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Abstract: For satellite proximation with non-cooperative target, uncertainties and state-
dependent disturbances, this paper is concerned with an adaptive finite-time (AFT) six degrees
of freedom (6-DOF) control. First, to ensure the accurate relative maneuvers, the 6-DOF coupled
system of the satellite is constructed. Then to realize high precision proximity control, an AFT 6-
DOF coupled control strategy with a self-adjustment function is developed. The self-adjustment
function is exploited to improve the convergence performance. Coupled adaptive update laws are
developed to estimate the unknown mass, inertia and disturbance. Comparisons of simulation
are provided to discuss the properties of the AFT 6-DOF control.
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1. INTRODUCTION

Satellite proximity operations play the role of a critical
skill for numerous space missions, such as satellite navi-
gation, junk cleanup, maintaining, space target capturing,
repairing, fueling and space exploration (Oestreich et al.
(2021); Zhao and Duan (2023)). Proximity operations
require precise 6-DOF control technology which include
attitude and position control, it is crucial to space mission
success. The naturally coupled characteristics between at-
titude and position are strong. Traditionally, the control
schemes of attitude (Lee and Gallucci (2023); Zhu et al.
(2020)) and of position (Wang et al. (2021); Zhuang et al.
(2021)) are developed independently, it may result the
satisfactory control performance cannot be realized. The
6-DOF control with considering of the strong couplings
has become a severe challenge.

Various results about 6-DOF control has been proposed
in recent years. Artificial potential function based 6-DOF
approach strategy was presented to simultaneously control
the position and attitude (Wang et al. (2022)). A pose
tracking control structure was constructed for satellite
regardless of inertia and mass uncertainties, employing
the prescribed performance control methodology (Shao
et al. (2020)). A nonlinear feedback 6-DOF controller was
designed with a disturbance observer (Li et al. (2018)).
In practical applications, the uncertainty and disturbance
may decrease the system stability, the aforementioned
works (Wang et al. (2022); Shao et al. (2020); Li et al.
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(2018)) only consider one aspect affect. A 6-DOF con-
troller based on backstepping was developed for satellite
proximation (Zhu et al. (2024)). Based on neural net-
work, a controller was constructed with taking into ac-
count uncertainty and disturbance, where the parameter
uncertainty and disturbance are bounded (Wang et al.
(2020)). For proximity operations with the disturbance
and uncertainty, an 6-DOF sliding mode control which is
essentially PD-type H∞ control was investigated (Kasiri
and Fani Saberi (2023)). The 6-DOF control methods (Zhu
et al. (2024); Wang et al. (2020); Kasiri and Fani Saberi
(2023)) can only accomplish bounded or asymptotic sta-
bility.

For the sake of faster convergence and better robustness for
satellite, the finite-time (FT) 6-DOF control has attracted
widespread interest. A neural network-based prescribed
performance appointed-time control algorithm was con-
structed to satisfy the requirements of the relative posi-
tion and attitude with system uncertainty and external
disturbance (Zhang et al. (2022)). A FT relative motion
controller by employing sliding mode was built for regulate
the relative motion (Liu et al. (2021)). A FT controller
was presented to regulate the satellite to track setting
states with unknown disturbance (Chen et al. (2023)). It
is well known that the disturbance is time-varying and
affected by the aerodynamics, namely, the disturbance is
state-dependent. In aforesaid works (Zhang et al. (2022);
Liu et al. (2021); Chen et al. (2023)), the bounds of the
disturbances were considered to be unknown constants.
Moreover, the system (Zhang et al. (2022); Liu et al.
(2021)) of the modified Rodriguez parameters model exists
the singular point. As far as I known, the AFT 6-DOF con-
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trol problem for chaser to approach a non-cooperative tar-
get with mass uncertainty, inertia uncertainty and state-
dependent disturbance still be an open problem.

Due to the lack of a solution of the open problem, an AFT
6-DOF coupled control algorithm is proposed with consid-
eration of the non-cooperative target, system couplings,
mass uncertainty, inertia uncertainty and unknown time-
varying state-dependent disturbance. This study contains
the following contributions:

(1) Unlike the works (Zhang et al. (2022); Liu et al.
(2021)), a new nonsingular relative motion system
model is constructed, which can avoid the geometric
singularity.

(2) Compared to the above mentioned works (Zhang
et al. (2022); Liu et al. (2021); Chen et al. (2023)),
a coupled AFT 6-DOF tracking controller with a
self-adjustment function is constructed to accurately
restrain the influence of the unknown uncertainties
and the unknown time-varying disturbances related
to states. Furthermore, the proposed self-adjustment
function can enhance the convergence performance.

(3) In contrary to the aforementioned works (Zhu et al.
(2024); Wang et al. (2020); Kasiri and Fani Saberi
(2023)), the proposed coupled AFT 6-DOF tracking
controller can implement the finite time stability with
faster convergence and better robustness.

