a+(50 +51 q|+ 52 g, 2 +§)sign(o-)) (29)
by =4 |o|JG,| "
by = A lo]la,[lc}”
b, = 2, o], 7 ¢ (30)

The parameters of ANFTSMC are selected as follows:

a=2,8=5/3,6=050a =a,=1k=50,4 =4 = 4, =0.0L.

The initial conditions for joint positions have been selected as
q,(0)=[05rad,0.2rad]" and ¢, (0)=[Orad/s,0rad/s]" .o

denotes the NFTSM surface. For a clearer comparison, the
position tracking performance and position tracking error for
each joint of the manipulator robot are presented in Figures 4
and 5, respectively. Analysis of these figures reveals that the
CTC exhibits inadequate tracking for the system. This
deficiency 1is attributed to the challenges posed by
uncertainties and disturbances, which the CTC fails to
effectively manage within this system. Due to the robust
nature of SMC in handling disturbances and uncertainties, the
ANFTSMC demonstrates superior performance compared to
the CTC, as evident in Figures 4 and 5.

\

0.6

Desired ANFTSMC Proposed method «errser CTC
0.5
0.4
0.3
— 02
z
oo
=
0
0.1
0.2
0.3
0.4
0 5 10 15 20 25 30
Time(s)
(a)
0.6
Desired ANFTSMC Proposed method == CTC
0.5
0.4
0.3
—~. 0.2
=
%
=041
=
=
0
0.1
0.2
0.3
0.4
0 5 10 15 20 25 30
Time(s)

(b)

Fig. 4. Position tracking performance.

ANFTSMC
— Proposed method
B o o]

i1 (rad)

0 5 10 15 20 25 30
Time(s)
(a)

0.25

ANFTSMC
- Praposed method
02 wsssnenn GTG

0.15

0.1

Gia(rad)

0 5 10 15 20 25 30
Time(s)
(b)

Fig. 5. Trajectory tracking errors, (a) at joint 1, (b) at joint 2.

Moreover, the proposed adaptive FTNSM controller
surpasses both the CTC and ANFTSMC controllers in terms
of position tracking and trajectory tracking error
performance, as illustrated in Figures 3 and 4. However, the
elapsed time in this study, representing the time MATLAB
took to complete a 30-second simulation, was 1.50 seconds
for CTC, 2.80 seconds for ANFTSMC, and 3.51 seconds for
the proposed controller. Although the proposed method
requires somewhat more computing time than CTC, the most
basic control mechanism, the difference is not very
significant. With today's improved hardware technology, the
proposed technique can be implemented in real-world
applications. Figures 6, 7, and 8 display the control inputs for
the CTC, ANFTSMC, and adaptive FTNSM controller,
respectively. Figure 8 illustrates that the proposed adaptive
FTNSM control strategy effectively mitigated chattering.
Similarly, the CTC exhibits smooth control input, as shown
in Figure 6, due to the absence of the sign function in its

design. While the ANFTSMC controller also generate
continuous control input, as depicted in Figure 7, by utilizing

tanh (X/ 8),6‘ >0 instead of the sign function (Boukattaya et

al., 2018), however this method, compromise system
robustness and lead to increased steady-state error. Based on
these findings, it can be concluded that the adaptive FTNSM
control scheme outperforms both ANFTSMC and CTC
schemes.
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Fig. 6. Control input of the CTC controller.
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Fig. 7. Control input of the ANFTSMC controller.
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Fig. 8. Control input of the proposed controller.
4.2 Control performance across varying initial conditions

In this simulation, the effectiveness of the proposed control
method for tracking the desired trajectory outlined in (27) is
evaluated under system disturbances and uncertainties, with
the assessment conducted across three distinct cases of initial
state conditions as given in Table 1. The parameters for
adaptive FTNSM control scheme are adjusted according to
preceding analysis. Figure 9 depicts the results regarding
position tracking, while Figure 10 illustrates the tracking
error performance of the proposed controller across different
initial conditions. Notably, the convergence times for
different initial states are very similar, indicating a weak
dependence on initial conditions. The total convergence time
across all three cases is bounded by 2.3s, which is in line

with the analysis in Section 3. It confirms the study of the
fixed-time characteristics reported in this paper and fully
illustrates the efficacy of the fixed-time controller.

Table 1. Different initial values of the states.