2. PRELIMINARIES

Notations. For vector b = [b1, b2, · · · , bn]T ∈ Rn and
real number α, ∥b∥ represents the 2-norm of b, L(b) =[
b1 0 0 0 b3 b2
0 b2 0 b3 0 b1
0 0 b3 b2 b1 0

]
, bα = [bα1 , b

α
2 , · · · , bαn]T and sigα(b) =

[sign(b1)|b1|α, sign(b2)|b2|α, · · · , sign(bn)|bn|α]T with sign(bi)
is the standard sign function. For a, b ∈ R3×1 and skew-
symmetric matrix operator ×, a×a = 0, ∥a×∥ = ∥a∥ and
a×b = −b×a. 0m = 0m×m, Im = 1m×m and 0m×n = 0m×n.

2.1 Control objective

The finite-time 6-DOF control puzzler that the satellite
proximation operations with non-cooperative target, mass
and inertia uncertainties and state-dependent disturbances
is investigated. The control objective is to achieve the
chaser attitude and the chaser mass center synchronized
with the target attitude and the fixed position P respec-
tively within finite time for Fig. 1.

2.2 System model

The coupled 6-DOF system model are given as (Zhu et al.
(2024))

ṙ = v − ω×r (1)[
q̇
ς̇

]
=

 1

2
(q× + ςI3)ω

−1

2
qTω

 (2)

mv̇ = −mω×v + f + df (3)

Jω̇ = −ω×Jω + τ + dτ (4)
where r ∈ R3, [qT, ς]T ∈ R4, v ∈ R3 and ω ∈ R3

represent the chaser position, attitude, linear and angular

Fig. 1. Space frame and vector

velocities with qTq + ς2 = 1, respectively. m ∈ R and

J =

[
J11 J12 J13
J12 J22 J23
J13 J23 J33

]
are the mass and inertia matrix.

f ∈ R3, τ ∈ R3, df ∈ R3 and dτ ∈ R3 denote the force
and torque with the physical actuator and the external
disturbance, respectively.

The model of the target is

ṙt = vt − ω×
t rt (5)[

q̇t
ς̇t

]
=

 1

2
(q×t + ςtI3)ωt

−1

2
qTt ωt

 (6)

mtv̇t = −mtω
×
t vt (7)

Jtω̇t = −ω×
t Jtωt (8)

Furthermore, the vectors

rpt = pt + rt (9)

vpt = ω×
t pt + vt (10)

where pt ∈ R3 is a constant vector. Then,

ṙpt = vpt − ωtrpt (11)

v̇pt = ω̇×
t pt + v̇t (12)

The response error are described as[
qe
ςe

]
=

[
ςtq − ςqt − q×t q
ςtς + qTt q

]
(13)

re = r −Nrpt (14)

ωe = ω −Nωt (15)

ve = v −Nvpt (16)

where qTe qe + ς2e = 1, N = (ς2e − qTe qe)I3 + 2qeq
T
e − 2ςeq

×
e

with ∥N∥ = 1.

In virtue of Nσ× = (Nσ)×N for any σ = [σ1, σ2, σ3]
T and

Ṅ = −ω×
e N , one has

Nv̇pt = −(ω − ωe)
×v + (ω − ωe)

×ve

+ (ω − ωe)
×(ω − ωe)

×Npt −Np×t ω̇t
(17)

ω̇t = −J−1
t ω×

t Jtωt

= −J−1
t (NT(ω − ωe))

×JtN
T(ω − ωe)

(18)

then, the relative motion system is modeled as[
q̇e
ς̇e

]
=

1

2

[
q×e + ςeI3

−qTe

]
ωe (19)
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ṙe = ve − ω×re (20)

Jω̇e = −ω×Jω − Jω×ωe

+ JNJ−1
t (NT(ω − ωe))

×JtN
T(ω − ωe)

+ τ + dτ

(21)

mv̇e = −mω×ve −m(ω − ωe)
×(ω − ωe)

×Npt

−mNp×t (ω − ωe)
×JtN

T(ω − ωe) + f + df
(22)

Assumption 1 (Zhu et al. (2024)) J and Jt are uncertain
constant matrices, m and mt are uncertain constants. The
state-dependant dτ and df satisfy ∥dτ∥ ≤ c1(1 + ∥ω∥2) and
∥df∥ ≤ c2(1 + ∥v∥2) with unknown constants c1 and c2.

Assumption 2 (Sun and Huo (2014)) {r, q, ς, v, ω} and
{re, qe, ςe, ve, ωe} can be directly measured by the chaser.
Moreover, the target satellite is non-cooperative, in other
words, {rt, qt, ςt, vt, ωt} can not be obtained.

Lemma 1 (Hardy et al. (1952)) For any constants xi and

0 < α ≤ 1, (
n∑
i=1

|xi|)α ≤
n∑
i=1

|xi|α ≤ n1−α(
n∑
i=1

|xi|)α.

Lemma 2 (POLYCARPOU and IOANNOU (1996)) For

any β > 0 and x ∈ R, there exist 0 ≤ |x|−xtanh(βx) ≤ ϕ

β
,

where ϕ = e−(ϕ+1), namely, ϕ = 0.2785.

Lemma 3 (Zhu et al. (2011)) Suppose that the Lyapunov
function V (x), constants l > 0, 0 < α < 1 and 0 < δ <∞
satisfy V̇ (x) ≤ −lV α(x) + δ. Then, the closed-loop system
is practical finite time stable and the convergence region

is V (x(T )) ≤ δ

(1− κ)l
with reach time T ≤ V (x(0))

lκ(1− α)
,

where x(0) is the initial value and real number κ satisfies
0 < κ < 1.

3. AFT 6-DOF CONTROLLER DESIGN

An AFT 6-DOF proximation control problem with nonco-
operative target will be carried out as shown in Fig. 2.

Fig. 2. Control strategy

The AFT 6-DOF controller is designed as

τ = −k1(q×e + ςeI3)
Tqe − χk2sig

α(ωe)− Y θ̂

− ϑ̂∥ω − ωe∥2tanh(β2ωe)−
ĉ1ωeψ1

∥ωe∥+ ε3

(23)

f = −ρ1re − k3sig
α(ve)− k4ve

+ m̂(ω − ωe)
×(ω − ωe)

×Npt

− η̂∥pt∥∥ω − ωe∥2tanh(β5ve)−
ĉ2veψ2

∥ve∥+ ε7

(24)

where k1, k2, k3, k4, 0 < α < 1, ρ1, β2 and β5 are
positive constants, χ = 1 + σ1 − eσ2t is a self-adjustment
function with two positive constants σ1 < 1 and σ2,

Y = −ω×L(ω) − L(ω×ωe), θ̂, m̂, ĉ1, ĉ2, ϑ̂ and η̂ are
the estimate of θ = [J11, J22, J33, J32, J31, J21]

T, m, c1, c2,
ϑ = ∥J∥∥J−1

t ∥∥Jt∥ and η = m∥Jt∥, respectively, ψ1 = 1+
∥ω∥2, ψ2 = 1 + ∥v∥2, ε3 and ε7 will be introduced in the
design of adaptive update laws which are

˙̂
θ = b1(Y

Tωe − b2θ̂) (25)

˙̂m = −δ1vTe (ω − ωe)
×(ω − ωe)

×Npt − δ1δ2m̂ (26)

˙̂
ϑ = β1(∥ω − ωe∥2ωT

e tanh(β2ωe)− β3ϑ̂) (27)

˙̂η = β4(∥pt∥∥ω − ωe∥2vTe tanh(β5ve)− β6η̂) (28)

˙̂c1 = −ε1ĉ1 +
ε2∥ωe∥2ψ1

∥ωe∥+ ε3
, ε3 =

ε4
1 + ψ1

(29)

˙̂c2 = −ε5ĉ2 +
ε6∥ve∥2ψ2

∥ve∥+ ε7
, ε7 =

ε8
1 + ψ2

(30)

where b1 > 0 and b2 > 0 with b1b2 ≥ 1, δ1 > 0, δ2 > 0,
δ1δ2 ≥ 1, β1 > 0, β3 > 0, β1β3 ≥ 1, β4 > 0, β6 > 0,
β4β6 ≥ 1, ε1 ≥ 1, ε2 > 0, ε4 > 0, ε5 ≥ 1, ε6 > 0, ε8 > 0.

Remark 1 Due to t ≥ 0, χ is a self-adjustment function
with σ1 ≤ χ ≤ 1 + σ1. According to Eqs.(21) and (23), χ
can reduce the amplitude of ωe and further enhance the
convergence procedure of the ωe, qe, ve and re.

Theorem 1. For the coupled 6-DOF system (19)-(22) un-
der Assumptions 1 and 2, the system will be practical finite
time stable under AFT 6-DOF controller (23)-(24).

Proof. Defining estimate errors θ̃ = θ̂ − θ, m̃ = m̂ −m,

ϑ̃ = ϑ̂ − ϑ, η̃ = η̂ − η, c̃1 = ĉ1 − c1 and c̃2 = ĉ2 − c2, a
Lyapunov function is

V =
1

2
ωT
e Jωe + k1q

T
e qe +

1

2
vTe mve +

ρ1
2
rTe re

+
1

2b1
θ̃Tθ̃ +

1

2δ1
m̃2 +

1

2β1
ϑ̃2 +

1

2β4
η̃2

+
1

2ε2
c̃21 +

1

2ε6
c̃22

(31)

Let
V = V1 + V2 (32)

with

V1 =
1

2
ωT
e Jωe + k1q

T
e qe +

1

2b1
θ̃Tθ̃ +

1

2β1
ϑ̃2 +

1

2ε2
c̃21 (33)

V2 =
1

2
vTe mve +

ρ1
2
rTe re +

1

2δ1
m̃2 +

1

2β4
η̃2 +

1

2ε6
c̃22 (34)

Step 1. Analyzing the derivative of V1.