Cases Notations Values

Case 1 [0.5,0.2]' rad, [0,0] rad/s
Case2 | q,(0), q,(0) | [L-05] rad, [0,0]" rads

Case3 [-0.2,0.6]" rad,[0,0]" rad/s

Desired Casel Cage? s Cased

0.8
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Time(s)
(a)

0.6

Desired Casel Case? s Case3

0.4 ~
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T

0.2 \
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Time(s)
(b)

Fig. 9. Position tracking performance.
5. CONCLUSION

This work introduces a new adaptive control strategy for
fixed-time trajectory tracking of a EL systems, even when
facing system uncertainties, and external disturbances. To
attain fixed-time control, it integrates adaptive techniques
with a nonsingular fast terminal sliding variable based on the
fixed-time method. The adaptive FTNSM controller
developed, unlike existing fixed-time controls, avoids
chattering and does not rely on information about lumped
unknown component including uncertainties, and external
disturbances. It also exhibits significantly faster convergence
rate for system states, irrespective of their proximity to the
origin, and as well as effectively addressing singularity issue.
Through Lyapunov stability theory, it establishes explicit
expressions for small convergence regions. Furthermore, the
simulation analysis, considering uncertainties, and external
disturbances, highlights the superior tracking performance of
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this designed control scheme among three different control
approaches.

Future research will explore the impact of additional
nonlinearities such as input saturation and measurement noise
on system performance. Additionally, conducting practical

0.8
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—
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0

0.2

0.4

-0.6

0 5 10 15 20 25 30
Time(s)
(a)
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Fig. 10. Trajectory tracking errors, (a) at joint 1, (b) at joint 2.

experiments with the proposed control approach on real robot
manipulator systems is an important avenue for further
investigation.
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APPENDIX A (Proof of Theorem 1)

Upon reaching the FTNSM surface, that is, when 6 =6 =0,
a series of the ensuing differential equations can be derived
as

O3

G =Gyt Z(Q)[%ﬁig@(gu )+ aZiSigGTA (S )] =0,i=12..,n

By introducing a new state variable, denoted as P , defined as

©4-03/04 o . .
P= |é’li| and utilizing equation (31), it consequently
ensues that

P (®4_®3)Z(§1)[ > J

- ©s aliSig® (gli)+a2i5iga (gli)
©,sig™ (§1i)

= _(@4+34)l(c1)(0‘1i |§1i |_%j+® +a,, j

% ta, (32)

— 1+m
(@4 ®3)Z(C1)[alip 04— ]

Regarding equation (31), the convergence time T, can be
calculated through

T 0, IP(O) 1

7 (@,-0,) 0 L(0-1)oy
( ‘ 3) Z(C.’l)(alipl 040 +a2iJ

dp

dP

Z(gl)[alip 04703 Ty,

P(0) 1
PRSI
Z(Cl) ;P 04708 +Qy,

- % 7 L dp
(®4_®3) OZ(Q)(aliP"'%i)
0,

P(0) 1
i (©,-6;) Il Z(gl)(ali p= "’%i)

_ ®4 J~l 1
ORCHEL A= J

dP

dP (33)

where Z=1+((0, —®2)®4)/((®4 -0,)0,). As a result of

the fact where ){(Cl)Zl,, the convergence time T is

ol

constrained by

T, < 2

1 1 P(0) 1
N (cA _@3)[.[0(a1i P+ay) ® +L (Oﬁi P=+a, ) dPJ

6, |p_ 1 P 1
<(®4_®3)[J.O(allp+a2|)dp+'|.l de] (34)

with £>1, and P(0)>1 T, is further bounded by

(33)

The above Equation (35) allows for the determination of the
upper limit of the convergence time T, as follows
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0, a )
Toemad— O pf1p ) O (36)
teden {O‘u (©,-6,) ( @i J (6, _®z)}

According to Equation (36), the maximum time required for
convergence remains unaffected by the specific values of the
system state. This implies that both error states { and its
derivative {, can reach the origin on the sliding surface
within a fixed-time. This completes the proof.

APPENDIX B (Proof of Theorem 2)

The stability of the sliding phase and the reaching phase is
separately examined through fixed-time analysis. Create a
Lyapunov function in the form of

1

\ =lo (H—ihl +—nh

2 20, 20, (37)

where b =h —h, h,=h,—h,. Upon calculating the time
derivative of the aforementioned equation (37) and applying
equations (16-23), the result is obtained as follows

V,=06'6- —hlhl—g—

—o (CQu+ HE + D+ 7(5) osig(&)” + 0.0, (5,))
+Z(§1)(®"-1diag(‘§1i ‘(-)—1)§2 + 0,6, (gl))) -

<-Q(o)c’ (assig(6)¢ +a,sig(e)” + asc) -o'u,
2

1
+[lolll] - Z;h

i=1 %

(38)

When |O'i| 2T, employing u, and the adaption laws (24)
into (38) produces

V, <-Q(o)o ((xsslg(o-) +a,sig(c)” + a0 )—"6 (I’AI1 ﬁG)
+lofl(h, +0,G)~h (Jo]-a.h, ) -h (Jo] G ~a.h,
<-Q(o)e’ (assig(c) +a,sig(c)” )+61hlh1 +o,hh,. (39)

For any |, >1/2 (wherei=1,2), the subsequent inequalities

remain valid.

-2 2=~ I,

h <— h ~h,

I L (40)
By substituting (40) into (39), it follows that

< —Q(c)[%zﬂ]o—i e, |j
i-1 i1
- (#+1)/2 - (0412
~(@h f20,)"" (@ 20,)" @1)

_(mzﬁf/zzzz)(¢+l/ ~(@,h2 /2, )“"”/2

+K

where

e=(myfef2r,) " (a2, )

(@.f2/20,)" " + (w2 f20,)" " )
+(81I1/2)h1 +(62|2/2)h22 _(wl/fl)ﬁlz
_(wz /fz)ﬁz2
with @, = €1M, and @, =,€2M.
2l, 2,
If (@,/¢,)h =1, it implies that
(¢+1)/ - (p+1)/2 -
(19|1/2€ ) ('glrﬁz/zel)(p ~(@,/0,)h} 3
S(lglﬁlz/zgl) o _(wl/gl)ﬁlz
On the contrary, If (@,/¢,)h? <1, it implies that
~5 (¢+1)/2 +1)/2 ~
(a2 /2)"" (826, ) " (1) s
~ +1 ~
<(9h? /20 )(” " (@,)0,)R2 <1,
Given the existence of unknown constants hand h,, along

with a compact set E defined as E = f(ﬁl,ﬁz> such that

il <hy

and |n,| <h,, it follows that

~ (¢+1)// +1)/2 ~
(a2 /260,) "™ (82 /20,)" (@10,
. (45)
< max ((9@ j2¢,)" 1)/2—1,1).
Likewise, the inequalities are provided
- (p+1)/2 ~ (p+1)/2 ~
(9,07 /20,)" +(9; /20,) " (a2, /0,)R
(46)

< max((gzﬁj J20,)"" —1,1).

Based on the aforementioned analyses and applying Lemma
2 and 3, (38) can be stated as follows

V, <—TLV2 _TL V2 4] (47)

ZUi(l+¢)/2 )' H2 _
min(Z(l””)/ a, @™’ /2), and I, =(0,1,/2)h +

where 1, =3""?min (2(1+¢)/2 nt2g,

1)/2

max((glﬁz/zel)“’”)/z—1,1) (azlz/z)h2+max((,9 h?/2¢,)" —11).

When |O'i| < T, substituting (23) and (24) into (38) yields

V, <-Q(o)e’ (a3sig(c)¢ + a4sig(c)"’) +0,Ah +8,hh,
(48)
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Using the identical analysis as in the scenario where |O'i| 2T,

the above inequality can be stated as

V, <—TL VY2 L VY2 410, (49)

with [1, = L1, +n[?/4.

Hence, as per Lemma 1, the FTNSM variable (12) is stable
and reaches a specific area @ based on (49) in a finite time

T.

~{lime o] < @, | (50)
o o, Y ( 1, )
®_ =min [(1_%)“1] '[(1—09)sz (51
- 2 I, 29,
Sy 1+ L |+ —22
! <{H1(1_¢7) n[1+ HZJ+H1(¢1_¢2)} 2

where 0 < v, <1.

Upon ¢ entering the specified region ® , the system's fixed-
time convergence property ought to be demonstrated in the
ensuing analysis.

When the

Theorem 1 that achieving tracking errors {, =0 and {, =0

o, =0 condition is met, it is easily deduced from

occurs within a fixed timeframe.
When &, #0 and |§'li| >A,; we have
03

0 =Cy+ Z(gl)(angg (§1|)+ a2|5|g®4 gll ] | | <P (53)

Subsequently, (53) can be expressed in an alternative manner
as follows:

Soi +Z(§1)[0‘1i - Ugi n Jé/liQSign(é’li)
2(G)ISal " sign(<y) (54)
Z(C.a)azi ‘é/li %jSign(gn ) =0,
Z(C.u) Ay — L()a:; ‘gli‘éjSign(é’li)
2(&)|6ufor sign(¢y) (3

ot Z(gl)ali ‘(u ‘QSign (gn ) =0,

As per the expression given in Eq. (54),and Eq. (55), when
the oy —(0,/ 2(5)|Gl sign (&) >0, and ey —(v/

;((Cl)g“li@jsign(gﬁ)j>0 hold true, Eq. (54),and Eq. (55)

preserve the structure of the FTNSM variable (12), and the

system states can achieve convergence at a fixed-time to
regions such as [¢;,| <@, and |&,| <D, .

If o # O,|§li| <A_;, given that the state {, has reached the

region @ ¢, in accordance with the (12), one can derive:

0, =Gy + Z(gl)(aliSige (é/li )+a2i ( 3

. (56)
+JZiS|gn(§1i )é/j ))
After time T , the ensuing inequality can be derived.
|§2i| = |O_-i | + X(Cl)(ali |§1i |®
(57)

T |j1i§1i + Jxsign (gli )4/12, |) <@,

The preceding analysis demonstrates that the system states {,

and §, will ultimately reach the area where |é’ li| <®, and

|&| <@, respectively, in a predetermined time period.

Thus, the closed-loop system demonstrates practical fixed-
time stability, completing the proof.
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