From (19), (21), (25), (27) and (29), one has

V̇1 = ωT
e Jω̇e + 2k1q

T
e q̇e +

1

b1
θ̃T

˙̂
θ +

1

β1
ϑ̃
˙̂
ϑ+

1

ε2
c̃1 ˙̂c1

= ωT
e (−ω×Jω − Jω×ωe

+ JNJ−1
t (NT(ω − ωe))

×JtN
T(ω − ωe) + τ

+ dτ ) + k1q
T
e (q

×
e + ςeI3)ωe + θ̃T(Y Tωe − b2θ̂)

+ ϑ̃(∥ω − ωe∥2ωT
e tanh(β2ωe)− β3ϑ̂)

+
1

ε2
c̃1(−ε1ĉ1 +

ε2∥ωe∥2ψ1

∥ωe∥+ ε3
)

(35)
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Because
Jω = L(ω)θ (36)

Jω×ωe = L(ω×ωe)θ (37)

Eq. (35) can be expressed as

V̇1 = ωT
e (−ω×L(ω)θ − L(ω×ωe)θ

+ JNJ−1
t (NT(ω − ωe))

×JtN
T(ω − ωe)

+ τ + dτ ) + k1q
T
e (q

×
e + ςeI3)ωe + θ̃TY Tωe

− b2θ̃
Tθ̂ + ϑ̃∥ω − ωe∥2ωT

e tanh(β2ωe)

− β3ϑ̃ϑ̂− ε1
ε2
c̃1ĉ1 +

c̃1∥ωe∥2ψ1

∥ωe∥+ ε3

≤ ωT
e (−ω×L(ω)θ − L(ω×ωe)θ + τ + dτ )

+ k1q
T
e (q

×
e + ςeI3)ωe

+ ∥J∥∥J−1
t ∥∥Jt∥∥N∥3∥ω − ωe∥2∥ωe∥+ θ̃TY Tωe

− b2θ̃
Tθ̂ + ϑ̃∥ω − ωe∥2ωT

e tanh(β2ωe)

− β3ϑ̃ϑ̂− ε1
ε2
c̃1ĉ1 +

c̃1∥ωe∥2ψ1

∥ωe∥+ ε3

(38)

Under Assumption 1 and 2, using Y = −ω×L(ω) −
L(ω×ωe), ϑ = ∥J∥∥J−1

t ∥∥Jt∥ and ∥N∥ = 1 yield

V̇1 ≤ ωT
e Y θ + ωT

e τ + ∥ωe∥c1ψ1 + ϑ∥ω − ωe∥2∥ωe∥
+ k1q

T
e (q

×
e + ςeI3)ωe + θ̃TY Tωe − b2θ̃

Tθ̂

+ ϑ̃∥ω − ωe∥2ωT
e tanh(β2ωe)

− β3ϑ̃ϑ̂− ε1
ε2
c̃1ĉ1 +

c̃1∥ωe∥2ψ1

∥ωe∥+ ε3

(39)

Applying controller (23), Eq.(39) can be rewritten as

V̇1 ≤ ωT
e (−k1(q×e + ςeI3)

Tqe − χk2sig
α(ωe)− Y θ̂

− ϑ̂∥ω − ωe∥2tanh(β2ωe)−
ĉ1ωeψ1

∥ωe∥+ ε3
)

+ ωT
e Y θ + ∥ωe∥c1ψ1 + ϑ∥ω − ωe∥2∥ωe∥

+ k1q
T
e (q

×
e + ςeI3)ωe + θ̃TY Tωe − b2θ̃

Tθ̂

+ ϑ̃∥ω − ωe∥2ωT
e tanh(β2ωe)− β3ϑ̃ϑ̂

− ε1
ε2
c̃1ĉ1 +

c̃1∥ωe∥2ψ1

∥ωe∥+ ε3

(40)

With ∥ωe∥c1ψ ≤ c1∥ωe∥2ψ1

∥ωe∥+ε3 + ε3c1ψ1 and ε3ψ1 < ε4,

Eq.(40) turns into

V̇1 ≤ −χk2ωT
e sig

α(ωe)− ϑ̂∥ω − ωe∥2ωT
e tanh(β2ωe)

− ĉ1∥ωe∥2ψ1

∥ωe∥+ ε3
+
c1∥ωe∥2ψ1

∥ωe∥+ ε3
+ ε3c1ψ1

+ ϑ∥ω − ωe∥2∥ωe∥ − ϑ∥ω − ωe∥2ωT
e tanh(β2ωe)

+ ϑ∥ω − ωe∥2ωT
e tanh(β2ωe)

+ ϑ̃∥ω − ωe∥2ωT
e tanh(β2ωe)

− b2θ̃
Tθ̂ − β3ϑ̃ϑ̂− ε1

ε2
c̃1ĉ1 +

c̃1∥ωe∥2ψ1

∥ωe∥+ ε3

≤ −χk2ωT
e sig

α(ωe)

+ ε4c1 + ϑ∥ω − ωe∥2(∥ωe∥ − ωT
e tanh(β2ωe))

− b2θ̃
Tθ̂ − β3ϑ̃ϑ̂− ε1

ε2
c̃1ĉ1

(41)

By Lemmas 1 and 2, one has

V̇1 ≤ −χk2(ωT
e ωe)

1+α
2 + ε4c1 +

3ϕ

β2
ϑ∥ω − ωe∥2

− b2θ̃
Tθ̂ − β3ϑ̃ϑ̂− ε1

ε2
c̃1ĉ1

≤ −2
1+α
2 χk2(

1

2
ωT
e ωe)

1+α
2 − (k1q

T
e qe)

1+α
2

− (
1

2b1
θ̃Tθ̃)

1+α
2 − (

1

2β1
ϑ̃2)

1+α
2

− (
1

2ε2
c̃21)

1+α
2 + (k1q

T
e qe)

1+α
2 + (

1

2b1
θ̃Tθ̃)

1+α
2

+ (
1

2β1
ϑ̃2)

1+α
2 + (

1

2ε2
c̃21)

1+α
2 − b2θ̃

Tθ̂ − β3ϑ̃ϑ̂

− ε1
ε2
c̃1ĉ1 + ε4c1 +

3ϕ

β2
ϑ∥ωt∥2

≤ −K1V
1+α
2

1 + (
1

2b1
θ̃Tθ̃)

1+α
2 + (

1

2β1
ϑ̃2)

1+α
2

+ (
1

2ε2
c̃21)

1+α
2 − b2θ̃

Tθ̂ − β3ϑ̃ϑ̂− ε1
ε2
c̃1ĉ1

+ ε4c1 +
3ϕ

β2
ϑ∥ωt∥2

(42)

where K1 = min(2
1+α
2 χk2, 1).

According to

θ̃Tθ̂ =
1

2
(∥θ̃∥2 − ∥θ∥2 + ∥θ̃ + θ∥2) (43)

ϑ̃ϑ̂ =
1

2
(ϑ̃2 − ϑ2 + (ϑ̃+ ϑ)2) (44)

c̃1ĉ1 =
1

2
(c̃21 − c21 + (c̃1 + c1)

2) (45)

if 1
2b1
θ̃Tθ̃ > 1, one has

(
1

2b1
θ̃Tθ̃)

1+α
2 − b2θ̃

Tθ̂ ≤ 1

2b1
θ̃Tθ̃ − b2

2
∥θ̃∥2

+
b2
2
∥θ∥2 − b2

2
∥θ̃ + θ∥2

≤ (
1

2b1
− b2

2
)∥θ̃∥2 + b2

2
∥θ∥2

≤ b2
2
∥θ∥2

(46)

if 1
2b1
θ̃Tθ̃ ≤ 1, one has

(
1

2b1
θ̃Tθ̃)

1+α
2 − b2θ̃

Tθ̂ ≤ 1− b2
2
∥θ̃∥2

+
b2
2
∥θ∥2 − b2

2
∥θ̃ + θ∥2

≤ 1 +
b2
2
∥θ∥2

(47)

then,

(
1

2b1
θ̃Tθ̃)

1+α
2 − b2θ̃

Tθ̂ ≤ 1 +
b2
2
∥θ∥2 (48)

(
1

2β1
ϑ̃2)

1+α
2 − β3ϑ̃ϑ̂ ≤ 1 +

β3
2
ϑ2 (49)

(
1

2ε2
c̃21)

1+α
2 − ε1

ε2
c̃1ĉ1 ≤ 1 +

ε1
2ε2

c21 (50)

With (47)-(50), Eq.(42) can be transformed into

V̇1 ≤ −K1V
1+α
2

1 + C1 (51)

where C1 = ε4c1 +
3ϕ
β2
ϑ∥ωt∥2 +3+ b2

2 ∥θ∥
2 + β3

2 ϑ
2 + ε1

2ε2
c21.
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Step 2. Analyzing the derivative of V2.

From (20), (22), (26), (28) and (30), it follows that

V̇2 = vTe mv̇e + ρ1r
T
e ṙe +

1

δ1
m̃ ˙̂m+

1

β4
η̃ ˙̂η +

1

ε6
c̃2 ˙̂c2

= vTe (−mω×ve −m(ω − ωe)
×(ω − ωe)

×Npt

−mNp×t (ω − ωe)
×JtN

T(ω − ωe) + f + df )

+ ρ1r
T
e (ve − ω×re)

+ m̃(−vTe (ω − ωe)
×(ω − ωe)

×Npt − δ2m̂)

+ η̃(∥pt∥∥ω − ωe∥2vTe tanh(β5ve)− β6η̂)

+
1

ε6
c̃2(−ε5ĉ2 +

ε6∥ve∥2ψ2

∥ve∥+ ε7
)

= vTe (−m(ω − ωe)
×(ω − ωe)

×Npt

−mNp×t (ω − ωe)
×JtN

T(ω − ωe)

− ρ1re − k3sig
α(ve)− k4ve

+ m̂(ω − ωe)
×(ω − ωe)

×Npt

− η̂∥pt∥∥ω − ωe∥2tanh(β5ve)−
ĉ2veψ2

∥ve∥+ ε7

+ df ) + ρ1r
T
e ve − m̃vTe (ω − ωe)

×(ω − ωe)
×Npt

− δ2m̃m̂+ η̃∥pt∥∥ω − ωe∥2vTe tanh(β5ve)

− β6η̃η̂ −
ε5
ε6
c̃2ĉ2 +

c̃2∥ve∥2ψ2

∥ve∥+ ε7

(52)

Under Assumption 1 and 2, it shows that

V̇2 ≤ ∥ve∥m∥Jt∥∥pt∥∥ω − ωe∥2 − k3v
T
e sig

α(ve)

− k4v
T
e ve − η̂∥pt∥∥ω − ωe∥2vTe tanh(β5ve)

− ĉ2∥ve∥2ψ2

∥ve∥+ ε7
+ ∥ve∥c2ψ2

− δ2m̃m̂+ η̃∥pt∥∥ω − ωe∥2vTe tanh(β5ve)− β6η̃η̂

− ε5
ε6
c̃2ĉ2 +

c̃2∥ve∥2ψ2

∥ve∥+ ε7

(53)

By Lemma 1 and using η = m∥Jt∥, ∥ve∥c2ψ2 ≤
c2∥ve∥2ψ2

∥ve∥+ε7 + ε7c2ψ2 and ε7ψ2 < ε8, it follows that

V̇2 ≤ −k3(vTe ve)
1+α
2 + η∥pt∥∥ω − ωe∥2(∥ve∥

− vTe tanh(β5ve))−
c̃2∥ve∥2ψ2

∥ve∥+ ε7
+ ε8c2

− η̃∥pt∥∥ω − ωe∥2vTe tanh(β5ve)− δ2m̃m̂

+ η̃∥pt∥∥ω − ωe∥2vTe tanh(β5ve)

− β6η̃η̂ −
ε5
ε6
c̃2ĉ2 +

c̃2∥ve∥2ψ2

∥ve∥+ ε7

≤ −k3(vTe ve)
1+α
2 + η∥pt∥∥ω − ωe∥2(∥ve∥

− vTe tanh(β5ve)) + ε8c2 − δ2m̃m̂

− β6η̃η̂ −
ε5
ε6
c̃2ĉ2

(54)

With Lemmas 1 and 2, Eq.(54) can be expressed as

V̇2 ≤ −K2V
1+α
2

2 +
3ϕ

β5
η∥pt∥∥ωt∥2

+ ε8c2 + (
ρ1
2
rTe re)

1+α
2 + (

1

2δ1
m̃2)

1+α
2

+ (
1

2β4
η̃2)

1+α
2 + (

1

2ε6
c̃22)

1+α
2 − δ2m̃m̂

− β6η̃η̂ −
ε5
ε6
c̃2ĉ2

(55)

where K2 = min(2
1+α
2 k3, 1).

With the similar analyzing procedure of Eqs.(43)-(50), it
follows that

(
1

2δ1
m̃2)

1+α
2 − δ2m̃m̂ ≤ 1 +

δ2
2
m2 (56)

(
1

2β4
η̃2)

1+α
2 − β6η̃η̂ ≤ 1 +

β6
2
η2 (57)

(
1

2ε6
c̃22)

1+α
2 − ε5

ε6
c̃2ĉ2 ≤ 1 +

ε5
2ε6

c22 (58)

Thus,

V̇2 ≤ −K2V
1+α
2

2 +
3ϕ

β5
η∥pt∥∥ωt∥2 + ε8c2

+ (
ρ1
2
rTe re)

1+α
2 + 3 +

δ2
2
m2 +

β6
2
η2 +

ε5
2ε6

c22

≤ −K2V
1+α
2

2 + C2

(59)

where C2 = 3ϕ
β5
η∥pt∥∥ωt∥2+ε8c2+(ρ12 r

T
e re)

1+α
2 +3+ δ2

2 m
2+

β6

2 η
2 + ε5

2ε6
c22.

Step 3. Analyzing the derivative of V .

From Eqs.(32), (51) and (59), one has

V̇ = V̇1 + V̇2

≤ −K1V
1+α
2

1 + C1 −K2V
1+α
2

2 + C2

≤ −KV
1+α
2 + C

(60)

where K = min(K1,K2), C = C1 + C2.

By Lemma 3, the coupling relative motion system (19)-
(22) with 6-DOF controller (23)-(24) is practical FT sta-
ble, i.e. the control objective can be realized.

Remark 2 The adaptive update laws (25)-(30) are con-
structed to accurately compensate the effect of the un-
known terms included the uncertain inertia and mass and
unknown time-varying state-dependent disturbance.

Remark 3 From the analysis of the theorem 1, the
proposed 6-DOF adaptive finite-time control laws (23)-
(24) can also accomplish the FT convergence of the sys-
tem (19)-(22) with the state-independent disturbances
bounded by unknown constants.

4. NUMERICAL SIMULATION

To show the performance and superiorities of the proposed
coupled AFT 6-DOF tracking controller, numerous com-
parison simulations are studied. The initial state values
are given in Table 1.
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Table 1. Initial state values

State variables Initial values

r [10, 10, 10]T m
v [0, 0, 0]T m/s

[qT, ς]T [0.06, 0.69, 0.06,−0.72]T

ω [0, 0, 0]T rad/s
rt [3, 3, 3]T m
vt [0, 0, 0]T m/s

[qTt , ςt]T [0.2, 0.1, 0.3,−0.93]T

ωt [0.2, 0.2, 0.2]T rad/s

The following physical variables are selected as m = 200

kg, J =

[
75.0 −28.1 −28.1
−28.1 75.0 −28.1
−28.1 −28.1 75.0

]
kgm2, mt = 300 kg, pt =

[0, 5, 0]Tm, Jt =

[
50 0 0
0 275 0
0 0 275

]
kgm2.

In addition, the parameters of the proposed AFT 6-DOF
controller and the designed adaptive update laws are set
as k1 = 700, σ1 = 0.03, σ2 = 0.1, k2 = 300, k3 = 500,
k4 = 500, ρ1 = 500, α = 3/5, δ1 = 100, δ2 = 10,
b1 = 1, b2 = 1, β1 = 0.5, β2 = 10, β3 = 20, β4 = 0.5,
β5 = 500, β6 = 10, ε1 = 1000, ε2 = 500, ε4 = 0.5,
ε5 = 1000, ε6 = 500, ε8 = 0.5. The initial variables

θ̂(0) = [0; 0; 0; 0; 0; 0], m̂1(0) = 0, ϑ̂1(0) = 0, η̂1(0) = 0,
ĉ1(0) = 0 and ĉ2(0) = 0.

The advantages of the AFT 6-DOF controller (23,24) is
illustrated by compared with the PD-type H∞ controller
(Kasiri and Fani Saberi (2023)) f = − 1

a2
(kp1re +Kd1ve)

and τ = − 1
b3
(Kqeqe + Kd2ωe), where a2 = b3 = 1,

kp1 = 500I3, Kd1 = 500I3, Kqe = (ςeI3−q×e )Kp2+kp3(1−
ςe)I3, Kp2 = 700I3, kp3 = 50 and Kd2 = 300I3.

Case 1. For spacecraft state-dependent disturbances df =
(1 + ∥v∥2)[0.2 cos(t), 0.5 sin(t), 0.3 sin(t)]T N and dτ =
(1+∥ω∥2)[0.2 cos(t), 0.5 sin(t), 0.3 sin(t)]T N·m, the system
state tracking error curves are shown in Figs. 3-6 under
the AFT 6-DOF controller (23,24) and the PD-type H∞
controller.

Fig. 3 depicts the attitude errors. The absolute values
of attitude tracking error qe(i) under the AFT 6-DOF
controller and the PD-type H∞ controller converge to less
than 5 × 10−3 at 11s and 9 × 10−3 at 23s, respectively,
where qe(i) denotes the ith elements of the vector qe.
Fig. 4 gives the angular errors. The absolute values of
ωe(i) using the AFT 6-DOF controller and the PD-type
H∞ controller converge to less than 2 × 10−3 rad/s at
16s and 5 × 10−3 rad/s at 18s, respectively, where ωe(i)
denotes the ith elements of ωe. Figs. 5 and 6 plot the
position errors and velocity errors, respectively. Using
the proposed controller, the absolute values of re(i) and
ve(i) converge to less than 0.09 m and 0.05 m/s at 12s
and 13s, respectively. Meanwhile, using the PD-type H∞
controller, the absolute values of re(i) and ve(i) converge to
less than 0.30 m and 0.20 m/s at 15s and 14s, respectively.
re(i) and ve(i) denote the ith elements of re and ve,
respectively. Table 2 detailed describe the convergence
time and control precision with i = 1, 2, 3 for Case 1, which
shows that the AFT 6-DOF controller provides higher
control performance.

(a)

(b)

Fig. 3. qe using the AFT 6-DOF (a) and PD-type H∞ (b)
controllers.

Case 2. For state-independent disturbances with big
upper bounds df = [1.5 cos(t), 2.5 sin(t), 1.5 sin(t)]T N and
dτ = [1.0 cos(t), 2.5 sin(t), 1.5 sin(t)]T N·m, the response
errors are depicted in Figs. 7-10.

Fig. 7 gives the attitude tracking error curves and Fig. 8
depicts the angular tracking error curves. The up bounds
of the errors of Figs. 7(a) and 8(a) are 5×10−3 at 12s and
2 × 10−3 at 16s, but the up bounds of the errors of Figs.
7(b) and 8(b) are 0.01 at 22s and 9 × 10−3 at 18s. Figs.
9 and 10 plot the curves of position tracking and velocity
tracking, respectively. It can be seen that the error bounds
of Figs. 9(a) and 10(a) are 0.09 at 11s and 0.05 at 13s,
while the error bounds of Figs. 9(b) and 10(b) are 0.30
at 12s and 0.12 at 18s. Using the AFT 6-DOF controller
and the PD-type H∞ controller, table 3 with i = 1, 2, 3
gives the convergence time and control precision for Case
2. Table 3 shows that the AFT 6-DOF controller provides
higher control performance.
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Table 2. Convergence time and control precision for Case 1.

Tracking error
AFT 6-DOF controller PD-type H∞ controller

time(s) precision time(s) precision

|qe(i)| 11 5× 10−3 23 9× 10−3

|ωe(i)| 16 2× 10−3 18 5× 10−3

|re(i)| 12 0.09 15 0.30
|ve(i)| 13 0.05 14 0.20

Table 3. Convergence time and control precision for Case 2.

Tracking error
AFT 6-DOF controller PD-type H∞ controller

time(s) precision time(s) precision

|qe(i)| 12 5× 10−3 22 0.01
|ωe(i)| 16 2× 10−3 18 9× 10−3

|re(i)| 11 0.09 12 0.30
|ve(i)| 13 0.05 18 0.12

(a)

(b)

Fig. 4. ωe using the AFT 6-DOF (a) and PD-type H∞ (b)
controllers.

From Figs. 3-10 for satellite under Case 1 and Case 2, the
tracking error curves are smooth, i.e. the system geometric
singularity is avoided, and the influence of the unknown
uncertainties and the unknown time-varying disturbances
can be restrained accurately by compared with the PD-
type H∞ controller. Combining Lemma 3 and Remark 3,
the proposed coupled AFT 6-DOF tracking controller can
implement the finite time stability instead of bounded or
asymptotic stability.

Considering the Case 1 and Case 2 and to analyse Figs.
3-10 and Tables 2 and 3, the advantages of the proposed
AFT 6-DOF control algorithm are very obvious and it can
be observed as follows: 1) The absolute values of attitude
tracking error qe(i) with the AFT 6-DOF controller and

(a)

(b)

Fig. 5. re using the AFT 6-DOF (a) and PD-type H∞ (b)
controllers.

the PD-type H∞ controller can converge to less than 5×
10−3 at 12s and 0.01 at 23s, respectively. 2) The absolute
values of ωe(i) using the AFT 6-DOF controller and the
PD-type H∞ controller converge to less than 2 × 10−3

rad/s at 16s and 9 × 10−3 rad/s at 18s, respectively. 3)
Using the proposed controller, the absolute values of re(i)
and ve(i) converge to less than 0.09 m and 0.05 m/s
at 12s and 13s, respectively. Meanwhile, using the PD-
type H∞ controller, the absolute values of re(i) and ve(i)
converge to less than 0.30 m and 0.20 m/s at 15s and
18s, respectively. Thus, the proposed coupled AFT 6-DOF
tracking controller can implement the faster convergence
and better robustness by compared withthe PD-type H∞
controller.



Control Engineering and Applied Informatics 57

(a)

(b)

Fig. 6. ve using the AFT 6-DOF (a) and PD-type H∞ (b)
controllers.

(a)

(b)

Fig. 7. qe using the AFT 6-DOF (a) and PD-type H∞ (b)
controllers.

(a)

(b)

Fig. 8. ωe using the AFT 6-DOF (a) and PD-type H∞ (b)
controllers.

(a)

(b)

Fig. 9. re using the AFT 6-DOF (a) and PD-type H∞ (b)
controllers.
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(a)

(b)

Fig. 10. ve using the AFT 6-DOF (a) and PD-type H∞
(b) controllers.

5. CONCLUSION

In this study, for satellite proximation operations with
non-cooperative target, uncertain mass and inertia and
state-dependent disturbance, an AFT 6-DOF control
problem of the pursuing satellite is studied. The coupled
dynamics of relative motion are modeled with consider of
the coupling. An AFT 6-DOF coupled control strategy
with a self-adjustment function is constructed to realize a
good control performance. The comparison of simulation
results show that the AFT 6-DOF control scheme has nice
convergence rate and precision.
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